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PREFACE

“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TO IT, | TEACH TRIGONOMETRY
TO JEE ASPIRANTS BUT BELIEVE THE MOST IMPORTANT FORMULA IS
COURAGE + DREAMS = SUCCESS”

It is a matter of great pride and honour for me to have received such an overwhelming response to
the previous editions of this book from the readers. In a way, this has inspired me to revise this book
thoroughly as per the changed pattern of JEE Main & Advanced. | have tried to make the contents
more relevant as per the needs of students, many topics have been re-written, a lot of new
problems of new types have been added in etc. All possible efforts are made to remove all the
printing errors that had crept in previous editions. The book is now in such a shape that the
students would feel at ease while going through the problems, which will in turn clear their
concepts too.

A Summary of changes that have been made in Revised & Enlarged Edition
e Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus &
Pattern in recent years.

e The mostimportant point about this new edition is, now the whole text matter of each chapter has
been divided into small sessions with exercise in each session. In this way the reader will be able to go
through the whole chapter in a systematic way.

e Just after completion of theory, Solved Examples of all JEE types have been given, providing the
students a complete understanding of all the formats of JEE questions & the level of difficulty of
questions generally asked in JEE.

¢ Along with exercises given with each session, a complete cumulative exercises have been given at the
end of each chapter so as to give the students complete practice for JEE along with the assessment of
knowledge that they have gained with the study of the chapter.

e Previous Years questions asked in JEE Main & Adyv, IIT-JEE & AIEEE have been covered in all the chapters.

However | have made the best efforts and put my all teaching experience in revising this book.
Still  am looking forward to get the valuable suggestions and criticism from my own fraternity i.e.
the fraternity of JEE teachers.

I would also like to motivate the students to send their suggestions or the changes that they want
to be incorporated in this book. All the suggestions given by you all will be kept in prime focus at
the time of next revision of the book.

Amit M. Agarwal
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Session 1
Measurement of Angles

The word ‘Trigonometry’ is derived from two Greek words.
(i) trigonon (ii) metron

The word trigonon means a triangle and the word metron

mean a measure. Hence, trigonometry means measuring

the sides and angle of triangle. The subject was originally

develop to solve geometric problems involving triangle.

Angle

In trigonometry, as in case of geometry. Angle is measure
of rotation from the direction of one ray about its initial
point. The original ray called the initial side and the final
position of the ray after rotation is called the terminal side
of the angle. The point of rotation is called the vertex. If
the direction of rotation is anti-clockwise, the angle is said
to be positive and if the direction of rotation is clockwise,
then the angle is negative

Initial side

O Initial side X P

(i) Positive angle (i) Negative angle

Measurement of Angles

There are three systems used for the measurement of
angles.

1. Sexagesimal system or English system (degree)
2. Circular measurement (radian)
3. Centesimal system or French system (grade)

We shall describe the units of measurement of angle
which are most commonly used, i.e sexagesimal system
(degree measure) and circular measurement (radian
measure)

1. Sexagesimal or Degree measure If a rotation from
the initial side to the terminal side is (1/360)th of a
revolution, the angle is said to have a measure of one
degree, written as 1°. A degree is divided into 60
minutes, and a minute is divided into 60 seconds. One
sixtieth of a degree is called a minute, written as 1;

one sixtieth of minute is called a second, written as 1”.

Thus, 1°=60"and 1" =60".

2. Circular measurement or Radian measure The
angle subtended at the centre of a circle by an arc
whose length is equal to the radius of the circle is
called a radian and denoted by 1°.

3. Centesimal or French system In this system of
measurement a right angle is divided into 100 equal
parts called Grades. Each grade is then divided into
100 equal parts called minutes and each minute is
further divided into 100 equal parts called Seconds.

Thus, right angle =100¢
1° =100’
1"=100"

Note

Angle of 90° is called a right angle 1" of centesimal system = 1’ of
sexagesimal system 1”7 of centesimal system # 1” of sexagesimal
system.

This system of measurement of angles is not commonly used
and so here we will not study this system of measurement of
angles.

Radian is a Constant Angle

Let ABC be a circle whose centre is O and radius is r. Let
the length of arc AB of the circle by equal to r. Then by
the definition of radian.

Z/AOB =1radian
Produce AO and let it cut the circle at C. Then ACis a
diameter of the circle and arc ABC is equal to half the
circumference of the circle.
Also ZAOC =2 right angle =180°

By geometry, we know that angles subtended at the centre
of a circle are proportional to the lengths of the arcs
which subtend them



ZAOB _ arc AB or e
ZAOC arc ABC 180° 2mr
2

[ circumference of the circle =2mr]
180° _ 2 right angle

T I

1radian = = constant

[since a right angle and 7 are constants]

Relation between Radians and Real
Numbers

Consider a unit circle with center O. Let A p
be any point on the circle. Consider OA as
the initial side of an angle. Then the
length of an arc of the circle gives the
radian measure of the angle which the arc
subtends at the center of the circle.
Consider line PAQ which is tangent to the
circle at A. Let point A represents the real +-2
number zero, AP represents a positive real Q
number, and AQ represents a negative

real number. If we rope line AP in the counter-clockwise
direction along the circle, and AQ in the clockwise
direction, then every real number corresponds to a radian
measure and conversely. Thus, radian measures and real
numbers can be considered as one and the same.

Relation between Degree and Radian
It follows that the magnitude in radian of one complete
revolution (360 degree) is the length of the entire

. .. . 2mr
circumference divided by the radius, or — or 27.
r

Therefore, 21 radian = 360°

or 7 radian = 180°

. 180° .
or 1radian = =57°16" (approximately)

Again, 180° = 1t radian

~.1° =" radian =0.01746 radian (approximately)
180

. T
Thus radian measure of an angle = — X degree measure
180

of the angle and degree measure of an angle = 180 X
b

radian measure of the angle.

Thus if the measure of an angle in degrees, and radians be
D and C respectively, then
D ¢C

180 m
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The Relation between Degree Measures and
Radian Measures of Some Common Angles

3

Degree 30° 45° 60° 90° 180° | 270° | 360°
. T T K T T 3m | 2m

Radians 6 4 3 > >

Note

(i) Radian isthe unit to measure angle and it does not means
that = stands for 180°, 7 is a real number. Where as n°
stands for 180°,

Remember the relation w radians = 180 degrees = 200
grade.

(ii) The number of radians in an angle subtended by an arc of a

. : arc
circle at the centre is equal to ———.
radius

S
= ==
r

Example 1. Convert 40°21" into radian measure.
Sol. We know that 180° = 7 radian.

1
Hence  40°21" = 40— degree
3
T 121 1217
—— X ——radian = radian
180
1211
Therefore 40°21" = —— radian.

Example 2. Express the following angle in degrees.

. (5m\"
(i) (12)

I , 21
(iii) = (iv) — 9
Sol. (i) (igj (T; X 120) = (5% 15)° = 75°
o (22
12) 127 =
=—(7 x15)° = — 105°

[ j (1 180) (60) ot
(iii) - X — 19°5" 27
3 0m b

(iv) — ( 180) — —(2X20)° = — 40°

Example 3. Express the following angle in degrees,
minutes and seconds form
(321.9)°
Sol. (321.9F =321° +09°
=321° + (09° X 60)’
=321° + 54" = 321°54
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2n¢
Example 4. In AABC, m LA = - and m £B=45°.
Find m ZC in both the systems.

Sol. mAA:it =(2nx180j =120°

3 T
mZ£B = 45°

n) =«
=lasx 2| =1
180 4

In AABC,mZA+m/ZB+ mZC =180°
*. The sum of angles of a triangle is 180°

= 120° + 45° + mZ£C = 180°
= 165° + mZC = 180°
= mZC =180° — 165°
= mZC =15°
TE o
= mZC =|15X —
180
mZ£C -
12

Example 5. The sum of two angles is 57 and their
difference is 60°. Find the angles in degrees.

Sol. Let the angles be x and y in degrees.

' 180 \°
Then, x+y=571" = x+y=(5n><j
i

x +y =900° .(1)
x—y=60° ...(>i1)
On adding Eqs. (i) and (ii), we get
2x =960°

R x = 480°
On putting x = 480° in Eq. (i), we get

480° + y = 900°
. y = 420°
. Hence, the angles are 480° and 420°.

Example 6. One angle of a quadrilateral has measure
2 C

% and the measures of other three angles are in the
ratio 2 : 3 : 4. Find their measures in radians and in
degrees.

e’ (2m 180
Sol. One angle = o[z, 1801 g
5 5 T

Since, measures of other three angles are in the ratio
2:3:4. Let the angle be 2k, 3k and 4k measured in degree.
. Sum of all angles of quadrilateral = 360°
72° + 2k + 3k + 4k = 360°
9k =288° = k =32°
. The other three angles are
2k =2x32=64°

=
=

3k =3x32=96°

4k =4 x32=128
.. The other three angles measured in degree are 64°, 96°
and 128°.

The angles in radians are

n ) 167
64° =64 X — | =
180 45

96° =96 x | = 8T
180°) 15

n ) 321
128° = [128 X ) =

180 45

.. The other three angles measured in radian are

16m° 8m° 32m°
, and .
45 15 45

Example 7. Express the following angles in radians.

(i) 120° (i) - 600°
(iii) —144°
Sol. (i) 120° = [120 x nj _
180) 3
(ii) — 600° =—(600xn) __lom
180 3
(iif) — 144° = (— 144 x “) __4m
180 5

Example 8. If the three angles of a quadrilateral are
60°, 60¢ and 5: Then, find the fourth angle.

Sol. First angle = 60°
90
Second angle = 60% =60 X 00 degrees = 54°

X1
5 8021500

Third angle = S?TC radian =
Fourth angle = 360° — (60° + 54° + 150°) = 96°

Example 9. In a circle of diameter 40 cm, the length
of a chord is 20 cm. Find the length of minor arc
corresponding to the chord.

Sol. Let arc AB =S. It is given that OA =20 cm and chord
AB =20 cm. Therefore, AOAB is an equilateral triangle.

Hence, ZAOB = 60°

. . 20 cm
T T .
={60X — | =| — 60 A
180 3
arc
Now, 0= -
radius
n S 207
= —= = S=——cm
3

20



Example 10. In the circle of 5 cm. radius, what is the
length of the arc which subtends and angle of 33°15” at
the centre.

15 (1)
Sol. Here, r =5cm; 15 = — =| —
60 4

0 =33°15" =33 + 113 degrees
4 4
133 T 133 22 1463 .
= x =" = radians
4 180 4 7 X180 2520
l
Now, 6 =—
B
1463 65
I =0r =—— x 5=2— cm (approx.)

2520 72
Example 11. The minute hand of a watch is 35 cm
long. How far does its tip move in 18 minutes?
use m=—
7
Sol. The minute hand of a watch completes one revolution in

60 minutes. Therefore the angle traced by a minute hand
in 60 minutes = 360° = 27 radians.

. Angle traced by the minute hand in 18 minutes
18 3n
=21 X — radians = — radians
60 5

Let the distance moved by the tip in 18 minutes be [, then
I=r0

Chap 01 Trigonometric Functions and Identities 5

22
=35><3?n=2111:=21><—=66cm
7

Example 12. The wheel of a railway carriage is 40
cm. in diameter and makes 6 revolutions in a second;
how fast is the train going?
Sol. Diameter of the wheel = 40 cm
-. radius of the wheel = 20 cm
Circumference of the wheel = 2nr = 21 X 20 = 407 cm
Number of revolutions made in 1 second = 6
.. Distance covered in 1 second = 401 X 6 = 2407 cm
.. Speed of the train = 2407 cm/sec.

Example 13. Assuming that a person of normal sight

can read print at such a distance that the letters

subtend an angle of 5 at his eye, find the height of

the letters that he can read at a distance of 12 metres.
Sol. Let the height of the letters be h metres.

Now, h many be considered as the arc of a circle of radius
12 m, which subtends an angle of 5 at its centre.

5 01 b
0 =5=| — x — |radians = radian
60 180 12 X 180

and r=12m

o o
h=rb6=12x =| — | metres = 1.7 cm
12 X 180 180

Exercise for Session 1

1. The difference between two acute angles of a right angle triangle is% rad. Find the angles in degree.

2. Find the length of an arc of a circle of radius 6 cm subtending an angle of 15° at the centre.

3. Anhorse is tied to post by a rope. If the horse moves along circular path always keeping the tight and describes
88 m, when it has traced out 72° at centre, find the length of rope.

4. Find the angle between the minute hand and hour hand of a clock, when the time is7 : 30 pm.

5. If OQ makes 4 revolutions in 1s, find the angular velocity in radians per second.

6. If a train is moving on the circular path of 1500 m radius at the rate of 66 km/h, find the angle in radian, if it has

in 10 second.

7. Find the distance from the eye at which a coin of 2.2 cm diameter should be held so as to conceal the full moon

with angular diameter 30".

8. The wheel of a railway carriage is 40 cm in diameter and makes 7 revolutions in a second, find the speed of train.

9. Assuming that a person of normal sight can read print at such a distance that the letters subtend an angle of 5’
at his eye, find the height of letters that he can read a distance of 12 m.

10. For each natural number k, let C, denotes the circle with radius k cm and centre at origin. On the circle C,, a
particle moves k cm in the counter-clockwise direction. After completing its motion on C,, the particle moves on
Cy . 1 in the radial direction. The motion of the particle continues in this manner. The particle starts at (1, 0). If
the particle crosses the positive direction of the x-axis for the first time on the circle C,, then n is equal to



Session 2

Definition of Trigonometric Functions

Definition of Trigonometric
Functions

An angle whose measure is greater than 0° but less than
90° is called an acute angle.

In a right angled triangle ABC, ZCAB = A and £BCA =90°
=m/2. AC is the base, BC the altitude and AB is the
hypotenuse. We refer to the base as the adjacent side and
to the altitude as the opposite side. There are six
trigonometric ratios, also called trigonometric functions
or circular functions with reference to ZA, the six ratio
are

A (o}
BC _ opposite side 51de’ is called sine of A, and written as
AB  hypotenuse
sin A.
£ = M, is called the cosine of A, and written
AB  hypotenuse
as cos A.
% = M, is called the tangent of A, and written

as tan A.

adjacent side

AB  hypot . i
= YPOREMUSE i called cosecant of A, and written as

BC opposite side
cosec A.

AB _ hypotenuse , is called secant of A, and written as
AC  opposite side
sec A.

AC _ adjacent side side, is called cotangent of A, and written
BC opposite side
ascot A.

Since, the hypotenuse is the greatest side in a right angle
triangle, sin A and cos A can never be greater than unity
and cosec A and sec A can never be less than unity.

Hence, [sin A|<1,cos A|<1],|cosec A|>1,|sec A|=>1,
while tan A and cot A may have any numerical value lying
between — oo to +co.

Note
Student must remember the following results
(i) =1<sinA<1 (i) —1<cos A<
(iii) cosec A>1orcosec A< -1 (iv) secA>1 or sec A< -1
(v) tanAeR (vi) cotAeR

Some values of Trigonometrical Ratios

Students are already familiar with the values of sin, cos,
tan, cot, sec and cosec of angles 0°, 30°, 45°, 60° and 90°
which have been given in the following table

3 30° 42 600 9
sin 0 1 1 NG 1
2 V2 2
cos 1 J3 1 1 0
2 2
tan 0 1 1 NG undefined
V3
cot undefined /3 1 1 0
V3
sec 1 2 2 2 undefined
V3
cosec undefined 2 2 2 1
V3

Trigonometric Identities

Trigonometric identities are equalities that involve
trigonometric functions that are true for every single
value of the occurring variables. In other words, they are
equations that hold true regardless of the value of the
angles being chosen.

Trigonometric identities are as follows
1. sin? A+cos?’ A=1 = cos’ A=1-sin’ A
or sin? A=1-cos’ A
2.1+tan’ A=sec’A = sec’ A—tan’ A=1
3. cot’ A+1=cosec’ A

=  cosec’A—cot’ A=1



sin A _CosA

4. tan A= and cot A

cos A sin A
5. Fundamental inequalities: For0 < A <7 / 2;
sin A 1

<

Cos A

0<cosA<

6. It is possible to express trigonometrical ratios in terms
of any one of them as,

. 1
sinO = ,
\J1+cot’ 0
cosezﬁ, tan0 = ,
1+cot’0 cot®
\J1+cot’ 0
cosecO =+/1+cot?0, secH =7e
cot

i.e. all trigonometrical functions have been expressed
in terms of cot©.

Similarly, we can express all trigonometric function
in other trigonometric ratios.

Example 14. Show that 2(sin® x +cos® x)
—3(sin® x+cos” x)+1=0.
Sol. 2(sin® x +cos® x) — 3(sin* x + cos* x)+1
=2[(sin® x)* +(cos® x)’]—3(sin* x + cos® x)+1
=2[(sin® x+ cos® x)* — 3sin® x cos’ x
(sin® x + cos® x) = 3[sin’® x + cos® x)* — 2sin® xcos® x]+1

=2[1+3sin® x cos® x]-3[1 —2sin® x cos® x]+1=0

Example 15. Show that
(i) sin® A—cos® A=(sin> A—cos’ A)
(1—2sin” A-cos” A)
1 1T 1
sec A—tan A _cosA " cos A _sec A+tan A

(i)

Sol. (i) LHS. =sin® A — cos® A =(sin* A)* — (cos* A)’
=(sin* A — cos® A)(sin* A + cos* A)
=(sin® A — cos’ A)(sin® A + cos® A)
[sin® A + cos® A)* —2sin” A cos® A]
=(sin® A — cos® A) (1 —2sin® Acos® A)
[sin® A+ cos® A =1]

c e 1 1 1 1

(ii) Given, - = -
sec A—tanA cosA cosA secA+tan A
1 1 1 1
or + = +
secA—tan A sec A+tan A cosA cosA
2

Here, RH.S. =

cos A

Chap 01 Trigonometric Functions and Identities 7

Now L.H.S. = ! !
sec A —tan A secA +tan A
sec A+tan A+sec A—tanA 2

- (sec A —tan A)(sec A +tan A)  cosA
Thus, L.H.S. =R.H.S.

Example 16. If tan0 +sec 6 =1.5, find sin @, tan 0

and sec 0.
Sol. Given, secO +tan 0 = g ..(d)
1 2 ..
Now, secO —tanf=——=- ...(ii)
secO +tan® 3
Adding Egs. (i) and (ii), we get A
2secO = 3 + 215
2 3
13 13
secH = —
12 5
5
tan O = —
2 0
B 12 C
and sin @ =—
13
4 -
cos” A sint A
Example 17. If ——+ ——— =1, then prove that
cos°B  sin“B

(i) sin® A+sin® B=2sin’ Asin’B
cos'B sin'B

(i) ——+——=
cos* A sin® A
4 4
Sol. Given, < - A sin ZA =1(cos’ A +sin” A)
cos’B sin” B
4 A .4 A
or cos P cos’A =sin® A — s 5
cos’B sin” B
or coszA(coszzA— cos’ B) sinA (sin®* B —Zsinz A)
cos” B sin” B
ZA . 2A
or c052 (cos® A— cos® B)= sz
cos” B sin” B
[(1 - cos® B)—(1— cos®A)]
2 A . . s 2 A . )
or cos — (cos’ A — cos”B) = s — (cos® A~ cos’ B)
cos“B sin® B
ZA . ZA
or (cos® A— cos® B) cosz - sz =0
cos” B sin“B

When cos® A — cos® B = 0, we have

cos’ A =cos’ B (1)
2 22
A A
When COSZ - 51.n -— =0, we have
cos”B sin“ B

2 .2 a2 2
cos“Asin“B=sin" A cos” B
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2 2 2 2
or cos“ A(1 - cos” B) =(1—cos” A)cos” B
2 2 2 2 2 2
or cos”A —cos”Acos” B=cos” B—cos“A cos”B
or cos’ A =cos’ B

Thus, in both the cases, cos® A = cos® B. Therefore,
1—sin® A =1-sin’Borsin’ A=sin’B
(i) L.HS.=sin* A +sin* B
=(sin® A —sin® B)* +2sin” A sin® B
=2sin’ Asin? B=RH.S. [.sin’®A=sin®B]
cos* B sin®*B _ cos'B
cos’ A sin*A  cos’ B

= cos’ B+sin’B=1=RH.S.

.4
(i) LHS. = sin_B

sin® B

Example 18. If tan’ 6 =1-e?, prove that
3

sec O+ tan> 0 cosec 0 =(2—e?)?

Sol. Given, tan’0 =1-¢°
Now, LH.S. =sec + tan’ 0 cosec

Sol. Here, sec’0 = Lyz
(x+y)
(i) Weknow  sec’0>1 and — ~<1 [as AM>GM]
(x+y)
...(iii) = sectf= XY ~ is only possible if sec’® =1
x+y)
ie. _Axy ~=LV x,yeR"
(x +y)
or d4xy=(x+y) V x,y€ R’
= x2+y2+2xy—4xy=0, Vx,yeR*
= (x_y)zzo’ Vx,yeR*
or xX=y; V x,y€eR"

1
Example 20. Show that the equation sin®=x+ — is

impossible if x is real.

1
Sol. Given, sin0 = x + —
x

1 1
5 » cosec 0 sin@ = x* + — +2x-—
=secO|1+tan’ O x’ x
sec O
—xr+ Lo
=secO(1 + tan” O - cot 0) = sec O(1 + tan” 0) = sec O sec’ O X TaTes

3 3 3

=sec’ 0 =(sec’ 9)5 =(1+ tanze)E =(1+1 —ez)E =(2- ez)E

Example 19. For what real values of x and y is the

4x
equation sec’ 0 = 4

: which is not possible since sin® 0 <1

———— possible?
X+y)?

Exercise for Session 2

N S 0 A WD

10.

Prove that (cosec 6 —sin 0) (sec 6 — cos 6) (tan 6 + cot 6) = 1.

If cos? o —sin? o = tan? B, then show that tan? o, = cos? 3 —sin? f.

If sin® 6 + cos® 8 — 1= A sin? Bcos? 6, find the value of A.

Ifa cos 6 — b sin 0 =c, then find the value of a sin 8 + b cos 6.

Find the value of 3(sin x —cos x )} + 6(sin x + cos x)? + 4(sin® x + cos® x).

If sin © + cosec 0 =2, then find the value of sin®® 8 + cosec™6.

LetF,(x)= kl (sin® x + cos* x), where x € R and k > 1, then find the value of F,(x) - F,(x).

.4 4 : 08 8
sin® x  cos” x :1, then showthatsm X cos®x :i.
2 3 5 8 27 125

If

If cot © + tan 6 = x and sec 6 — cos 6 = y, then show thatsin 6-cos 9:1 orsinf-tan6=y
X

or(XZy)Z/S _ (Xy2 )2/3 =1

If sin A + sin? A + sin® A=1, then find the value of cos® A —4 cos* A + 8 cos? A.

X



Session 3

Application of Basic Trigonometry on Eliminating
Variables or Parameters and Geometry

Application of Basic
Trigonometry on Eliminating
Variables or Parameters

As we know, parameter are those values which could
vary, e.g. 0 if parameter could take any value as;

0 =0°, 30°, 45°, 60°, 90°, 120°, ...
Thus, to eliminate these parameter, we have to use basic

trigonometric formulae, it could be more clear by some
examples :

Example 21. If cosec 6 —sin® =m and
sec @ —cos 0 =n, eliminate 0.

. . 1 .
Sol. Given, cosecO —sin® = m or, —— —sinO=m
sin
1—sin’0 B

sin 6

cos’ 0
or, =

sin 0
Again secO —cosO =n

or —cosB=n

cos 0

2 .2
1-cos“ 0 sin“ 0
or _ = =

(i

cos O cos 0 (@)
2

From Eq. (i) sin6 = cos’0

...(iii)

cos* 0
2

=n or,cos’ 0 =m’n
m” cos O

Putting in (ii), we get

1 2
", cos 8 = (m®n)? or, cos’ O = (m’°n)* (1v)
2

2 2.\3
From Eq. (iii), sin 6 = cos” 6 = (mn)

m

1

4
3 Z
=(mn®)3

(RN
w |

1
m-n 3
m

2
. sin’0 = (mn®)? (V)
Adding Eqs. (iv) and (v), we get
2 2
(m®n)® + (mn®)® = cos’ 0 +sin’ 0
2 2
or, (m*n)? +(mn®)3 =1

Example 22. If 3sin0 + 4cos 6 = 5, then find the
value of 4sin® — 3cos6.

Sol. Let 4sin® —3cosO =a ..(i)

Thus, we want to eliminate 0 from both 3sin© + 4 cos0 =5
and 4sin® —3cosO = q, i.e. squaring and adding these
equations, we get
(3sin® + 4 cos0)” + (4sin® — 3cos0)* = 25 + a*
9sin”0 + 16cos’0 + 24sinO cosO
+16sin°0 + 9 cos’0 — 24 cosO sinB = 25 + a°
9+16=25+a" or a’ =0
a=0
4sin® —3cos0 =0

Example 23. If aseco - ctana =d and

bsec o +dtana =c, then eliminate oo from above
equations.
Sol. Here, aseco. — ctana. = d and bseca. + dtano. = ¢ could be
written as
a=dcoso + csinc (1)
and b=ccoso — dsino ..(1i)
On squaring and adding Egs. (i) and (ii), we get
a’ +b* =(dcosa + csina )’ + (ccoso — dsina )’
= a’ + b* =d*cos’a + c’sin’a + 2dc cosousina
+c?cos’al + d*sin®0i—2cd cosousinoL.
=d*(cos’a +sin’a) + c’(sin’o + cos’ar)

ad+b=c+d’

Example 24. Eliminate 6 between the equations
asecO+btan®+c=0and psec®+qtan6+r=0.

Sol. Given

and

asecO+btanO +c=0 (1)
psecO+qtan® +r =0 ...(ii)
Solving Egs. (i) and (ii) by cross multiplication method, we
have

sec O tan0 1

br — gc =pc—ar _aq—pb
) (i) (i)
From Egs. (i) and (iii), we get
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. (iii)
From Eqs. (ii) and (iii), we get
pec —ar
pc —pb

sec’® —tan’0=1

br — qc 2_ pc —ar 2=1
aq — pb aq —pb

or (br = gqc)* = (pc — ar)* =(aq — pb)’

tan O =

. (iv)

Example 25. If x =sec 6 — tan 6 and
y =cosec 0 + cot 6, then prove that xy +1=y — x.

1-sinB |[ 1+ cosB
Sol. xy+1= +1
cos O sin O sin O cos O

_ (sin® @ + cos’ B)  (sin 6 — cos B)

sin O cos O

_1-sin0 +cos0O

sin O cos O

=(tan 6 + cot 0) —(sec 6 — cosec 0)
=(cosecO + cot0) —(secO —tan Q) =y — x

Example 26. If x=rsin0 cos ¢, y =rsin 6 sin ¢ and
z=rcos 0. Find the value of x* + y* +z?.
Sol. Here,
x*+y*+2°=r?sin’0 cos® ¢+ r’sin® 0 sin® ¢+ r? cos’ O
=r’sin® O(cos® ¢ +sin® ¢) + r* cos* O
=r’sin’ 0 +r? cos’ 0
=r?

Cxiaytat=rt

Example 27. 1f0<6 <E,x: wcosz” 0,
p S X=

n=0

y = ZSinz" Oandz = Zcosz” 0 -sin”™ O, then show

n=0 n=0

Xyz =xy +z.

Sol. Here, x = Zcosz" 0=1+cos’0 +cos* B +cos®O +..c0

n=0
1 1

" 1-cos’® sin’0

[using, S = . sum of infinite GP]
-r
1 1
Similarly, = =
Y Y 1-sin’® cos’0
1
and z=

" 1—sin’0-cos’ 0

1
xXyz = — , , .
Y in’ 0 cos’ 0 (1 —sin® 0 cos’® 0)

(1= sin® O cos® 0) +(sin” O cos® 0)
~ sin’0 cos’ 0 (1 —sin’ O cos® 0)
~ 1 1

" sin’ 0 cos’ 0

1—sin’0 cos’ 0

=xy+z

Application of Basic
Trigonometry in Geometry

Example 28. If in given fig, tan (£BAO)= 3, then find
the ratio BC : CA.

B
C
0
0
@) A

Sol. From Fig., we have

tan0 =3

In AOCA and AOCB respectively, we get

£=tan9,%=cot6
BC

On dividing, we get

BC tan0 _

E T cot®

= BC:AC=9:1

or

tan® @ =9

Example 29. If angle C of triangle ABC is 90°, then
2

C A
prove that tan A+ tanB =—b (where,a, b, c are sides
a

opposite to angles A, B, C, respectively).
Sol. Draw AABC with ZC =90°. We have

2 2 2

tanA+tanB=g+E:a +b _¢

a ab ab

A
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Example 30. In triangle ABC, BC =8, CA=6, and AB PS and RQ intersect at a point X on the circumference
=10. A line dividing the triangle ABC into two regions of the circle, then prove that 2r =/PQ xRS.

of equal area is perpendicular to AB at point X. Find Sol. From Fig. we have
BX
the value of —. PO _ian[ T — 0
2 PR 2
Sol. C = cot O and kS =tan 6
Y PR
S
6 8
y
Q
A B
I X X I X
10
We have area of AXYB = é area of AABC
I
0 50
Lxyy.(xB) =2 x1x acx BC b —2 R
2 2 2 O
2(x><y)=8><6=24
2 2
or x X x tan B=24 [-y = xtan B]
2 3 — . _ AC & X Ris =1
or x XZ—24 [ tanB=—] R PR
or x?=320r x = 442 or (PR)* =PQ X PS
or (2r)> =PQ x PS

Example 31. Let PQ and RS be tangents at the
extremities of the diameter PR or a circle of radius r. If

or 2r = ,/PQ X PS

Exercise for Session 3

If sec 6 + tan 6 =k, find the value of cos 6.

If x sin® B+ y cos® 6 =sin 6cos Band x sin B =y cos 6, Find the value of x2 + y2.

If sin A+ cos A=m andsin® A + cos® A=n, prove thatm?® —3m + 2n =0.

x2 +y?+1

Ifsin® = . Find the value of x and y.

If sin @ —+/6 cos 8 =+/7 cos 6. Prove that cos 0 + /6 sin 0 — +/7 sin 0 =0.

If sin x + sin y + sinz =3. Find the value of cos x + cos y + cos z.

If X cos 0 + Y sin =1, X sin 6 — Y cos 0 =1, then eliminate 6.
a b a b

a’ _(d-a)(c-a)

Ifasin? x + b cos® x =c¢, b sin® y +acos® y =d and a tan x =b tan y, then prove that — = .
2
bZ (b -c)b—d)

© ©®© NSO A WD

Ifa +b tan®=sec Oand b —a tan 0 =3 sec 6, then find the value of a% + b2.

<\
o

Two circles of radii 4 cm and 1 cm touch each other externally and 8 is the angle contained by their direct

common tangents. Find the value of sin g + Cos g



Session 4

Signs and Graph of Trigonometric Functions

Signs of Trigonometric
Functions

The signs of the trigonometric ratios of an angle depend
on the quadrant in which the terminal side of the angle
lies. We always take OP =r to be positive (see figure).
Thus the signs of all the trigonometric ratios depend on
the signs of x and/or y.

Y Y
Q
4 &
NY AR,
y y
, 0 N6
X o x L X X X0 X
Y' Y'

An angle is said to be in that quadrant in which its
terminal ray lies

For positive acute angles this definition gives the same
result as in case of a right angled triangle since x and y
are both positive for any point in the first quadrant and
consequently they are the length of base and
perpendicular of the angle 6.

Y

Second quadrant| First quadrant
(sin, cosec | (4 arg positive)

are positive)
X X
)
Third quadrant | Fourth quadrant
(tan, cot (cos, sec
are positive) are positive)

YY
1. Clearly in first quadrant sin 6, cos 6, tan 6, cot 6, sec 6
and cosec 0 are all positive as x, y are positive.

2. In second quadrant, x is negative and y is positive,
therefore, only sin 0 and cosec 0 are positive.

3. In third quadrant, x and y are both negative,
therefore, only tan0 and cot 0 are positive.

4. In fourth quadrant, x is positive and y is negative,
therefore, only cos0 and sec 0 are positive.

Quadrant — I I v

sin O + - -

cos0

tan O

cosec 0

secO

S R I A
|
+
|

cotO

Variation in the Values of
Trigonometric Functions in Different
Quadrants

We observe that in the first quadrant, as x increases from

T . . .
0 to —, sin x increases from 0 to 1 and in the second
2

. T .
quadrant as x increases from — to T, sin x decreases from
2
1to 0.
. . 3T .
In the third quadrant, as x increases from 7 to —, sin x
2

decreases from 0 to — 1 and finally, in the fourth quadrant,

. . . 31
sin x increases from —1to 0 as x increase from — to 2.
2

. 2nd
Function 1st quadrant quadrant 3rd quadrant 4th quadrant
sin O TfromO0tol L from1to0 | from0to T from—1to
-1 0

cos 0 Lfrom1to0 | from0to Tfrom—1to T from0to 1
— 1 0

tan 0 TfromOtoe Tfrom—oo T from0toe T from— oo
to 0 to 0

cot O Lfromeoto0 ! from0to | fromoeoto 0 J from 0 to

sec 0 Tfromltoeo Tfrom—oo | from—1to { fromeoto 1
to—1 — oo

cosec® | fromeotol Tfrom1toee T from—oco { from—1to

to—1 — oo
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Note y

+ coand — e are two symbols. These are not real numbers. When
we say that tan @ increases from 0 to e as @ varies from 0 to g it

means that tan@ increases in the interval (O, gjand it attains

aE]

arbitrarily large positive values as 6 tends to g This rule applies to

other trigonometric functions also.

Graphs of Trigonometric 4y=flx)=cotx

Domain — R ~ nm, n € I; Range — (— oo, o); Period —

Functions r

Y,
As in case of algebraic function, we can have some idea ! ! ! !
about the nature of a trigonometric function by its graph. . . . .
Graph has many important applications in mathematical | | | |
problems. We shall discuss the graphs of trigonometrical ! : : !
functions. We know that sin x, cos x, sec x and cosec x are T 7%[: 0 g 3m i2m X
periodic functions with period 2 and tan x and cot x are E E 2 E E
trigonometric functions of period 7. Also if the period of : : : :
function f(x) is T, then period of f(ax +b) is l ' ' ' '
|al 5.y =f(x)=secx
i
Domain > R~(2n+1) =, nel
Graph and Other Useful Data of 2
Trigonometric Functions Range — (= eo, = 1]U[1, )
1. y = f(x) =sin x Period — 2, sec? x,|sec x |€[1, o)

Domain — R,

Range —[-1,1] .\\/. \\/.
Period —» 21 ___E_____ ____E_ ____________________ E____

y i ! ! :
_ 0 T T3m on ST

/—\ 1 2l 2. 22 L2
| -1 | | |
t t t t X i 1 1 1
n%O w2 WZTT 5192 m

2.y=f(x)=cosx 6.y =f(x)=cosec x
Domain — R, Range —[—1,1] Domain — R ~ nmt, n€ I
Period — 27 Range — (= o0, —1]U [1, o)

Period — 27, cosec? x, |cosec x |€[1, o)

3.y=f(x)=tan x

=

Range — (— oo, o0)

E  E Er U AR EEEEEEE
3

Domain—>R~(2n+1)£,neI ---r
2 |

R [

Period > 1
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Transformation of the Graphs of
Trigonometric Functions

1. To draw the graph of y = f(x +a);(a >0) from the
graph of y = f(x), shift the graph of y = f(x), a units
left along the x-axis.

Consider the following illustration.

/.

y y=sin (x+1)

To draw the graph of y = f(x —a); (a >0) from the
graph of y = f(x), shift the graph of y = f(x), a units
right along the x-axis.

Consider the following illustration.

1 1 1 1 1

2. To draw the graph of y = f(x) + a; (a>0) from the
graph of y = f(x), shift the graph of y = f(x), a units
upwards along the y-axis.

To draw the graph of y = f(x) —a; (a >0) from the
graph of y = f(x), shift the graph of y = f(x), a units
downward along the y-axis.

3. If y = f(x) has period T, then period of y = f(ax) is
T

|a|

y y=sin()
(N y= sinx

S

T

Period of y =sin(2x) is 7“ =T

o wzi | e

4. Since y =| f(x) |20, to draw the graph of y =| f(x) |,
take the mirror of the graph of y = f(x) in the x-axis
for f(x) <0, retaining the graph for f(x)>0.

Consider the following illustrations.

Here, period of f(x) =|sin x |is 7.

A
y =lcos x|
R w2l W em2l  oml
Here, period of f(x)=|cos x |isT
A
y=Itan x|
I 3 I I I
L e R L V2 r=-=-=-"" T-
S WS- R T W
TR w2 m smar
| 1 | | |
L B [ r=-=---"- T-
y=tan x ——, | | |
Srills 2 A
5. Graph of y = af(x) from the graph of y f(x)
7\ .
=2sinx
g y=38sinx




P R
)

—————p—--

Some Important Graphical Deductions

To find relation between sin x, x and tan x

(1) y=x

N

sin x L1

Thus, when —~ < x <0

= sinx >x

(ii) Y
4 itanx=y
LAV
17 |
= |
4 H : X
Ol = = i’
4.2
T
tanx > x, when 0> x > —
2
(iii) In general,
Y
L tanx y=x
—n
P
sin x
»X
@)

Thus, tanx > x >sinx,V x € (O, nj
2

. T
andsinx >x >tanx,V x € (—2,0).

Chap 01 Trigonometric Functions and Identities

Example 32. Find the values of the other five
trigonometric functions in each of the following

questions
(i) tan @ = %, where 6 is in third quadrant.
(ii) sin@ = i where 6 is in second quadrant.

Sol. (i) Since 6 is in third quadrant,
.. Only tan 0 and cot 0 are positive

5
Now, tan O = —
12
12
Therefore, cot =—,
5
5
sin® = — —,
13
1
cosec = — —
12 13
cosO =—— and sec =-"—.
13 12

(ii) Since O is in the second quadrant,
.. Only sin 6 and cosec 6 will be positive.

3
Now, sin @ = —.
5
Therefore,
5 4
cosecO =~ cos O =——,
3 5
5 3
secb =—— tanO = - —
4 4
4
and cotO =— g

Example 33. Ifsin6= E and 6 lies in the second

quadrant, find the value of sec 6 + tan 6.
Sol. We have sin? 0 + cos® 0 =1
= cos O = +4/1—sin’0
In the second quadrant, cos 0 is negative

cos O =—4/1—-sin’0

1 sin® 1+sin®
i _

Now, secO + tan 0 =

cos 0 cosﬁ_ cos 0
12
_ 1+sin® _ 1+E
—\/1—sin26 12
— 1_7
13
52
__ 13 _ 13 _ s
25 3
169 13

15
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Example 34. Draw the graph of y = 3sin2x.
Sol. sin x is a periodic function with period 27, therefore,

. N . . 42T
sin 2x will be a periodic function of period |— =7
2
—1<sin2x <1
—3<3sin2x <3

In order to draw the graph of y = 3sin 2x, draw the graph of

Also

y =sin x and on X-axis change k to —, i.e. write — wherever
2 2

it is k. For example, write 15° in place of 30°, 45° in place of
90° etc.

On Y-axis change k to 3k, i.e. write 3k wherever it is k for
example, write 3 in place of 1, — 3 in place of — 1, 1.5 in place
of 0.5 etc.

The graph of y = 3 sin2x will be as given in the figure.
A
3 y=3 sin 2x

-t _T\ 10 51\3_171-[ 3n X
24_3 4 2 \4 2

Example 35. Draw the graph of y =cos (x - Z:)

. . . T .
Sol. Given function is y =cos (x - J ..(1)
4
Given function is Y = cos X, where
X =x-"andy = y
4
or Y=0= y=0andX =0

b b
= x——=0= x=—
4 4

In order to draw the graph of y = cos (x - ZJ, we draw the

graph of y = cos x and shift it on the right side through a

. /i .
distance of Z unit.

Example 36. Which of the following is the least?
(a)sin 3 (b) sin2
(c) sin1 (d) sin7
Sol. (a) sin 3 =sin[® — (1 — 3)] = sin(® — 3) =sin (0.14)
sin 2 = sin[1 — (1 — 2)]
=sin(m — 2) =sin (1.14)
sin 7 = sin[2n +(7 — 2m)]
=sin(7 — 271) =sin (0.72)
Now, 1.14>1>0.72>0.14
= sin(1.14) >sin 1 >sin(0.72) >sin (0.14)
[as 1.14, 0.72, 0.14 lie in the first quadrant and sine
functions increase in the first quadrant]
Hence, among the given values, sin3 is the least.
Alternate solution

From the graph, obviously sin3 is the least.

Example 37. Find the value of x for which

f(x)=4/sin x —cos x is defined, x € [0, 2m].
Sol. f(x)=4/sin x — cos x is defined if sin x > cos x.

y y=sinx

/o

From the graph, sin x > cos x, for x € [:’ 5:}
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Example 38. Solve tan x> cot x, where x € [0,27].

Sol. Y
B e I S R B S i oF EEEE PP
T s C.S|( PR [ U S A
B i S Bt N =100 2RO U Uyt R Sy S
o S S
R T N B R
TY4 TIV4 TVIZ 3TIV4 k 5TIV4 5TIV TIV 2.T[
We find that tan x > cot x. Therefore, the values of tan x From the graph, it is clear that
are more than the value of cot x. T T 37 5T 37 n )
. . . e{—— |Vl — T |U|—,— [U|—,27 |
That is, the value of x for which graph of y = tan x is above * 4’2 4 ) 4

the graph of y = cot x.

Exercise for Session 4

1. Iftanx =- % 37“ < x <2m, find the value of 9 sec® x —4 cot x.

2. Show thatsin? x = p+ % is impossible if x is real.

3. Ifcos x = g and x lies in the fourth quadrant find the values of cosec x + cot x.
Draw the graph of y =sin x and y =sin g

Draw the graph of y =sec’ x — tan? x. Is f(x) periodic? If yes, what is its fundamental period?

o a A

Prove thatsin <0< tan 6for 6 e (O, g)

N

Find the value of x for which f(x)=./sin x —cos x is defined, x €[0,2x].
Draw the graph of y =sin x and y =cos x, 0 < x <2m.

9. Draw the graph of y =tan(3x).
V15

10. Ifcos x =- e and g < x <, find the value of sin x.



Session 5

Trigonometric Ratios of any Angle

Trigonometric Ratios of any Angle

Consider the system of rectangular coordinates axis

dividing plane into four quadrants. A line OP makes angle
0 with the positive x-axis. The angle 0 is said to be positive

if measured in counter clockwise direction from the
positive x-axis and is negative if measured in clockwise

direction.

The positive values of the trigonometric ratios in the

various quadrants are shown, the signs of the other ratios

may be derived.

A Y
P, P, Quadrant Il (S) |Quadrant | (A)
sin 0, cosec 0, +ve| All ratio +ve
(0]
X X X
Q, Q,F\HQ, @
274 3 Quadrant Il (T) | Quadrant IV (C)
tan 6, cotB +ve |cos 6, sec 6 +ve
P[P
4 3
v
v

Note nat ,x0y = g 200V =1 207" =

3n

P.Q, is positive if above the x-axis, negative if below the
x-axis, OP, is always taken positive. OQ, is positive if
along x-axis, negative if in oppositive direction.

sin ZQ,0P, =

cos ZQ,0P, =

tan ZQ,0P, =

PO,
opr.’

OiQi
op,

PO,
0Q

i

[i=123]

Thus, depending on signs of OQ, and P,Q,, the various
trigonometrical ratios will have different signs given

cos(—0) =cosH
cos (n - Gj =sinf
2

cot(—0) =—cotB
cot(g —9} =tan0

sin(—0) = —sin0

sin(TE —9) =cos0
2

tan(—0) =—tan0

tan(;C — e) =cot0

cosec(—0) = —cosecB

sec (7; - 6) =cosecH

sin(7t + 6) =cos0
2
sin(mt —0) =sin0O

tan(;C +9j =—cotB

tan(mt —0) =—tan®

sec (7; + 9) =—cosecB

sec(m —0)=—secO

sin(m +0) =—sinb

sin(sn— )z—cose
2

tan(m +0) = tan®

tan(grc —6) =cot0
2
sec(m+60)=—secO

sec (32% - ej =—cosecO

sin(gzn +6) =—cos0

sin(2m —0) =—sin6

tan(327t +6j =—cotB

tan(2m —0) =—tan0

3
sec (Zn + 6) =cosecO

sec(2m —0) =secO
sin(2m +0) =sin6

tan(2m +0) = tan©
sec(2m +0) =secH

sec(—0) =secO

cosec (7; - 6) =secO

cos (n +9) =—sin0
2

cos(m —0) =—cosB

cot(n +6) =—tan0
2

cot(mt —0) =—cotHO

cosec (7; + 9) =secH

cosec (T —0) =cosec

cos(m +0) =—cos0

cos(ewC — ) =—sin0
2

cot(m +6) =cotO

cot(gzn — 6) =tan0

cosec (T +6) =—cosecH

cosec (32% - 6) =—secO

cos (3“ + 6) =sin0O

2
cos(2 —0) =cos0O
cot(a‘;E + 6) =—tan0

cot(2m —0) =—cotBO

3
cosec (: + 6) =—secB

cosec (2w —0) = —cosecO

cos(2m +6) =cosH
cot(2m +6) =cotB

cosec (21 +0) =cosecO
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Allied angles (or numbers) = i-(cos £isin0) =cos(;c ie) + isin(;c iﬁ)
Two angles (or numbers) are called allied iff their sum or
. - . T .. T
difference is a multiple of T For example, T and T are = i-cos0 +sinb =cos (2 * 9} +1i Sm(z t ej
2 3 6
allied, T and — T are allied. On comparing real and imaginary part of LHS and
RHS, we get
AID TO MEMORY cos(7t +6)=—sin6 cos(n—G)z sin0
You must have been overwhelmed by large number of 2 2

formulae for allied angles (or numbers). Instead of memorising n n
all of them, use the following rules sin(2 + GJ =cosH sin(2 - 6) =cos0

1. Any trigonometric function of a real number nm + x(n €1/),
treating xas 0 < x < g is numerically equal to the same

. o . . II. Method
function of x, with sign depending upon the quadrant in . .
which the arc length (on the unit circle) terminates. The To prove cos(n £6) = —cosH and sin(n £6) =+sind
proper sign can be ascertained by ‘All - Sin — Tan — Cos’ Since, ™0 _ g (T +0) +isin(m +0)
rule. For example, sin(m + x)= —sin x; —ve sign was R o
chosen because 1 + x lies in the third quadrant and sin is = e” """ =cos(m £0)+isin(m +£0)

~ve n the third quadrant. = —(cos(x0) +isin(+0)) =cos(n £0) +isin(n £0)

' . . i
2. Any trigonometric function of a real number @2n + 1)E + xm On comparing real and imaginary part, we get

’ n . ’ ’
treating xas 0 < x < i numerically equal to cofunction cos(m +0) =—cos0

of x, with sign depending upon the quadrant in which the cos(m —0)=—cos6
arc length (on the unit circle) terminates. Note that sin and
cos are cofunctions of each other; tan and cot are

cofunctions of each other; sec and cosec are cofunctions sin(m —0) =sin®

sin(m +0) =—sin6

T
of each other. For example, sec| — + x | =—cosec x, —ve
P (2 ) Example 39. Prove that

. T . .
sign was chosen because > + x lies in the second

Y T n
(i) sin? =+cos® =—tan* =
6 3 4

quadrant and sec is — ve in the second quadrant.

7
(ii) 2sin® g+cosec2 gcos2 g:g
l. Method . . .
) T 51 )T
To provecos(giejz Fsin® and sin(ZiGj:cose (i) cot 6+Cosec 6 +3tan 6 6
. ., 3m T T
Proof (iv) 2sin? =—=+2cos? —=+2sec’ = =10
4 4 3
i{Z+0 )
e(2 )zcos(ni6)+i5in(ni9) Sol. (i) We have;j[ i o
2 2 sin®=+cos’ = —tan’ = = ——
6 3 4 2
= e?-¢"® =cos| 240 | +isin | F +0 (. =Y n)’ n)’
2 2 =|sin— | +| cos— | —|tan—
6 3 4

= i-e®? =cos(n i@) +isin(n i@j :(1] +(l) —(1)?
2 2 2 2
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(ii) We have,

LT n m
2sin® = + cosec’ —- cos’—
6

. T ’ 7T ’ T ’
=2|sin— | +| cosec — | -| cos—
6 6 3

2 2 2
T T T
2| +4 —cosec— cos—

[ cosec(m +60) = —cosecO]

(1) e (1) 1,3
—2(2) +(-2) X(z) 2+1 5

T 57T Y
cot’ = + cosec=— +3tan’ =
6 6

(iii) We have,

. T : T ’ T :
2|sin— | +4cosec| T+ — Ccos—
6 6 3
sin

T ’ Y Y :
=|cot—| +cosec| T—— |+ 3| tan—
6 6 6

= (3)? +2+3(\}§]2

=3+2+1=6
(iv) We have,

. 53T b b
ZstT + 2COSZZ +2sec’ =

2 2 2
=2 sing—n +2 cosE +2 secE
4 4 3
Y ’ T ’ T :
=2|sin— | +2|cos— | —2|sec—
4 4 3
3n

= 2(1)2 +z( ! jz +2(2)?
V2 V2
=1+1+8=10
Example 40. Prove that

cos(90° +0)sec(—0) tan(180° —6)
sec(360° — 0)sin(180° + 0) cot(90° — 0)

cos(90° + 0) sec(— 0) tan(180° — 0)
sec(360° — 0) sin(180° + 0) cot(90° — 0)
_(—sin 0)(secO) (- tan 0)
- (sec 0) (— sin 0) (tan 0)
=-1
=RH.S.

Sol. LH.S.

Example 41. show that tan1° tan2° ... tan89° =1

Sol. LH.S. = (tan 1° tan 89°) (tan 2° -tan 88°) ...
= [tan 1° tan(90° — 1°)]-[tan 2° tan(90° — 2°)]
... [tan 44° tan(90° — 44°)] tan 45°
= (tan 1° - cot 1°) (tan 2° - cot 2°)
... (tan 44° - cot 44°) tan 45°
=1 [-tan © cot © =1 and tan 45° = 1]

Example 42. show that
sin? 5% +sin” 10° +sin” 15° +...+sin® 90° = 9%
Sol. LH.S. = (sin® 5° + sin® 85°) + (sin® 10° +sin® 80°) + ... +
(sin® 40° + sin® 50°) + sin® 45° + sin”® 90°
= (sin® 5° +cos® 5°) +(sin” 10 + cos’® 10°)

+ ...+ (sin® 40° + cos® 40°) + sin® 45° +sin® 90°

2
1
=(1+1+l+1+1+1+1+1)+(f) +1
2
1
=9

2

Example 43. Find the value of

, T , 31 , 51 , IT
COS™ —+C0S™ —+C0S™ —+C0S™ —
16 16 16 16
n 3n T 3m T W
Sol. LHS. =cos® — +cos’=—=+ cos’| === |+ cos’| ===
16 16 2 16 2 16
, T , 3T L 3Mm LT
=cos® — 4 cos® == +sin®* — +sin’* —
16 16 16
, T ., T ,3T . ,3m
=| cos® — +sin®* — |+ | cos® = +sin
16 16 16 16

=1+1=2
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Exercise for Session 5

1. Find the value of tan %
2. Find the sign of sec2000°.
3. The value of cos * + cos 2° + cos 3° + ... + cos 180°.
4. Find the value of cos(270° + 6)cos(90° — 0) — sin(270° — ) cos 6.
5. IfS, =cos” 0 +sin” 6, find the value of 3S, - 2S,.
2 2
6. sin? 0= L}/H then x must be.
7. Ifsin x + cosec x =2, then find the value of sin'® x + cosec™ x.
8. e*"* —e~s"* =4then find the number of real solutions.
3n ) . 2 ) T A
9. Ifr<a< - then find the value of expression /4 sin® o + sin® 2o + 4 cos 2 32/
10. 1f ¥ cos 6, =n, then the value of Y'sin 0, .
i=1 i=1

Session 6

Trigonometric Ratios of Compound Angles

Trigonometric Ratios of
Compound Angles

Algebraic sum of two or more angles is called a compound
angle. If A, B, C are any angles then A+ B, A—B,
A+B+C,A-B+C,A-B—-C,A+B—-C,etc., are all
compound angles.

Till now, we have learnt the values of trigonometric ratios
between 0° to 360°. Now, we are going to learn the values
of trigonometric ratios of compound angles.

Note

Trigonometric ratios if i.e. sine, cosine, tan, cot, sec and cosec
are not distributed over addition and substraction of 2 angles.

ie. sin(A+ B) #sinA+sinB
Proof : A=60° B =230°
sin(90°) # sin60°+sin30°

The Addition Formula

(i) sin(A + B) =sin A cos B +cos Asin B

(ii) cos(A + B) =cos A cos B —sin Asin B
tan A +tan B

iii) tan(A+B) = ——M—
(i) ( ) 1—tan A tan B

Let the revolving line starting from the position OX
describe first Z/XOY = A and then proceed further so as to
describe ZYOZ =B in its position OZ.

Then, £ZX0Z=A+B
In figure 6.1 A + B <90° and in figure 6.2 A + B> 90°

Let Q be a point on OZ. From Q draw QM L OX and
QP 1 OY.From P draw PH 1 QM.

Now, /ZHPO =/POX =A
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ZQPO =90°
ZQPH =90° - A
-~ ZHQP = A
In AQOM,
sin(A + )= QM _ QH + HM _ OH + PL
00 00 00
_QH PL_QH QP PL OP
00 OQ QP OQ oP 00
_PL OP QH QP
“op OQ oP 00

=sin POL - cos POQ +cos HQP - sin POQ

=sin Acos B +cos Asin B

From figure 6.1, cos(A +B) = oM OL ML OL PH

0Q 0Q
From figure 6.2, cos(A + B) = — OM _ _ML-OL
0Q 0Q
_OL-ML OL-PH
0Q 0Q

.. In both cases cos(A + B)

_OL PH _OL OP PH QP

OQ OQ OP OQ QP 0Q

=cos POL - cos POQ —sin PQH - sin POQ

=cos Acos B —sin Asin B

In both cases
QM QH+HM QH + PL

tan(A + B) =
OM OL-ML OL-PH
QH PL OH PL
_OL OoL_ OL OL
(_PH | PH PL
OL PL OL
From similar AQPH and AOPL
QOH _PH _PQ
OL PL OP
On putting the value from Eq. (ii) in Eq. (i), we get
& + E
tan(A +B) = _OP_OL_
RN
oP OL

_tanB+tanA _ tan A+tan B
l1-tan Btan A 1—tan AtanB

j26) PL

:

...(ii)

- from APOQ, —= =tan B, from APOL, — =tan A—|
] opP OL ]

Second Proof of Formulae
1. cos(A +B) =cos A cos B —sin A sin B

Proof Let O be the centre of a unit circle.
Y

A+B), sin (A+B
(Cos A+B) SN ATBN L bicos A sina)

B
, A \L(,0)
X Q B X
R(cos (-B), sin (-B)

v
Let ZLOP = A radian, ZPOQ = Bradian, ZLOR=—-B
radian

(This angle has been measured in clockwise direction)
Now ZLOQ =A+Band ZROP =A-B
Since radius of circle is unity

arc LP =A, arc PQ =B, arc LR=|-B|=B

[in formulae 6 = i, 0 is always taken a positive]
r

Also as radius of the circle is 1.
.. P =(cos A,sin A),
Q=cos(A +B),sin(A + B),
R =(cos(— B), sin(— B) orR =(cos B, —sin B)
ALOQ = APOR
LO =PR
- LQ? = PR’
= [1—cos(A + B)]* +[0 —sin(A + B)]*
=[cos A —cos(— B)]* +[(sin A —sin(- B)]*
= 1+cos’(A+B) —2cos(A+ B) +sin’(A + B)
=(cos A —cos B)* +(sin A —sin B)*
= 1+cos’(A+B) +sin’(A+B) —2cos(A +B)
= =cos’ A+cos’ B—2cos Acos B+sin® A
+sin’ B +2sin Asin B
= 2 —2cos(A+ B) =(cos® A +sin® A)
+(cos’ B +sin® B) — 2(cos A cos B —sin A sin B)
= 2-2cos(A+B)=2—-2(cos Acos B —sin Asin B)
= cos(A + B) =cos A cos B —sin Asin B (1)
2. Putting — B in place of B in (1), we get
cos(A —B) =cos Acos(— B) —sin A sin (— B)
=cos Acos B +sin A sin B ..(ii)



3. sin(A + B) =cos |:72t —(A+B)i|
=cos r[n —A) —B—|
|12 |
=cos (n—A) cos B+sin(n—Aj sin B
2 2
=sin A cos B +cos Asin B

sin(A + B)
cos(A + B)

..(iii)
4. tan(A+ B) =

__sin Acos B +cos Asin B

cos Acos B —sin Asin B

tan A +tan B .
= (1v)
1—tan A tan B

[dividing numerator and
denominator by cos A cos B]

5. Putting — B in place of Bin (3), we get
sin(A — B) =sin Acos B —cos Asin B (V)
6. Putting — B in place of B in (4), we get
tan A —tan B

tan(A-B)=——M——— (vi
( ) 1+ tan Atan B (vi)
7. COt(A +B) =M
sin(A + B)
_ cos Acos B—sin Asin B
sin A cos B +cos Asin B
cot Acot B—1 ..
= . (vii)
cot B +cot A

[dividing numerator and denominator by sin A sin B]
8. Putting — B in place of Bin (7), we get
cot(A - B) = —cot Acot B—1
—cot B+cotA
cot Acot B+1
=———— = .. (viii)
cotB—cot A

Third Proof by Complex Number Method

The result of the sine, cosine and tangent of compound
angle can also be derived using the concept of complex
numbers as discussed.

cos(A £ B) +isin (A + B) = ¢"*?

=e" . e"™® =(cos A +isin A)(cos(+ B) + isin(+ B))
=(cos Acos Bt icos Asin B + isin Acos B Fsin Asin B)
=(cos Acos B Fsin Asin B) +i(sin Acos A tcos Asin B)
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Comparing real and imaginary parts of the left and right
hand side, we get,
cos(A £ B) =(cos Acos B Fsin Asin B)
sin(A * B) =(sin Acos B £ cos Asin B)

TWO VERY IMPORTANT IDENTITIES
(@) sin (A+ B)-sin(A—B)
=sin® A—sin® B =cos®B-cos® A
(b) cos (A+ B)-cos(A-B)=cos® A—sin’ B
Proof : (a) sin(A+ B)-sin(A-B)
=(sin Acos B+ cos Asin B)(sin Acos B -cos Asin B)
=sin® Acos® B-cos® Asin®B
=sin® A(1-sin® B)—sin® B(1-sin® A)
=sin® A-sin’B
(b) cos(A+ B)-cos(A-B)
=(cos Acos B -sin Asin B) (cos Acos B +sin Asin B)
=cos® Acos® B-sin® Asin®B
=cos? A(1-sin® B) - (1-cos? A)sin® B
=cos?A-sin’B

Example 44. Find the value of tan105°.
tan60° + tan 45°

1 — tan60° tan 45°
B+l (B
1-431 1-3

tan105° = — (2 + v/3)

Sol. tan105° = tan(60° + 45°) =

—(2++/3)

Example 45. Prove that tan70° = tan20° + 2 tan 50°.

tan20° + tan50°
1 - tan20° tan50°
or tan70° — tan20°- tan50°- tan70° = tan20° + tan50°
or tan70° = tan70° tan50° tan50° + tan20° + tan50°
= cot20° tan50° tan 20° + tan20° + tan50°
[ tan70° = tan(90° — 20°) = cot20°]
= 2tan50° + tan20°

Sol. tan70° = tan(20° + 50°) =

Example 46. If A+B=45° then show that
(T+tan A)(1+ tanB)=2.
tanA +tanB = tanA + tanB
1-tanAtanB  ~ 1-tanAtanB

[as A + B=45° tan(A + B) =1]

tan A + tanB + tanAtanB =1
or 1+tanA +tanB+tanAtanB=1+1
[ adding ‘1’ on both sides]

= (1+tanA)+tanB(1+tan A) =2
= (1+tan A)(1 + tanB) =2

Sol. tan(A + B) =
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tan 495°
cot 855°

Sol. tan 495° =tan (2.180° + 135°) = tan 135° = — 1
cot 855° = cot(4.180° + 135°)
=cot135° =—-1
tan 495° -1

cot855° —1

Example 47. Find the value of

[ cot(4.180° + 0) = cot 0]

Example 48. Evaluate sin {nﬂ: +(-1)" Z}, where n is an
integer.
Sol. - sin(m +0) = —sin0O

. sin(nm+0) =(—1)"sinb = sin{nn +(-1) Z}

=(—1)" sin{ (- P
=(-1) {( 1) 4}

=(= 1) (- 1)" sin g [+ sin(— 0) = —sin 0]
- sin{(=1)"0} = (~1)"sin®
=(-1)* sing=sin%=%
Example 49. Prove that cos 18° — sin 18° = +/2 sin 27°
Sol. RH.S. = /2 sin 27° =+/2 sin(45° — 18°)
= \/g(sin 45° c0s18° — cos 45° sin 18°)

= \5 (1 cos 18° — Lsin18°
V2 V2

= cos 18° —sin 18°
=L.H.S.

Example 50. Show that cot (Z+ x) -cot (Z - X) =1

R
cos| —+x|cos| ——x
Sol. LHS. = 4 4
. (m . (m
sim| —+x|sin|——Xx
(5o Jen(5 2]

27T“ i 2
cos” — —sin” x
4

)
—Sm X

=1

—sin® x

N | =[N | =

. T .
sin® = —sin® x
4

Example 51. If sina sin B — cos o cos B +1=0, Prove
that 1+ coto tanf3 =0
Sol. Given, sin o, sin p —cos o cosf +1=0
= coso cos P —sina sinff =1
= cos(ar +PB)=1 (1)
cosa sinf

Now, 1+ cos o tanff =1 +

sinot  cos P

sino cos B+ cososin B sin (o + )

sin o cos 3

0
=———=0
sin o cos 3

sin o cos 3

[sin®(a +B)=1-cos¥(a +B)=1-1=0]

Example 52. Prove that
sinB—C)  sin(C—A)
cosBcosC cosCcos A

sin(A —B)
cosAcosB

Sol. First term of L.H.S.
_ sin(B-C) _ sin Bcos C — cos Bsin C

cos B cos C cos Bcos C

_ sin Bcos C _ cos Bsin C
cos Bcos C  cosBcos C
=tan B —tanC

Similarly, second term of L.H.S. = tan C — tan A and 3rd
term of L.H.S. = tan A — tan B

Now L.H.S.=(tan B—tan C)+ (tan C — tan A)
+ (tan A —tan B)=0

Example 53. Show that tan 75° + cot 75° = 4.

tan 45° + tan 30°

Sol. tan 75° = tan(45° + 30°) =
1 — tan 45° tan 30°

1

B B "
—l—i—\/g_l 1l
3
1 V3-1

cot 75° = =
tan 75° \E +1

Now, L.H.S.=tan 75° + cot 75°
\/§+1+\@—1
V3-1 3+1
C(W3+1) +(RB -1y
BB+

:(4+2J§;+(14-2\@):2:4:R.H.s.

and

(i)

[from Egs. (i) and (ii)]

nsin o cos o
1—nsin’ o
tan(a —B)=(1-n) tano.

Sol. tan § =

Example 54. If tan = . Prove that

nsin o cos 3
.2
1—nsin“ o
nsin 0L cos o

COS2 o

1 nsin® o

COS2 o COS2 o

[dividing numerator and denominator by cos o]



_ n tan o
sec’ 0L — n tan® o
n tan o

1+ tan’ o — n tan® o

_ n tan o Q)
1+(1-n)tan® o

tan o — tan 3

Now, LHS. =tan(at —f) = ———
1+ tan o tan

n tan o
T i - n)tan o
1+(1—n)tan” o
= from Egs. (i
P [ gs. ()]
1+ tan o

1+(1-n)tan® «
_tano +(1-n)tan’ o — n tan o
1+(1-n)tan’ o + n tan® o

_(1-n)tano +(1-n)tan’ o
1+ tan’ o

(1-n)tan o (1+ tan® o)
1+ tan® o

=(1-n)tan o

Example 55. Show that cos” 8 + cos’ (o + 0)
—2cos a.cos 0 cos(o +0) in independent of 6.
Sol. cos* 0 + cos*(aL +0) — 2 cos o cos Ocos(a + 0)

cos® 0 + cos(ow +0) [cos(ot +0)—2 cos a cos 0]

cos’ 0 + cos(ow +0)

[cos &0 cos O —sin o sin 6 — 2 cos oL cos 0]
=cos’ 0 — cos(ct +0) [cos 0t cos O +sin o sin O]

= cos? 0 — cos(a. +0) cos(cot —0)
=cos’ 0 — [cos® o —sin® 0]
=cos’ 0 +sin’0 — cos’ a

=1 - cos’ o, which is independent of 0.

Example 56. If 3 tan® tan ¢ =1, then prove that
2cos(0+ ¢)=cos(0 — ¢).
Sol. Given, 3 tan 0 tan ¢ =1 or cot O cot p =3

0 3
or cos 0 cos ¢ _3

sin®sin ¢ 1

By componendo and dividendo, we get
cos O cos O +sinOsin ¢  3+1

cosO cos O —sinOsin o 3-1
or cos®-9) _,
cos(B + ¢)
or 2 cos(0 + ¢) = cos(6 — ¢)
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Example 57. Let A B, C be the three angles such that

A+B+C=m. If tan A-tan B =2, then find the value of
cos AcosB

cos C
Sol. Given, tan A-tanB =2
cos A cos B cos A-cos B
Let y= =-

cos C cos(A +B)
[ cos C = cos(m —(A +B)=—cos(A + B)]

cos A -cos B

sin A sin B — cos A cos B
1 1

= = =1

tan Atan B—-1 2-1

cos 10° + sin 10°

—————— =tan 55°.
cos 10° —sin10°

Example 58. Prove that

Sol cos 10° +sin 10° _ 1+ tan 10° _ tan 45° + tan 10°
) 1 — tan 45° tan 10°

cos 10° —sin 10° 1 — tan 10°

= tan(45° + 10°) = tan 55° (dividing by cos 10°)

1 2
Example 59. If sin(A—B)=—, cos(A+B) = —,
P ( ) o ( ) %5
find the value of tan 2A where A and B lie between 0

and E.
4

Sol. tan 2A = tan[(A +B) + (A — B)]
_ tan(A +B) + tan(A - B)
C1- tan(A + B) tan(A — B)

Given that,0< A< % and 0 < B< % Therefore,

0<A+B< r
2
i T 1
Also, - —<A-B<— and sin(A-B)=—=
4 4 N
0<A-B<”
4
Now. sin(A —B) = L
1
= tan(A — B) = 3 (i)
cos(A + B) = 2
V29
= tan(A +B) = g .(iid)
From Egs. (i), (ii) and (iii), we get
s, 1
tanza=-2_3 =17, 16_4
5 1 6 1
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Example 60. Prove that (1+ tan 1°) (1+ tan 2°) ...
(1+ tan45°)=2%.
Sol. (1 + tan x°) (1 + tan(45° — x°))
=(1+ tan x")(1+1_taln xO):z
1+ tan x°

s (1+ tan 1°) (1 + tan 44°)
=(1+ tan 2°) (1 + tan 43°)
=(1+tan 3°) (1 + tan 42°)

=(1+ tan 22°)(1 + tan 23°)
=2
(1+tan 1°)(1+ tan 2°) ... (1 + tan 45°)=2"
(as1+ tan 45° = 2)

Example 61. If cos(B —y)+cos(y — o)

+cos(a —P)=— g Prove that

COS oL+ CoSs B+ cos y =sina +sinf+siny =0

3
2
or3+2cos(P—7v)+2cos(y —a)+2cos(o. —B)=0

Sol. Given, cos( — y) + cos(y — o) + cos(at — ) = —

or 3+ 2(cos B cos Y + sin  sin Y)
+ 2(cos Y cos o + sin Yy sin o)
+ 2(cos o cos 3 + sin o sin 3) =0

or (cos” o +sin’ o) +(cos® B + sin’ B) + (cos® y +sin’ y)

+ 2(cos B cos Y +sin P sin y)+ 2(cos Y cos 0. + sin Yy sin o)
+ 2(cos o cos 3 + sin o sin ) =0

or (cos® ot +cos® B + cos® y +2 cos ¢ cos B +2 cos B cos ¥
+2cos y cos ¥)+ (sin® o0 +sin’® B +sin® y

+2sino sin B +2sin Bsiny +2sinysina)=0

or (cos o + cos B + cos y)*+ (sin o + sin B +sin y)* =0

which is possible only when

cos 0 + cos B + cos Y =0andsin o +sin B +sin Y =0

cos 25° + cot 55°

tan 25° + tan 55°

N cot 55° + cot 100° N cot 100° + cot 25°

tan 55° + tan100° ~ tan100° + tan 25°

cot 55° + cot 100°
tan 55° + tan 100°

Example 62. Find the value of

cot 25° + cot 55°
tan 25° + tan 55°

Sol. E =

cot 100° + cot 25°

tan 100° + tan 25°
B 1 . 1 .\ 1
tan 55° tan 100°  tan 55° tan 100° tan 100° tan 25°

_ tan 25° + tan 55° + tan 100°

" tan 25° - tan 55° - tan 100°

Since, 25° +55° +100° = 180°

tan 25° 4 tan 55° + tan 100° = tan 25° tan 55° tan 100°
= E=1

Example 63. Prove that

100
) sin(kx) cos(101— k)x = 505in (101x)
k=1

100
Sol. Let S = Zsin(kx) cos (101 — k)x

k=1
= S=sin x cos 100x + sin 2x cos 99x
+ ...+ sin 100x cos x ...(i)
S = cos x sin 100x + cos 2x sin 9x + ... +
sin x cos 100x ...(ii)
(on writing in reverse order)
On adding Egs. (i) and (ii), we get
2S =(sin x cos 100x + cos x sin 100x)
+ (sin 2x cos 99x + cos 2x sin 99x)

+ (sin 100x cos x +sin x cos 100x)
=sin 101x +sin 101x + ... + sin 101x (100 times)
Hence, S =50 sin (101x)

Example 64. If A =%, then find the value of

8
Y tan(rA)- tan((r + 1)A).
r=1

tan(r + 1)A — tan(rA)
1+ tan(r + 1)A - tan(rA)

Sol. tan((r + 1)A — (rA)) =

8
= S= Y tan(rA)- tan(r +1)A
r=1
8 1 8
= 2(— 1)+ Z(tan(r +1)A — tan(rA))
= tan —
=—-8+ (tan 9A — tan A)
tan A
om
Now, tan9A= tan?
= tan| 27 — T
5
b4
=—tan —
5
1
= S=-8+ (—2tan A)
tan A

=-8-2=-10



Example 65. Prove that
sin© - sec 30 +sin 30 -sec 3°0 +sin 320 -sec 3° 0 + ...

1
upto n terms = —[tan 3"6 — tan 0]
2

Sol. sin O - sec 30 + sin 30 -sec 3° 0 + sin 3°0 -sec 3° O + ... upto n

terms
= Zsin 37'0-sec3 0
r=1
’2cos3 '0sin3 'O
“~2cos3'0-cos3 0
1 2 sin(2-37' 0)
27 cos3 0 -cos3 0

1 sin(30-37'6)
2~ cos3'0-cos30

sin3 0-cos3 'O

_li— cos3 0-sin3 'O
2 cos3'0-cos3 0

= % Z(tan 30 -tan3 "' 0)

r=1

= % [tan 3"0 — tan 0]

Example 66. In a triangle ABC, if
sin Asin (B —C) =sin Csin(A —B), then prove that cot A,
cotB, cot C are in AP.

Sol. sin Asin(B —C) = sin C sin(A — B)

sin(B—C) _ sin(A —B)

B sin Asin B

:> . .
sin Csin B

sin B cos C —sin C cos B sin A cos B—sin Bcos A

sin C sin B sin A sin B

cot C — cot B=cot B—cot A
2cot B=cot A + cotC
. cot A, cot B, cot C are in A.P.

=
=

Example 67. If 0<f <o <7 /4, cos(o +B)=3/5and
cos(a — ) =14 /5, then evaluate sin2a.
Sol. We know, sin(20t) = sin{(at + ) + (ot — B)}
=sin(at + PB)-cos(ot — B) +sin(ot — B)-cos(ar + P).

27
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4 4 33
=_._4+>.Z
55 55
[using cos(o + ) =3/5, cos(ot —P)=4/5
=sin(a + ) =4/5,sin(ar — ) =3/5]
16 +9 .
= =1 = sin200 =1
25

Example 68. If coso =;(x+lj, cosP =;(y+;}

then evaluate cos(o — p).

Sol. coso = ;(x + 1)

X

_ 2coso * JJ4cosio — 4

=x?-2xcosat +1=0 = x= 5

_ 2cos0 T 2isin
T
RS Xx = cosO tisinQ
Similarly, y=cosP tisinf
x _cosatising _ oo —B)+isin(—B) ..(0)
y  cosP *isinf}
y _ cosP *isinf
X cosa *isinol

{astl=i}

=

and = cos(at — B) Fisin(ow — PB) ...(>i1)

On adding Egs. (i) and (ii), we get

£+Z=2cos(oc—[3)
y x

ie. cos(at —PB) = ;(x + y]'
y X

Example 69. If 2sino cosBsiny =sinfBsin(o + y).
Then, show tanc, tanf and tany are in harmonic
progression.
Sol. We have, 2sino. cosfsiny = sinfsin(ot + v)
or 2sino cosPsiny =sinP{sinc cosy + cosasiny}
= 2sina cosf siny =sinasinf cosy + cososinPsiny
On dividing both sides by sino sinfsiny, we get
2 1 1
= +
tan} tanot  tany

2cotP = cotal + coty or

1 1 .
R ,—— are in AP
tano. tanf tany

ie.

or tano,tanf, tany are in HP.
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Exercise for Session 6

1. Ifaliesin Il quadrant, f lies in Ill quadrant and tan (o + 8) >0, then (o + B) lies in .......... quadrants.
2. If3tan Atan B =1, then prove that cos(A-B) _,
cos (A+ B)

3. Iftano=—"" and tanf = ! , the find the value of o + .
m+1 2m +1

4, I cos(o+f)= % sin(a.—P) = % and o, € (0, %) then find the value of tan 2o

5. Ifo+p= g and  + v = o, then find the value of tan o.

6. Ifcos(6— a)=a and cos(0 —B) =b then the value of sin?(c. — B) + 2ab cos(o. — B).

y

7. If2cos A=x +1,2cosB=y+lthen show that2 cos(A-B) == + ¥,
X y y X

8. If y =(1+ tan A)(1-tanB), where A-B = % then find the value of (y + 1y *".

Session 7
Sum of Sines/Cosines in Terms of Products

Converting PrOdUCt intO SU m/ Above four formulas are used to convert product of two sines

Difference and Vice_versa and cosines into the sum or difference of two sines and cosines.

Product into Sum/Difference Sum/Difference into Products

1. 2sin Acos B =sin(A + B) +sin(A — B) 1. sin A +sin B =Zsin(A hl B)COS(A — B)
2. 2cos Asin B =sin(A + B) —sin(A — B) 2 2
3. 2cos Acos B =cos(A + B) +cos(A — B) 2.sin A —sin B =2cos(A+ Bjsin(A_B)
4. 2sin Asin B =cos(A — B) —cos(A + B) 2 2
Proof We know that 3.cos A+cosB =2cos(A — B)-cos(A hl B)
sin A cos B +cos A sin B =sin(A + B) (1) 2 2
sin A cos B — cos A sin B =sin(A —B) (i) A+B B-A
cos A cos B —sin A sin B = cos(A +B) ...(iii) 4.cosA—cosB= 2Sin( 2 )-sin( 2 j
cos A cos B +sin A sin B =cos(A — B) (iv)
Adding Egs. (i) and (ii), we obtain Proof (i) Let A=C+Dand B=C—-D, thenC= A+B
2sin A cos B =sin(A + B) +sin(A — B) ()
Subtracting Eqs. (ii) from (i), we get and D= A-B
2 cos A sin B=sin(A +B) —sin(A — B) (Vi) 2
Adding Eqs. (iii) and (iv), we get L.H.S. =sin(C + D) +sin(C — D) =2sin C cos D
2 cos A cos B =cos(A +B)+ cos(A —B) ..(vii) =2sin A+B cos A-B

os —— =RH.S
Subtracting Egs. (iii) from (iv), we get 2

2sin A sin B = cos(A — B) — cos(A + B) . (viii) Similarly we proof of (ii), (iii) and (iv).



Some other Useful Results
sin(A + B)
cos Acos B
sin(A — B)
cos Acos B
sin(A + B)
sin Asin B
sin(B — A)

sin Asin B

1.tanA +tanB= ,whereA,B;ﬁnTc+E
2

2.tanA —tan B = ,WhereA,Bimt+E
2

3.cotA+cotB= ,where A, B#nm,ne€ z

4. cotA—cotB= ,where A,B#nm,ne z

Example 70. Prove that
€0S 55° + c0os 65° + cos 175° = 0.
Sol. L.H.S. = cos 55° + cos 65° + cos 175°

55° + 65° 55° — 65°
s cos

=2co + cos 175°

=2 cos 60° cos(—5°) + cos 175°
1

=2X 5 cos 5° + cos(180° — 5°)

=co0s 5% —cos5°=0

Example 71. Prove that
sinA+sin2A+sin4A+sin5A

coS A+ cos 2A+cos 4A+ cos 5A

= tan 3A.

sin A +sin2A +sin 4A +sin5A
cos A + cos 2A + cos 4A + cos 5A
_ (sin5A +sin A) + (sin 4A +sin2A)
B (cos 5A + cos A) +(cos 4A + cos 2A)
_ 2sin3A cos 2A +2sin 3A cos A
" 2c0os 3A cos 2A + 2 cos 3A cos A
_ 2sin3A(cos 2A + cos A)
" 2cos 3A(cos 2A + cos A)

Sol.

= tan 3A

Example 72. Prove that (cos o + cos )
o —[3)
|

Sol. LH.S. = (cos o + cos B)? + (sin o0 + sin B)?

= {2 cos (Oc * Bj cos (0{ ~ BJ}

2 2
+ {ZSin (OL * B) cos (OL - B)}
2 2
=4 cosz( _Bj{cos2 o+p +sin? & +B}
2 2

=4 cos’ ( ;BJ= RH.S.

+(sino+sinB)? =4 cos’ (

Q

Q
™
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Example 73. If sin A=sinB and cos A = cos B, then

. A-B
prove that sin . =0.

Sol. We have sin A= sin B and cos A = cos B

or sin A —sin B=0 and cos A —cos B=0

or 2sin(A2_BJsin(A;Bj:O

. [A-B). (A+B
and—ZSln( 5 jsm( 5 )ZO

or sin

=0, which is common for both the equations.

V3

Example 74. Prove that sin 20° sin 40° sin 80° =
1
Sol. L.H.S. = sin 20° sin 40° sin 80° = — (2 sin 80° sin 40°) sin 20°
2
1
== [cos(80° — 40°) — cos(80° + 40°) sin 20°
2
l O O H O
= g(cos 40° — cos 120°) sin 20
1 . .
= " (2 cos 40° sin20° — 2 cos 120° sin20°)
1 : O () : o (<) 1 : o]
= " [sin(40° + 20°) —sin(40° — 20°)— 2 —5 sin20° ]
1 e oo 1o
= " [sin 60° — sin 20° + sin 20° | = Zsm 60

3 3

1
4 2 8

Example 75. Prove that sin A-sin(60° — A)
. 1 .
-sin(60° + A) = m sin 3A

Sol. LH.S. =sin A -sin(60° — A)-sin(60° + A)

= ésin A[25sin(60° + A) -sin(60° — A)]

1
= 3 sin A[cos(60° + A —60° + A)

— cos(60° + A +60° — A)]

= %sin A(cos 2A — cos 120°)
1 . .
= " (2 cos 2A sin A — 2 cos 120° sin A)
1| . . 1) .
= 4{sm(ZA + A)—sin(2A - A) - 2(— 2] sin A}

1 1
= Z(sin 3A —sin A —sinA) = Zsin 3A
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Exercise for Session 7

O A W bR

Show that sin x +sin3x + sin5x + sin 7x =4 sin4x cos 2x cos X.
Show thatsin A-sin(B —C) +sinB -sin(C —A) + sin C -sin(A-B) =0.

+B.COSB+Y.

Show thatcos a + cos B + cos y + cos(a + 3 + ¥) =4 cos (XZ cos ¥ hl ¢

2 2

If x and y are acute angles, such thatcos x + cos y = g andsin x +siny = % then the value of sin(x + y).

Find the value of expression 2 cos %cos % + cos 3 + cos on

13 13"

Find the value of{

Find the value of(1 +Cos g) (1 +CoSs %c) (1 + Ccos %j(1 + Ccos %t)

cos A +cos B)n J{ sin A +sinB

. . (where, n is an even)
sin A-sinB cos A—-cosB

In a triangle ABC, cos 3A + cos 3B + cos 3C =1, then find any one angle.

Session 8
Trigonometric Ratios of Multiples of an Angle

Trigonometric Ratios of 2tan A

4. tan2A=——""— where A#(2n+1) T
4

Multiples of an Angle 1-tan 4

Definition An angle of the form nA, where n is an integer

Proof sin2A =sin(A + A) =sin Acos A+cos Asin A

is called a multiple angle, for example 24, 3A, 4A, ... etc. [using the formula sin(A + B) =sin Acos B +cos A sin B]

are multiple angles of A.

In this session we shall express trigonometrical ratios

cos 2A =cos(A+A) =cos Acos A —sin Asin A

of multiple angles of A in terms of trigonometrical ratios |= cos® A —sin? A|

of A.

Trigonometrical Ratios of 24 in term
of Trigonometrical Ratio of A

tan2A =tan (A + A)
_tanA+tanA | 2tan A
l1-tanAtan A |1—-tan®’ A

2tan A

1 sin2A =2sin Acos A=t Trigonometrical Ratios of 34 in terms

2.cos2A =cos’ A—sin? A=1-2sin* A

=2cos’ A—1=

1+tan® A

of Trigonometrical Ratio of A

) 1. sin3A =3sin A — 4sin’ A
1-tan”“ A

1+tan’ A =4sin(60° — A) - sin A - sin(60° + A)

2.cos3A=4cos> A—3cos A

3.1+cos2A=2cos? A, 1—cos2A =2sin* A

1+cos2A
or———— =

=4co0s(60° — A)cos Acos(60° + A)

2
A A—tan® A
3. tan3A = —3 tan tan
1-3tan® A

1—cos2A .
cos? A, """ —gin



Chap 01 Trigonometric Functions and Identities 31

Proof [ 3]
s tan A = —
1.sin3A =sin(2A + A) =sin2A cos A +cos 2A sin A 4]
=2sin Acos A-cos A +(1—2sin’ A)sin A sin4A=sin2AcoszA=2><§><l=ﬁ
25 625
=2sin Acos? A +sin A—2sin” A 24
. . . s rsin 2A = —
=2sin A(1—-sin“ A) +sin A —2sin” A 25
7
=2sin A—2sin® A+sin A —2sin’ A andc052A=£

=[3sin A —45sin’ A

2.cos3A=cos(2A+ A)=cos2A- Acos A—sin2Asin A Examp|e 77. Prove that :

=(2cos® A—1)cos A—2sin Acos A-sin A 1-sin28
1+sin20 sin’0 + cos?0 +2sin 6 cos 0
1-sin20  sin’0 + cos’ 0 — 2sin O cos O

1+sin20 (1+tan )\’
“(1-tang )’

=2cos’ A—cos A—2cos A(1-cos’ A) Sol. LH.S. =
=2cos’ A—cos A—2cos A+2cos’ A

_[sin® + cos 0 2_ 1+tan© ’
=|4cos3A—3cosA| == =

sin © — cos 6 1—tan 0
3. tan3A = sin3A _3sinA-4 sin” A [dividing numerator and denominator by cos 6]
cos3A  4cos® A—3cos A
_sin AB3-4 sin® A) _tan AB-4 sin® A) 1—tan ( - 4)
cos A(dcos’ A—3)  4cos’ A—3 Example 78. Prove that =sin 2A.
On dividing by cos? A numerator and denominator 1+ tan (4 B A)
:tanA(?)secz A—4tan’® A) 1+tan2(n—A) 2
4-3sec’ A Sol. 4 =1_tanze(wheren—A=9)
_tan A(3+3tan’ A—4tan® A) 1+ tan® [Z—AJ 1+tan” 0

4-3-3tan’* A

5 5 = cos 20 = cos E—ZA =sin 2A
_tan A(3-tan” A) 3tanA-—tan’ A 2

1-3tan’ A 1-3tan’ A

sec 80 —1 3 tan 80

Example 79. Prove that =
sec46 -1 tan20

Example 76. If sin A= g, where 0° < A <90°, find the

80 -1
. . Sol. We have, LHS = seev m 2
values of sin2A, cos 2A, tan2A and sin 4A. sec 40 — 1
3
Sol. We have, sin A = =, where 0° < A < 90° T 1
5 cos 80 1—cos8) cos 40
2 22 = LHS = = .
o cos“ A=1-sin" A 1 _1 cos89 1—cosH
9 4 cos 40
= cos A=++/1—-sin*A=_[1-—==
25 5 2sin® 40 cos 460
. = LHS = . 5
_sinA 3 cos 80  2sin” 20
tan A = =—
cosA 4 20 )
5 4 “+1—cos 80 =2sin®* — =2sin” 40
sinZAZZSinAcosA—fo —=— 2
5 25

40
and, 1 — cos 40 = 2sin® — = 2sin” 20
2

3
cos 2A =1 - 2sin’ A—l—ZX(] .
5 - LHS = (2sin 40 cos 46) sin 46

cos 80 Zsin2 20
2% = =
tan A = 2fan A 4 _ 4 _ 2 25sin 40 cos 40 | _ (2sin 20 cos 20
1t 2A 2 9 7 e LHS = X —
an 1 3 1- 2 cos 80 2sin” 20
4 16
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cos 80 sin 20

:[sm 80 J o (COS Zej: tan 80 cot 20

N LHsz(sin 2(49))X[cos 29]

cos 80 sin 20

Example 80. Show that

\/2+1/2+,/2+2c058 =2c0s0

Sol. We have, LHS = \/2 + 4/2 + /2 (1 +cos 80)
= LHS= \/2 +4/2 4+ +/2(2 cos® 40)

, 80
{ 1+ cos 80 =2 cos® 2}

LHS 2\/2 +4/2 ++/(4 cos® 40)
LHS = /2 +/2 + 2 cos 40
LHS = /2 +/2(1 + cos 46)
LHS = 2 +1/2 (2 cos’ 20)

LHS =4/2 + 2 cos 20 =4/2(1 + cos 26)
=4/2(2cos’ 0) =2 cos O = RHS

Example 81. Show that /3 cosec 20° — sec 20° = 4
Sol. We have, LHS =\6 cosec 20° —sec 20°

[ 1+ cos40 =2cos*20]

L

= LHS = 3 N
sin20°  cos 20°
O _ oF (¢
N LHS = \/g cos 20° — sin 20

sin 20° cos 20°
V3

2{ cos 20° — 1 sin 20‘}
2 2
= LHS =

sin 20° cos 20°

2(sin 60° cos 20° — cos 60° sin 20°)

= LHS =
sin 20° cos 20°

2 si ° — 20° 2 sin 40°
N LHS = .sm(60 0°) = LHS = sin 40

sin 20° cos 20° sin 20° cos 20°

4 sin 40° 4 sin 40°
_ sin 40 _ 4sin 0 — 4 —RHS
2sin20° cos 20° sin 40°

Example 82. prove that (1 +cos g) (1 +cos 3;)

51 T 1
1+cos— || 14+cos— | =—.
8 8 8

Sol. We have,

57T 31 3
and cos?=cos n—? =—Ccos —

3 3
.'.LHS:1+cosE 1+cos—n 1—cos—Tc 1—cosE
8 8 8 8
= LHS= (l — cos® :] (1 —cos’ 3;)

Y 31
= LHS =sin® = sin®* =——
8 8

1
= 1aS =1 [3sin? * || 25in? 3"
4 8 8

_(1 ~ cos Z) (1 ~ cos Tﬂ
[ 1-cos 0 =2sin’ 2}
[ [ O e

Example 83. If tan’ © =2 tan” ¢+1, prove that
€0s20 +sin® ¢ =0.

= LHS=l
4

= LHS=l
4

1-tan’ 0
Sol. We have, cos20 =#n2
1+tan” O

1-(2tan®* ¢ +1)
1+2tan’ ¢ +1
—2tan’ ¢ —tan’ ¢
2+2tan2¢= sec” -
c0s 20 +sin’ ¢ =0

= cos 20 = [~ tan’ 0 =2tan® ¢ + 1]

=  cos20 = —sin® ¢

Example 84. Prove that
tan o + 2 tan 20 + 4 tan 40 + 8 cos 8oL =cot o

Sol. We have, cotO —tan0 = —tan 0
tan O
_l—tanzﬁ _s 1—tan’0
tan O 2 tan O
= cotO —tan O =
tan 20
= cot® — tan 6 = 2 cot 20 (1)

We have to prove that

tan o0 + 2 tan 200 + 4 tan 40 + 8 cot 8oL = cot O
or, cotor —tan o —2tan o — 4 tan 400 — 8 cot 8ot =0
Now,

LHS = cot &0 — tan a0 — 2 tan 200 — 4 tan 40 — 8 cot 8a
= LHS =(cot o0 — tan o) — 2 tan20. — 4 tan 40 — 8 cot 8o
= LHS =2 cot 20 — 2 tan 200 — 4 tan 40 — 8 cot 8o

[using (i)]
= LHS = 2(cot 200 — tan 20.) — 4 tan 40 — 8 cot 80



= LHS =2(2 cot 401) — 4 tan 40 — 8 cot 8at

[On replacing 6 by 20 in Eq. ()]
LHS = 4 cot 40t — 4 tan 400 — 8 cot 8o
LHS = 4(cot 40 — tan 4a) — 8 cot 8o
LHS = 4(2 cot 8ct) — 8 cot 8t

[On replacing 6 by 4o in Eq. (i)]
= LHS =8 cot 80t —8 cot 8ot = LHS =0=RHS

LI

Example 85. Determine the smallest positive value of

x (in degrees) for which tan(x+100°) = tan(x + 50°)
tan x tan(x — 50°)

Sol. We have, tan(x + 100°) = tan(x + 50°) tan x tan(x — 50°)
tan(x + 100°)
tan(x + 50°)

N sin(x + 100°) cos(x —50°) _
cos(x +100°) sin(x —50°)  cos(x + 50°) cos x
sin(x + 100°) cos(x —50°)+ cos(x + 100°) sin(x — 50°)
sin(x + 100°) cos(x — 50°) —cos(x + 100°) sin(x — 50°)
_ sin(x +50°) sin x + cos(x +50°) cos x
- sin(x +50°) sin x — cos(x + 50°) cos x
N sin(x + 100° + x — 50°) _ cos(x +50° — x)
sin(x + 100° — x +50°) — cos(x +50° + x)
N sin(2x + 50°) _ cos 50°
— cos(2x +50°)

= tan(x + 50°) tan x°

sin(x + 50°) sin x

sin 150°
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= sin(2x + 50°) cos(2x + 50°) = — sin 150° cos 50°
= 2sin(2x + 50°) cos(2x +50°) = — 2 cos 60° cos 50°
[ sin 150° = cos 60°]

= sin(4x + 100°) = sin(270 — 50°)
= sin(4x + 100°) =sin 220°
= 4x +100° =220° = x =30°

Example 86. Prove that

sin x sin3x sin9x 1
+ =—(tan27x —tan x)
cos3x cos9x cos27x 2
Sol. We have, sin x sin 3x sin 9x
cos3x cos9x cos27x

2sin 3x cos 3x

1 |2sin x cos x
=- +

2sin 9x cos 9x}
2

cos 27x cos 9x
sin 18x
+
cos 27 x cos 9x}

1 { sin(3x — x) . sin(9x — 3x) N sin(27x — 9x) }

cos 3x cos x cos 9x cos 3x

sin 2x sin 6x

1
B Z{COS 3x cos x

cos 9x cos 3x

2 |cos3xcosx cos9x cos3x cos27x cos9x

1
= 5 {(tan 3x — tan x) + (tan 9x — tan 3x)

+ (tan 27 x — tan 9x)}

1
=E(tan 27x — tan x)

Exercise for Session 8

1. This question has statement which is true or false.

Ifg<e<g,then the value of \/1-sin26 =cos 0 —sin 0.

2. 11 <6<°" then find the value of | %529
2 1+cos20

3. Iftanx =-— % x lies in Il quadrant, then find the value of sin g

4 oM

. Prove thatsin® ~ + sin’ 3 + sin* = + sin* m_3
8 8 8 8

E.

4
5. IfA=2sin? 6-cos26and A €[, B], then find the values of c.and p.
6

. Ifsin x + cos x = % then find the value of tan 2x.

3
7. |ftan3A=w
1-3tan” A

, then k is equal to

Iftan A+2tan2 A+ 4 tan4A + 8 cot 8A=k cot A, then find the value of k.

4n 8n 147

9. 1fm? cos % cos 2% cos ZT cos % — 2 then find the value of 17—

15 15 15
10.

2 n2
n?

If (2" + 1) 6 =, then find the value of 2" cos B cos 20 cos 226...cos 2" ~'9.



Session 9

Trigonometric Ratios of Submultiple of an Angle

Definition

An angle of the form é, where n is an integer is called a
n

submultiple angle of A.

For example ? ? % ... etc., are submultiple angles of A.

In this session we shall express the trigonometric ratios of
A in terms of the trigonometric ratios of submultiple

A A
angles —, —,... etc., and vice-versa.
2 3

Trigonometric Ratios of 'ﬂl in Terms of
Trigonometric Ratios of A

(i) sin 2A =2 sin A cos A. Putting A in place of A, we get
2
sin A =2 sinécosé
2 2
.. 2 .2 . A .
(i) cos2A =cos® A —sin” A. Putting — in place of A, we
2

s 2
— —SIn  —

getcos A =cos’
2

(iii) cos 2 A =2 cos® A — 1. Putting ? in place of A, we get
cos A=2cos® 2 1
2
. . g . A
(iv) cos2A=1-2sin" A. Putting 5 in place of A, we get

cosA=1—Zsin2é
2

(V) tan 2A = m
1-tan® A
2 tan A A
tanA=— 2 putting — in place of A
2 A 2
1-tan” —
2

2 tan A
o 2tan A : 2 A
(vi) sin2A = Lz ssin A= 2A’ putting —
1+tan” A 14+ tan? 2 2
2
in place of A
A
: 1—tan® =
1-tan” A
(vii) cos 2A = LZ ncosA=— 2 putting A
1+tan® A 1+tan 2 2
2
in place of A
2 cot’ = —1
A-1
(viii) cot 2A = cot A1 s.cot A= , putting A
2cot A 9cot 2 2
2

in place of A
Trigonometric Ratios of Ain Terms of
Trigonometric Ratios ofg

(i) sin3A=3sin A —4sin’ A. Putting ? in place of A, we
getsinA=3sin? —4sin’ A

(i) cos3A=4cos® A—3cos A
~.cos A=4cos’ ? —3cos ?, putting ? in place of A

3tan A—tan’ A

(iii) tan3A =
1-3tan® A

, putting ? in place of A

A A
3tan — —tan’ =

stan A=

1-3tan?® A
3

Values of cos A, sin A and tan A in
2 2 2

Terms of cos A

1+ A 1+ A
(i) cos? B2 oltcosA s Aog [1+cos A
2 2 2 2



oy .. 2 A 1-cosA . A | [1-cosA

(ii) sin* = =—+7—~ . sin—=% | —
2 2 2 2

A 1-cosA 1—cos A
(iii) tan? 2= . tan =t cos

1+cos A 2 1+cos A

Note

Ifcos Ais given, then there will be two values of cos é sin g and
tan ? but if Ais given, then there will be only one value of cosg,
sin 2 and tan g because + sign or — sign before the radical sign

can be fixed by knowing the quadrant in which g lies.

. A A.
Values of sin E and cos E in Terms of
sin A
(cosA+sinAj2 =cos? é+sinz é+ZCosésiné
2 2 2 2 2 2

=1+sin A

cos?+sin§:i1/l+sinA ...(Q)

Similarly, cos ? - sin? =x,1-sin A ..(ii)
Adding Egs. (i) and (ii), we get
cos A=) Tvsnazl T-sina .. (i)
2 2 2
Subtracting Eq. (ii) from Eq. (i), we get
sin?zi%\/1+sinA ié\/l—sinA (iv)

Note

[fsin Ais given, then there will be 4 values of sin g and cos ? but

if Ais given. there will be one and only one value of cos§ and sin§

because the + or — sign can be fixed before the radical sign in the
following way

cosé+sin5:«@(icosé+isinﬁj
2 2 N RN R

:«@(sinﬁcosi\+cosEsinﬁj:\stm(E+A)

4 2 4 2 4 2
Similarly,cosﬁ—sinéz\ECOS(E+Ej
2 2 4 2

Thus the sign of cos g + singand cos g —singcan be fixed by

knowing the quadrant in which g + g lies.
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Values of Trigonometric Ratios of
Some Particular Angles

L (i) Value of sin 18°
Let 6 =18° then 50 =90° .. 20 +30 =90°
or 20 =90° —30 ... sin20 =sin(90° —30)
or sin20 =cos 30 or 2sinOcos 0 =4 cos’ O —3 cos O
or 2sin@=4cos’0 -3 [dividing by cos 0]
or 2sin® =4(1-sin*0) -3 =1—4sin’ 0
or 4sin*0+2sin0®—-1=0

—2%J4+16 2425 —1%45

s.sin@ = =
8 8 4
—1++5 —1-
Thus sin = 5, \/E
4 4
0=18°
. sin O =sin 18° >0, for 18° lies in the 1st quadrant
. . 5-1
. sinOi.e.,sin18° = V5
4
(ii) Value of cos 18°
2
. 5-1
cos?18°=1—sin’ 18°=1- 5
4
o 5+1-25 _ 6-2V5
16 16
_16-6+2J5 104245
16 16

cos18° =1 10 +245
4
(iii) Value of tan 18°

o g0 2 SN 187 5 =1 104245

cos 18° 4 4

V5 -1

J10+2+5

(iv) Value of cos 72° and sin 72°

[ cos 18° >0]

(a) cos 72° =cos(90° —18°) =sin 18° =

V5 -1
4

. . 1
(b) sin 72° =sin(90° — 18°) = cos 18° = — /10 +2+/5
4

IL. (i) Value of cos 36°

cos36°=1—2sin’ 18°=1—2><(

J5-1)
4



36  Textbook of Trigonometry

54+1-24/5
:1_2x7f
16

3-45

=1

4
_4-3+45 541
4 4

V5 +1

4
(ii) Value of sin 36°

2
sin? 36° =1 —cos? 36°=1—(\/§+1j

Thus, cos 36° =

4

6425 _16-6-245 _10-25

16 16 16
. 1 .
sin 36° =21/10—2\/§ [ sin 36° > 0]

(iii) Values of sin 54° and cos 54°

5+1
(a) sin 54° =sin(90° —36° ) =cos 36° = V5
4
(b) cos 54° = cos(90° —36° ) = sin 36° = - (/10 —24/5 )
4

o

III. (i) Value of tan 7 1;

o
Let 0=7 1—, then 20 = 15°
2

Now, tan0 = w
sin 20

['1—cos20=2sin’ 0 and sin 20 =2 sin O cos 0]

LB
_1-cos15° _ W2
© sin15° V3 -1

242

_22-3-1_@2-V3-1)(3+))
V3 -1 (3 -1) (V3 +1)
_2/6-3-3+242-3-1
3-1

_2/6-23-4+22
2

o -5 2442 =3z -1

—2(+2 -1)
=(\3 -2) (V2 - 1)]

(ii) Value of cot 821;

(iv) Value of tan 821—

tan821—=tan 90°—71—
2 2

=cot712—0=(\/§ ++/2) (V2 +1)

[e}

1° 1°
cot 82 — =cot| 90° —=7 —
2 2

=tan7 2 =B -) (2 )

(iii) Value of cot 71;

o

1
LetO =7 —, then 20 =15°
2

14+cos20 1+cos15°
Now, cot 0 = =

sin 20 sin 15°
PR CRR
o2 22 +43 41
-1 B
242

:(2ﬁ+ 3+1)(\@+1)
(3 -1) (V3 +1)
26 +3+43 4242 +43 +1

3-1

:2\/g+2\/§+2\/§+4:\/g+\@+\5+2
2

=B3(V2 +1) +42(2 +1)
=(3+V2) (N2 +1)

cot71§=(\6+\6) (\/§+1)

o

IV. (i) Value of cos 221;

10
Let© =22 —, then 20 = 45°
2

1+~
o]

1° 1+ 45°
Now, cos® 22 — = cos = \/5
2

2 2
V241 2442
242 4
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1 (41242
/ /2 .. 4+2V2 1 | .
Cos 22 2 2+ |:' cos 22 2 >Oi| = . =E 4 +2\/§ (1)

o

(ii) Value of sin 221?

(o] (o) O
Again, cos 671——sin 671— = /2 sin| 45° — 67
2 2 2
, T
P _1-cosd5°_ 2 _2-1_2-42 = zsinzzo <0
sin? 22 — = = f =
2 2 2 24/2 4 ° °
.. COoS 671— —sin 671—
°© 2 2
sm22— 2 — \f |— sin221— >0—|
;o sin22 0] T
1° =-— (cos 67—sin67)
(iii) Value of tan 22— 2 2
2
° =—,/1—sin135°
tan22 —>0
2 R \/\5 \/4 —o\2
° _ o 2 2 4
tan221— _ 1—cos 45O \f
2 1+ 45
cos 4-242 (i)
f“tane_ 1—cos 20 |
{ : 1+cos ZGJ Adding Egs. (1) and (ii), we get
1° 1
N 2c03675=5(\/4+2\f—\/4—2\/5)
2 W2 o1
- - —=— (4 +242 —1/4—24/2
R FCRS cos 67 4(\/ V2 —\Ja-242)
V2 Similarly, subtracting Eq. (ii) from Eq. (i), we get
2 2 o
_ |G-y :\/(‘5‘1) sine7L =1 (Ja+2v2 +/4-242)
2 +1)(2-1) 2-1 2 4
. 1°
/ V2 _1)? 2 -1 VL Value of sin 157;
1° 1° 1°
V. Value of cos 67 — and sin 67 — LetO=157— .. 20 =315°
2 2
o o o o _ o
cos 671 +sin67 L = JE(I cos 671 + L sin67 1) Now, sin0 = | ~9s20 [ sin157 X >0
2 2 V2 2 2 2 V2 ] 2
1° 1°
= \/E (sin 45° cos 67 — + cos 45° sin 67 )
2 2 _\/1—cos315°_\/1—cos45°_
[e] [e] 2 2
2 sin(45° +671) —V2sin112X >0
2 2 o
1 2-1 2—4/2
° P Thus sin 157— \/ V2 \/ 2
‘. oS 67 — +sin 67 — 2[ 4
2 2 1
2 =— 2_\/5
1° . 1° : 2
=\/(cos 675 +sin 672) =,/1+sin 135°

Similarly, cos 157 r__ M
1 \/(\E 1) 4424 ; :
= 1+ = _
V2 )

2 V2242 ——%m |:'.'C05157120<0i|
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All these values are tabulated as follows:

2

7.5° 15° 18° 22.5° 36° 67.5° 75°
sin J8-2v6-25 V3-1 J5-1 J2-2 J10-275 2442 V3+1
4 22 4 2 4 2 22
cos 8+ 26+ 25 V3+1 J10+ 245 2+42 V5 +1 2-2 V3-1
4 02 4 2 4 2 22
an (3-V2)@2-1) 2-43 -2 V2-1 5-245 V2+1 2+43
NG
cot W3 +V2) 2+ 1) 2+4/3 J5+273) V2+1 (1+i) V2-1 2-43
NG
Example 87. Show that =2+2cos(A —B)=2[1+ cos(A —B)]
1+tan9 ) =2><200$2;=4cosZﬂ
2 1+sin® n . 6
0" =tan| —+— |
I—tan>  COSH 2 Example 89. Prove that,
- W T 37 .57 I3
cos’ —+cos’ — +cos’ — +cos —=—
sin — 8 8 8 8 2
2
1+
cos —  cos 9 +sin 0 Sol. LH.S. =[COS4 g + cos* 75) + (cos4 3?“ + cos* 5;1)
Sol. LH.S. = 2 —
. 0 0 . 4 T 4 T
sin — COS — —SsIn — =|cos — + cos m——
1-— 2 2 2 8 8
COS 9
2 + {cos4 3n + cos* (TE - mﬂ
8 8

0 .0
cos — + sin —
2 2
0

cos® = —sin’
2

.0 . ,0 . 0 0
cos” — +sin” — + 2sin — cos —
2 2 2

_ 2_1+sin6
,0 . ,0 cos 6
cos” — —sin” —
2
0 s 0
1+ tan — tan — + tan — )
Again, 2 = 4 p 26 = tan (+J
1—tan5 1 - tan — tan — 42
1+tane
Thus 2=l+sm9= n E+9 =RHS
1t 0 cos 0 4 2
_ang

Example 88. Prove that,

(cos A +cos B)? +(sin A +sin B)® = 4 cos’ A_B.

Sol. LH.S. = (cos® A + cos’ B + 2 cos A cos B)
+ (sin® A +sin® B + 2sin A sin B)
=(cos® A +sin® A) + (cos® B + sin” B)
+ 2(cos A cos B+ sin A sin B)

s 3n
=2 cos’ g+2COS4 5 [ cos(m —0) = — cos 0]

Il
[\

2 2

3 3]
Hiedeefaeloe g

1
2 A2 2 V2

=RHS

1
2
3
2

Example 90. Find the value of tan g

Sol. LetO = E, then 20 = ©
8 4

2tan O

tan20 = ————
1—tan”“ 0

Now,



T
2 tan —
tan — = 87r
1—tan® —
8
2x s
= lziz,wherexztan—
1-x 8
= 1-x*=2x
= xP42x—-1=0
-2%2
= x= REETV —1+42,-1-42
2

T
x=tan —=+42 -1
8

X X X
value of sin =, cos — and tan —.
2 2 2

T _x T
P P

Sol. Here T <x<T
2 4 2 2

x x
Hence sm X cos X, tan * will be all positive.

ERN

. 4 T
Given, tanx=——and —<x<T
3 2
cos x = — —
l—cos X
Now, sm — sin — > 0

. X
sin —

cos —
2

Example 92. Find the value of sin 223—475

o

231 T T
Sol. sin = =sin| m — — | =sin — =sin 7—
24 24 24 2

10
LetO = 7?, then 20 = 15°

Y
s tan — >0
8

Example 91. If tan x = - ;‘ §< x <, then find the

Chap 01 Trigonometric Functions and Identities

Now, sin” 0 = % 1(1 — cos 15°)
1 1_\/§+1 _1(22-43-1
2 242 ) 2 242
_n2-43-1
4f

sm9—51n7?>0
o f— —
715 M —\/8 26 — 242

Example 93. If o =112°30’, find the value of sin o

and cos a.
Sol. Given, o = 112°30"
200 = 225°
or cos 200 = cos 225° = cos(180° + 45°)
1
=—cos 45°=—- —
2
L 1- 200
Now, sin’a = %

Since o lies in the 2nd quadrant .. sin o is positive

. 1 — cos 20
sinol :1/ 5 =

\/fﬂ J2+242

w2 2
V2 + 242

Hence, sin o =+2\f

But cos o is negative in 2nd quadrant

1+ cos 200
cosoc:—,/f

-b
Example 94. If tan o_ > tan 9, prove that,
2 a+b 2
acos
cos oL = 7(p+b
a+bcos @

Sol. Given, tan il =
2 a+b 2

-b
1-tan® — 1—7btan2g
+
Now, cos 0 = g= a
P a — P
1+tan® — 1+ tan® ¢
2 a 2

39
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s2
sin

ISHES]

2
COos

sin®

[CHES N

a+b Coszg

(a + b) cos? g —(a - b)sin®

(a + b) cos? g + (a — b)sin’

a (cos2 @ _in? (pj +b (cos2 @ fsin (pj
2 2 2 2

a (cos2 @ +sin® (pj +b (cos2 @_ sin® (p)
2 2 2

acos@+b
a+bcos @

cos o —cos B

Example 95. If cos 6 =
1—cos o cos P

, then prove

p

0 .
that one of the values of tan — is tan d cot B

cos oL — cos 3

0 1-cosO _

Sol. tan® — = - 1 - cos o cos 3
1+ cosB 1+

cos o — cos 3
1—cos o cos 3
_1—coso cosP —cosa + cos P

" 1-cosa cos B+ cos o — cos 3
_(1—cos o)+ cosP(1—cosar)
(1+ cosat)— cos (1 + cos )

_ (1—cosa)(1+ cosf) —tan? % cot? B
(1+ cosa)(1+ cos ) 2 2

p

0 o
o, tan — =t tan — cot —
2 2

p

0. o
Hence one of the values of tan E is tan — cot —.
2

Example 96. Prove that
COS 6° coS 42° cos 66° cos 78° = %

Sol. We have
LHS = cos 6° cos 42° cos 66° cos 78°

1
= " (2 cos 66° cos 6°) (2 cos 78° cos 42°)

1
= " [cos(66° + 6°) + cos(66° — 6°)]

X [cos(78° + 42°) + cos(78° — 42°)]

1
= Z(cos 72° + cos 60°) (cos 120° + cos 36°)

1( . o 1 1 o
=—|sin 18° + — || — — + cos 36
4 2 2

[ cos 72° = c0s(90° — 18°) = sin 18°]

_1f(s-n 1l 1, (5o
4 4 2 2 4

{ sin 18° 27(\/5 —1 and cos 36° = 7(\/5 * 1)}
4 4
1 (51 (-1 _(5-1)
4 4 4 64
=21 rus
64 16
.M . 2w . 3n . 4m
Example 97. Prove that sin— sin == sin = sin—
5 5 5 5
_2
16
Sol. We have

T . 2m . 3m . 4Tm
LHS=sm—sm?sm?sm—

LMo 2|, 21 . T
=sin —sin —sin | T — — |sin | T —
5 5 ( 5) [ 5]

L, T . 5,21
=sin® — sin® =—

[.-sin(m — 0) = sin 6]
= (sin 36°)* X (sin 72°)°
= (sin 36°)* X (cos 18°)°
[ sin 72° = sin(90° — 18°) = cos 18°]
(10— 2v5) (10t 24/5) (100 - 20)

16 16 (16>< 16)
.+ sin 36° = Vlo;zﬁ
and cos 18° = 7“104-2\/5
4
80 5
=———=—=RHS
(16x16) 16

Example 98. Find the value of
(i) sin22°30’ (ii) cos 22°30’
(ifi) tan22°30

Sol. (i) sin* 0 = (= cos )

=  sin’(22°30") =

(1—cos45°):(1_\/5)_\/5—1
2

(2 -1)
22

= sin(22°30") =



(if) cos? 0 = (1+ cos 20)
2
1+ =
- COSZ(22030,)(1+cos45): V2 |_(2+1)
2 2 22
= c0s(20°30”) = (\6 1)
22

sin’(22°30') _ ({2 - 1) y (24/2)
cos’(22°30')  (242) (W2 +1)
Va-1_(V2-1 (2-1)
2+1) (2-1)

(iii) tan®(22°30") =

2+
= (W2 -1y’

= tan(20°30") =(+/2 — 1)

1
Example 99. If 0<x < m and cos x +sin x= > then

find the value of tan x.

. . 1
Sol. Given, cos x +sin x = 5

Exercise on Session 9

=

2. Find the value ofcos“(g).

1

Chap 01 Trigonometric Functions and Identities

41

1-tan? X 2 tan >
- 2 4 2 __1
1+tan2£ 1+tan2£ 2
2 2
1-t° 2t 1
Let tan =, then -+ ;==
2 1+t 1+t 2
217
= 3’ -4t-1=0= t= 7
3
2+ 47 T T
= t=tan£= \/7 '.'0<—<—,tan£
2 3 2 2 2
ZtanE
Now, tan x = 2
l—tanzi
2
) 247
~ 2 _ 24T 1-247

3

1_{“\5]2 1+2J7  1-27
o [4497
an x = 3

If tan(%) =cosec X —sin x, then find the value of tanz(%}

3. Find the value of expression

4. Ifx+ 1 =2 cos 0then find the value of x" + in
X X

+
cos 290°

V3 sin 250°°

5. Show thatsin47° +sin 61° —sin 11° — sin 25° =cos 7°.

If o and B be two different roots of equation a cos 6 + b sin 6 = ¢, then show thatsin(o + B) =

2ab
a?+bp?

_ _n2 _ K2
7. Ifsinoc+sinB=aandcosoc+cossz,thenshowthattan(azB)=im'
a’ +

8. Show that cot 142 % =2 +/3-2- 6.

2
cos o+ cos B

9. Ifcosp=—-—"""F
1+ cos acos B

10.

Find the value tan g + 2 tan 2?75 + 4 cot

4n

, then prove that one of values of tan g is tan % tan 5>

p



Session 10

Trigonometric Ratios of the Sum of Three

or More Angles

Trigonometric Ratios of the
Sum of Three or More Angles

ei(A+B+C) :eiA _elB .etC

= cos(A+B+C)+isin(A+B+C)
=(cos A +isin A) (cos B +isin B) (cos C +isin C)
cos Acos BcosC +iXcos A-cos BsinC +i*

YcosA-sinB-sinC+i’-sinA-sinB-sinC

=cosA-cosB-cosC-

{1+iXtan A+i’Ztan Atan B +i’ - tan A tan Btan C}
Now, equating real and imaginary parts, we get
cos(A+B+C)="cosA-cosB-cosC-{1 -Xtan A tan B}
sin(A+ B+ C)="cos AcosBcosC

{Ztan A — tan A tan B tan C}

and

Generalising Using this Method
cos(A, +A, +...+A,) +isin(A +A, +...+A))
=cos A, -cosA,...cos A, {1+i-Ztan A, +i’
Stan A tan A, +i°Stan A, tan A, tan A, +...i"

tan A, -tanA,...tan A, }
(i) On comparing real and imaginary parts, we get
cos(A, +A, +...+A))
=cosA, -cosA,...cosA -{1-ZtanAtan A,
+2tan A, -tanA, tan A, - tan A, ...}
(ii) (sin(A, + A, +..+A,)
=cosA, -cosA,...cos A, -{ZtanA, —Xtan A,
‘tanA, -tan A, +...}
(iii) tan(A, + A, +...+A,)=S, =S, +5, ...
1-S,+S, =S, ...
S, =2ZtanA,,
S,=2tanA, -tan A,;
S,=2Ztan A, .tan A,.tan A,

where,

Example 100. If tan6,, tan0,,tan0,, tan®, are the
roots of the equation
x* —(sin2B)’ + (cos2B)x* — (cosP)x —sinf =0
Then, tan(0, +6, +6, +0,), is equal to
S, - S.
Sol. tan(6, +6,+6,+60,)= m

_sin(2B) — cosPp _ cosP(2sinf —1) cotP
1- cos2P — sinf - sinf3(2sinf3 — 1) -

Multiple Angle Results in the General
Form

Using the De-Moiver’s theorem,
(cosno +isinno) =(cosol +isina)"”
="C,-cos" o+ "C,.cos" "o (isinat) +
"C,cos" ol (isinat)® +...+ "C,(isina)"
= cos(na) +isin(no) =("C, cos” oL —
"C,cos" *asin’a+ "C,.cos" " a-sin® a...)
+i("C, -cos" "o+ sinat — "C, cos" > or.sin’ o
+"C,cos" *-sin’a...)
On comparing real and imaginary part, we get
cos(na) =cos" o(1—"C, - tan’ o + "C, tan” ar...)...(J)
and sin(not) =cos" o ("C, - tano. —
"C,tan’ o+ "C, tan’ o....) ..(ii)
On dividing Eq. (ii) by Eq. (i), we get,
"C,—"C,tan’ o0+ "C  tan” ot ...
1-"C,tan’ o0+ "C, tan* . — "C, tan’ ot ....

tan(not) =

On adding and subtracting Eq. (i) and Eq. (ii), we get
sin(not) +cos(nat) =cos” o {1+ "C, tano +
"C,tan’a - "C, tan’ o+ "C, tan" a0 + "C, tan’ ot ...}
and sin(not) —cos(na) =cos” oL {—1+ "C, tano

+"C, tan*o - "C, tan’ o0 — "C, tan* o0 +...}



Example 101. Express sin® 0 in term of sin(n@); ne N.
Sol. We know,

sin@ = 1(2 - 1), using

2i z

e'% = cosO + isind =z

5
sin’0 = [1(2 - 1D
21 z

l Cz—Cz+5Cz—5C
321 z

. (
a2
32i z z z
= é {2i sin50 — 5(2i sin30) + 10(2i sin0)}

i

1
= 1—6{sin59 —5sin30 + 10sinB}

Summation of Series Containing sine
and Cosine of Angles Forming an AP

(i) Sine of angle forming an AP
Let the series be,
S =sin(at) + sin(c +P) +sin(a +2) +
cotsin(a+(n—1)B)

On multiplying and dividing by 2 sing

L (s) | | (Bj
2sina - sin +2sin(a + ) . sin
ZSin(Bj{ 2 2
2
+...+2sin(0 +(n —1)B). sin(gj}

_ 251:@ . {((oc o (oc + SD +
(cos(m _cos 325)]

+...+[cos(o¢ +(n—Z)Bj _COSL(O( +(n—;)ﬁ}

231:(6) o oo Je)

2
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el

2sin—
2

. sina +sin(o + ) + sin(a + 23)
+...+sin[(a +(n —1)B)]

) sin(ng) . sin[oc +(n—-1) [ﬂ
sin(B)
2

(ii) Cosine of angle forming an AP.
Let,
S =cos(at) + cos(ow +B) + cos(o +2p) +
...+ cos[a+(n—1)p]

On multiplying and dividing by 2 sin(g} we get

{2 s1n( j cos(at) +2 sin(B) -cos(oL + ) +
2 sm( ) ’

25111(2) -cos(ot +2B) +...+2sin (S) cos(ot +(n+ 1)[3}

_ zml(gj [sin(oc + S) - sin(a - SH +

o2
+,_,+{Sin[oc +(” _Zj B} _Sinta +(n _Zj Bﬂ

"oy el ol

2

cos(oc +(n- 1)( D : sin(ngj
(2]

cos(a) +cos(at +P) +...+cos(o +(n—1)P)

S:‘n(("%){m[wn@j}

2

N T

N [T |
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II Method
Let S =sina +sin(o + 3) + sin(o +2p) +
...+sin(a +(n—1)B) ...(Q)
C =cos0. +cos(at + ) +cos(o +2P) +
...tcos(a (n—=1)P) ...(ii)
C+iS=(cosa +isina) +(cos(o + ) + isin(o +3))
+ (cos(at + 2B) + isin(ct +2B)) +... + (cos(ot + (n —1)B) +

isin(ot +(n —1)B)) i (ot +(n —1)B)

=ei(x+ei((x+ﬁ)+ei(0c+2ﬁ) +'”+ei(0(+(n—l)ﬁ)

o () -1
eiB—l

it {cos(nB) -1+ isin(nB)}

cosP—1+isinf

2% sin® (nB) +2i- sin(nB) . cos(nB)
—ei® 2 2 2
2i%- sinz(ﬁj +2i- sin(B) . COS(B)
2 2 2
i e’ -2isin(n§) |(cos (nS) +i- sin(ngj)|
2isin(6) L cos(Bj +i- sin(Bj J
2 2 2
o . (B (B
_ona) ey o) e
sin(B) Sin(sj
2 2

.. On comparing real and imaginary part, we get

ci‘i’f&?.{ws(mn(g)}

2

ci&?.{m(wn(gn}

2

1. sin(A+ B+ C) =sin Acos Bcos C +cos Asin Bcos C +
cos Acos BsinC —sin Asin BsinC
or sin(A + B+ C) =cos Acos Bcos C(tan A + tan B +
tan C —tan A tan Btan C)
2.cos(A+ B+ C)=cos Acos Bcos C —sin Asin Bcos C —

sin Acos Bsin C —cos Asin Bsin C

cos(A+ B+ C) =cos Acos Bcos C(1 —tan Atan B —
tan B tan C—tan C tan A)
3. tan(A+ B +C)
_ tanA+tanB +tanC —tan Atan BtanC
" 1-tanAtanB - tan BtanC — tan C tan A

In general;
4.sin(A, +A, +...+A4A,))
=cos A, cos A, ...cos A (S, =S, +S,
5.cos(A, + A, +...+A,)
=cosA,cosA,...cosA (1-S,+S5, =S, +...)

S, =S, +S5,-S5, +...
6. tan(A, + A, +...+A,)=—"——> 7
1-S,+8, =S, +...

=S, +...)

where;
S, =tan A, +tanA, +...... +tan A,
= tan sum of the tangents of the separate angles.

S,=tan A tan A, +tan A, tan A, + ...
= the sum of the tangents taken two at a time.
S,=tan A tan A, tan A, +tan A, tan A, tan A, +...
= sum of the tangents three at a time and so on.

IfA =A,=...=A, = A then
S, =ntanA
S,="C,tan’ A
S,="C,tan’ A, ...
7.sinnA =cos" A("C, tan A - "C, tan’ A+ "C, tan’ A...)

8.cosnA =cos" A(1-"C,tan* A+ "C, tan* A—-...)
9. tannA
B "C,tanA—"C,tan’ A+ "C, tan’ A...
- "C,tan* A+ "C, tan® A-"C,tan® A +...

10. sinnA +cosnA =cos" A(1+ "C, tanA - "C, tan’ A —

"C,tan’ A+ "C, tan' A+ "C,tan’ A—"C,tan’ A...)
11. sinnA —cosnA =cos" A(-1+ "C, tan A
+"C,tan* A= "C, tan’ A
-"C,tan* A+"C,tan’ A+ "C, tan’ A...)
12. sin(at) + sin(o + ) + sin(a + 2p) +... +sin(a + (n — 1)B)
_sin{o +(n —1)(B/2)} - sin(nf / 2)
sin(B / 2)

13. cos(at) + cos(at + ) + cos(at +2P) +... +cos(at + (n — 1)P)

_ cos(o +(n—1)(B /2)) - sin(n(P / 2))
sin(B/2)




Example 102. Let n be an odd integer. In

sinn® = Y b, sin" 6, for all real 6. Then, findb, and

r=0

b

Sol. Here, sinn® = b, + b;sin0 + b,sin*0 + ...

1°

Putting 0 = 0, we get
0="0,
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1 1 21 4T
=-(n—-1)+-4cos— +cos— + ... +
2 2 n

2n —2)1
cos M m

Again, on differentiating Eq. (i) both sides w.r.t. 6, we get

ncosn® =0+ b, cosO + b,2sin0 - cosO + ...
Again, putting 6 = 0, we get
n=b
. From Eqgs. (ii) and (iii),
b,=0andb, =n

Example 103. If cos 50 = acos® 6 +bcos’ 6 + ccos 6.

Then, find the value of c.

Sol. Here, cos50 =acos’0 +bcos’0 +ccosO ..(d)
On differentiating Eq. (i) w.r.t. 0, we get

sinﬁ
o 'cos{m +(n—l)B}

n
2 21 21
1 1 sin(n — 1)—75 2(} +(n-2)—
) =—(n—-1)+- N o5 N 1
..(1) 2 2 . 2T
sin =
n.2
(i) Using, cosa. + cos(ot + ) + cos(ar +2P) + ...

45

+ cos[or + (n — 1)B]

(i) sinE 2
-1
1 1 sin(n i ©COST
=—(n—-1)+- n
2 2 sin(m/n)

) 1( s ) (sin:)(—l)
_En JA A

—5sin50 = a(5cos* 0)(—sinO) + b(3cos’0)(—sinO) — csin0 2| sin(m/n)
Putting 0 = kil —55in5—Tc =—csin® ascost =0
2 2 2 2 1 1 n
=—(n-1)—--=—-1
c=5 2 2 2
n—-1
. - . Zcosz(mj:n—l
Example 104. if sin® xsin3x = Y ¢, .cosmx is an o n) 2

m=20

identity in x, where c,’s are constants, then find the
value of n.

3sin x — sin3x

Sol. Here, sin® xsin3x = sin3x

3., . 1, .
= Z(2sin xsin3x) — —(sin’3x)
8 4
3 1
= g(COSZx —cos4dx)— g(l — cos6x)

3 3 1
=——+ —c0Ss2x — —c0s4x + —cos6x
8 8 8 8

Also,Ecm.cos mx =c, + ¢, cos x + ¢, cos2x
m=0
+ ...+ ¢, cosnx
On comparing Egs. (i) and (ii), we get
n==6.

n-1
Example 105. Evaluate Zcosz(m}
n

r=1

n—1
Sol. Sum = ;2(1 + coszmj

r=1 n

. m  3m . bW
Example 106. Evaluate sin=+sin—+sin—+ ...

n
n terms.

. T . 3m . 5T
Sol. sin— +sin=— +sin— + ... to n terms
n n n

n

. T . 3n . 5m
sin— +sin— +sin— + ... ton terms =0

n n n

. n2.
sin on 2.E+(n_1).2£
= —.siny —1 1
. 2. 2
sin—
. 2.n
Using, sina + sin(at + B) + ... + sin(a + (n — 1))
i 2 200 +(n—1
_ 51T1nB/ sin (n-1)p
sinf3/2 2
(1) sinTt . |27 + 2nm — 2T
=— sin
sinTt/n 2n
.2
m
sinTt/n

n

to
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Exercise for Session 10

If A+ B+ C =180°, then prove thatsin2 A+ sin2B + sin2C =4 sin Asin Bsin C.

If A+ B+ C =180°, then prove that tan? g =tan g tan % when cos 0 (sin B + sin C) =sin A.

sinA+sinB+sinC

Ifina AABC, — - .
sinA+sinB-sinC

5. If A+ B+ C =180°, then find the value of

6. In AABC, show that

1
2
3.0 A, B, C are angles of a AABC, then prove thatsin2 A + sin2B —sin 2C =4 cos Acos Bsin C.
4

=2\ cot g cot g,then find the value of A.

cos B cos C

1-cos A+ cos B +cos C A
=tan —cot —.

1-cos C + cos A+ cos B

sinBsinC sinCsinA sinAsinB’

C
2 2

7. InaAABC, if tan (B * 4C _A)tan (C +:\_B)tan(A+i_C) =1, then find the value of cos A + cos B + cos C.

8. Ifin a AABC, cot g + cot g + cot % = A cot g cot g cot % then find the value of A.

9. fA+B+ C=37n, then show thatcos 2 A + cos 2B + cos 2C =1-4sin Asin B sin C.

10. If o+ B+v =2m, then show that tan%+ tan 5

Session 11

Y_ tan gtan —tan—.
2 2 2 2

B, v

Maximum and Minimum Values of

Trigonometrical Functions

Conditional Trigonometrical Identities

We have certain trigonometric identities like,

sin’ 0 +cos’® =1and 1+ tan” 6 =sec?’0 etc. Such
identities are identities in the sense that they hold for all
value of the angles which satisfy the given condition
among them and they are called conditional identities.

If A, B, C denote the angle of a AABC, then the relation
A+ B + C =T enables us to establish many important
identities involving trigonometric ratios of these angles.

(i) fA+B+C=m,thenA+B=n-C,
B+C=nm-AandC+A=m-f

(ii) If A+ B+ C =m, then sin(A + B)
=sin(nt —C) =sinC
Similarly, sin(B + C) =sin(n — A) =sin A
and sin(C + A) =sin(nt — B) =sin B

(iii) If A+ B + C =m, then cos(A + B)
=cos(mt —C) =—cosC
Similarly, cos(B +C) =cos(m — A) =—cos A
and cos(C + A) = tan(m — B) =—tan B

(iv) If A+ B + C =m, then tan(A + B)
=tan(n —C) =—tanC
Similarly, tan(B + C) =tan(n — A) =—tan A
and, tan(C + A) =tan(m — B) =—tan B

v) IfA+B+C=7t,thenA+B=£_£
2 2 2

B+C m A C+A m B

and =——— an = -

2 2 2 2 2 2
. (A+BJ . (n cj (cj
sin =sin| —— — | =cos| —
2 2 2 2
(A+B (n cj . (cj
COS =Ccos| —— — | =sin| —
2 2 2 2



(A+B) (n cj (C)
tan =tan| — —— | =cot| —
2 2 2 2

All problems on conditional identities are broadly
divided into the following four types :

(i) Identities involving sines and cosines of the

multiple or sub-multiples of the angles involved.

(ii) Identities involving squares of sines and cosines of
the multiple or sub-multiples of the angles involved.

(iii) Identities involving tangents and cotangents of the
multiples or sub-multiples of the angles involved.

(iv) Identities involving cubes and higher powers of
sines and cosines and some mixed identities.

TYPE 1 Identities involving sines and cosines of the
multiple or submultiple of the angles involved

Working Method
Step 1 Use C and D formulae.

Step 2 Use the given relation (A + B+ C =) in the
expression obtained in step 1 such that a factor
can be taken common after using multiple angles

formulae in the remaining term.
Step3 Take the common factor outside.

Step 4 Again use the given relation(A+ B+ C=m)
within the bracket in such a manner so that we

can apply C and D formulae.
Step 5 Find the result according to the given options.
TYPE II Identities involving squares of sines and

cosines of multiple or sub-multiples of the
angles involved.

Step1 Arrange the terms of the identify such that either
sin”® A —sin’ B =sin(A + B) .sin(A — B)

or cos®A—sin® B=cos(A + B) cos(A — B) can be
used.

Take the common factor outside.

Use the given relations (A + B + C = 1) within the
bracket in such a manner so that we can apply C
and D formulae.

Step 2
Step 3

Step 4 Find the result according to the given options.
Type II1 Identities for tan and cot of the angles

Working Method

Step 1 Express the sum of the two angles in terms of
third angle by using the given relation
(A+B+C=m)
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Step 2 Taking tangent or cotangent of the angles of both
the sides.
Step 3 Use sum and difference formulae in the left hand
side.
Step 4 Use cross-multiplication in the expression

obtained in the step 3.

Step 5 Arrange the terms as per the result required.

Example 107. If A+B+ C =, then, find

Sin2A+sin2B +sin2C.
Sol. sin2A + sin2B + sin2C

= Zsin(2A -ZI— ZB) cos(ZA ;ZBJ + sin2C

= 2sin(A + B) cos(A — B) + sin2C
= 2sin(1 — C)- cos(A — B) +sin2C
[+A+B+C=mA+B=n-C
s sin(A + B)=sin(nm — C) =sinC]
=2sinC cos(A — B) + 2sinC cosC
=2sinC [cos(A — B) + cosC]
=2sinC [cos(A — B) — cos(A + B)]
[ cos(A — B) — cos(A + B) =2sin A sinB,
by C and D formula]

=2sinC [2sin A sin B]
=4sin AsinBsinC

Example 108. If A+ B+ C =, then, find

tan A+ tanB+ B+ tanC
So. A+B+C=m

A+B=mn-C = tan(A+ B) = tan(nt — C)

tan A + tan B
——————=—tanC
1—tan A tan B
= tanA +tanB=—tanC + tan A-tan B- tanC

tanA + tanB + tanC =tan A-tan B- tanC

Maximum and Minimum Values
of Trigonometrical Functions

As we have discussed in previous article that —1<sin x <1
and—1< cosx <1

If there is a trigonometrical function of the form
asin x + bcos x, then by putting a =rcos0, b =rsin, we
have

asinx + bcosx =rcosOsinx +rsin0 - cos x
=r(cosBsin x +sin6Bcos x)

=rsin(x +0), where r =+/a’ + b*, tan0 _b

a
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Since, —1 <sin(x +0) <1
—-r<rsin(x +0)<r

or —Ja’+b?<asinx +bcosx <+a’+b?, forall x.

Hence, the maximum and minimum values of
trigonometrical functions of the form asin x + bcos x are

ya® +b* and —\Ja® + b*, respectively.
Note | acos A+ bsinA| <& + b°.

Also, cos A+ sinA = «@sin(g + A): J2cos (AJ? ;j

Example 109. Find the maximum and minimum
value of 3sin2x+4cos2x + 3.

Sol. As we know,

—Ja* +b* <asinA + bcos A < +Ja* + b*
= —/3% + 47 <3sin2x + 4cos2x < /3% + 47

= —5<3sin2x + 4cos2x <5
—5+3<3sin2x + 4cos2x +3<5+3
= (3sin2x + 4 cos2x +3) e [-2,8]

Example 110. Find the maximum and minimum
value of 6sin xcos x + 4 cos 2x.

Sol. We have, 6sin x cos x + 4 cos2x

= 3sin2x + 4 cos2x

—/3% + 4% <3sin2x + 4cos2x < 4/3° + 4°

=  3sin2x + 4cos2x € [-5,5]
Hence, the maximum value is 5 and minimum value is —5.

Example 111. Prove that

—4<5c050 + 3cos (6 + 7;)+ 3<10, for all values of 0.

Sol. We have, 5cos0 + 3COS(9 + T;)

i T
= 5¢0s0 + 3cos0 cos; - 3sinesin§

13 3.3 13 3.3

—c0s — ——sin® = -7 < —cosO — ——sinO <7
2 2 2 2

-7 4+3<5cos0 +3cos(0 + m/3)+3<7 +3, forall 6.

=
= —7 <5co0s0 +3cos(0 + m/3) <7, for all 6.
=

= —4 <5co0s0 +3cos(0 + m/3) + 3 < 10, for all 6.

Hence proved.

Example 112. Find the maximum value of

1+ sin (Z+ 6) +2c0s (Z - e) for all real value of 6.

Sol. We have, 1+ sin[’;t + 6] + 2cos(: - 9)

=1+ i(cos@ +sin0) + \/E(cose +sin0)

V2
=1+ [\16 + \/gj(cose + sin0)
14| L ) _r
—l+(\6+\@j \Ecos(e 4)
.. The maximum value of 1 + (1 + ﬁ} . \f =4.
V2

Example 113. Find the maximum and minimum
value of cos’ 6 —6sin0cosO + 3sin” 6 + 2.

Sol. We have, cos’0 — 6sin0 cos0 + 3sin’0 + 2
=(1-sin’0) — 3sin20 + 3sin’0O + 2
=2sin’0 — 3sin20 + 3
=(1-cos20) —3sin20 +3
=4 —(cos20 + 3sin20) ..()
As we have, —/10 < c0s26 + 3sin20 < /10
—+/10 < —(cos20 +3sin20) < V10
or 4—ms4—(c0529 +3sin29)£4+m
*. From Egs. (i) and (ii),
4 =10 < cos?0 — 6sinO cosO +3sin’0 +2 < 4 + /10

...(i)

Example 114. The minimum value of cos26 + cos6

for all real values of 6.
Sol. c0s20 + cosO =2cos’0 — 1+ cosO

1

=—l+2(cos26 +20056J
; 1 1 1

=—1+4+2|cos’0 +=-cos® + — - —

2 16 16

2

1 1
=—-142|cosO+—| ——

4 8

2
9 1 9
=——+2|cosO+—| =2-—
8 4 8

9
So, the minimum value of cos260 + cos0 is —g.

B sin 3x

Example 115. If f(x)=———, x # nm, then find range
SIn X
of f(x).
Sol. _ sin3x _ 3sin x — 4sin’ x
F) sin x sin x
= f(x)=3-4sin’x. ..(i)

We know, 0 < sin®x < 1(sin x # 0 as x # nm)
or -1<-sin*x <0

or —4<-4sin*x<0 or 3-4<3-4sinx<3



or -1<3-4sinx<3 = -1<f(x)<3

Hence, range of f(x)e [-1,3).

Application on Quadratic Equations

As we know, ax® + bx + ¢ =0, represents the quadratic

equation whose,

sum of roots =

o
\ m‘w

product of roots = —.

—~b+./b* —4ac

2a
and if we want to form quadratic equation whose roots
are given.

Q

Sl

(o, B) roots =

= x’ —(sum of the roots)x + (product of the roots) =0.

As above mentioned results are basics for quadratic
equations, we discuss certain application on trigonometry.

p

Example 116. Find cos(o + ), if tan% and tan S are

roots of the equations 8x* —26x +15=0.

p

o
Sol. 1t is given tan; and tang are roots of 8x* — 26x + 15=0.

p p_15

o 13 o
= tan— + tan— = — and tan—.tan— = —
2 2 4 2 2 8

1— tanz[a"'ﬁj
cos(o +B) = —iB,
o

1+ tanz[ j

2
o §
o+ B tan — + tan—
where tan( ) = 2 2

o
1—tan—tanE

E
o+ -
or tan(ﬁ)= 4 =—26
2 15 7
1-——
8
1_(676) 627
= cos(oc+[3)=%49:—
676 725
14| =
49
—627
= cos(a +P)=—-+
(o +PB) e

Example 117. If the solutions for 6 from the equation

sin’0 —2sin@+ A =0liein U (Znn—g,(2n+1)n+:).

nez

Then, find the possible set values of A.

Chap 01 Trigonometric Functions and Identities 49

+

2Eyd-an z_M:li,/l—k.

Sol. sin’0 —2sin® + A =0 = sinf = ——

For real values, 1 — A >0,i.e. A < 1.
As—-1<sin0 < 1,sin0 =1 — /1 — A. (neglecting 1 + /1 — 1)

. . 1
From question, sin® > — 5

1
Thus, —5<1—,/1—7»S1
or —g<—,/1—ASO:> 1—k<g
= 1—7»<2 =>)L>—E
2 4

Example 118. If ABCD is a convex quadrilateral such
that 4sec A+ 5=0, then find the quadratic equation
whose roots are tan A and cosec A.

Sol. sec A =—%. So,g<A <T

3 5
Hence, tan A = —— and cosec A = —
4 3
.. Required quadratic equation is
3 5 3 5
|-+ x4+ |- |x>=0
4 3 4 3
, 11
xt—-=

5 4
x—>=0o0r12x*-11x—-15=0
12 4

Example 119. If sec o and cosec o are the roots of
x> = px+q=0, then show p* =q(g+2).
Sol. Since, secal and cosec o are the roots of x* — px + g =0
sec oL + cosec 0L = p and secOl cosec Ol = ¢

. . . 1
Sinol + cosOl = psind cosO and sinol cosal = —

q
sinol + coso = r
q
On squaring both sides, we get
2
sinot + cos’ol + 2sinc; cosa = p—z
q
pZ
1+2sinocoso =~
q
2 2
or 1+—=P—2 = p’=q(q+2)
q9 q

Example 120. Find the number of values of x in the
interval [0, 5m] satisfying the equation
3sin® x —7sinx+2=0.

Sol. 3sin’x —7sinx +2=0

. 7+,49-24 7+£5 1
= sinx = = =-,2
6 6 3
1
sinx = 3 (where, 2 is not possible).
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1 >
sinx == =sino; (0 <0 < 1/2) = 4h+529
3 or 4ah+5>1
X =0, T — 0,27 + 0, 3T — o, 47 + O, 57T — o N A>1
Thus, the number of values of x is 6. or A>—1 (i)

From Egs. (i) and (ii),

Example 121. 0<a<3,0<b <3 and the equation, s
A2 —Zandk >1

x* 4+ 4+ 3cos(ax +b) =2x has atleast one solution,
then find the value of (a+Db).

or KZ—Zande—l
Sol. x* —2x+4=—3cos(ax +b)

- A=21lorA>-1
= (x =1)* +3=—3cos(ax + b) ..(1) Le[-1, ).
As—1<cos(ax +b)<1land(x —1)*=0

~.Eq. (i) is only possible if, P rOVi n g Tri g 0 n 0 m et ri c

cos(ax + b)=—1and(x — 1) =0.

So, a+b=m3m>5m,.. Inequality

and 3n>6
where a+b<é6 Jensen's Inequality
= a+b=m (i) Suppose that ‘f” is a convex function on[a, b]€ R, for

all x,x,,x,....,x, €lab],
Example 122. Find the values of p if it satisfy;

we have

flx) + fle) 4. 4 f(x,) Zn_f(xl-i-xz-l-...-i-xn)
n

cos0 = X+B, x e R for all real values of 0.
X

Sol. x*—cosOx+p=0

Proof If f(x) is concave up,
- v cos0 ++/cos’0 — 4p ) P
= ; )

Anln, 7065))

Forreal x, cos’0 —4p>0. = 4p < cos’0
p p An—1 (Xn—1l f(anw))

4p <cos’0 <1

= p< ifor all values of 6.

Example 123. Find the set of values of A €R such
that tan®  + sec 6 = A holds for some 6.

0 X

Sol. tan’0 +secO = A = sec’® +secO — (A +1)=0 Here G(x1+xz+-"+xn f(x1)+f(x2)+...+f(xn))
Sece_—li,/1+4(}»+1) n n
2 x, +x,+.+x x, +x,+.+x
1 2 n 1 2 n
-1k Jan+5 and P( o f "
2
For real secO, AN +5>0, From figure, ordinate of G 2 ordinate of P.
o Ws 3 -0 flx) + flx,)+ . +f(x,) > f X, +x,+.4x,
4 n n
Also, secB =1 or sech < -1 X x4
14 /4)»+521 f(xl)+f(x2)+...+f(xn)2n-f(12n"'")
2
—1+.Ja) +5 (ii) Similarly, suppose that f is concave function on
or 2 s-1 [a,ble R, forall x,, x,, x.,...x, €[a,b], we have
. > X, +x, 4.4,
= hyar TS =2 f(xl)+f(xz)+---+f(xn)Sn'f(1 2 j
or 1% far+5<-2 "
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T T cos A+ cos B+ cosC A+B+C
Example 124. If AB,C e (—2,2). Then prove that 3 < cos (3]
3 3
cos AcosB+cosC < —. cosA+cosB+cosCS£,asatB+C=Tc
y

Sol. Since, for a function which is concave downwards
X, +x,+ x,

3

1

)> Flx)+ f(x)+ f(x,)

3 Q .
- R
and we know that the graph of y = cos x is concave ,ﬁ;\

. >
downwards for all x € (—TC, n). *i/*ﬂ M |O _\T[
2 2 2 2

Let P(A, cos A), Q(B, cos B) and R(C, cosC) be any three
points on y = cos x, then it is clear from the graph

GM < ML

Exercise for Session 11

I N

S

10.

Prove that the minimum value of 3 cos x + 4 sin x + 5is 0.

If sin 6, + sin 6, + sin B, =3, then find the value of cos 6, + cos 6, + cos 6;.

If x =rsinBcos ¢, y =rsin Osin ¢ and z =r cos 6, then prove that x? + y? + z? is independent of 6 and ¢.
Find the least value of 2 sin? 8 + 3 cos? 6.

o, B, vy are real numbers satisfying o. + B + y = . The find the minimum value of given expression
sin o+ sinP + sin y.

If A=sin? 6 + cos* 9, then find all real values of 6.
Find the minimum value of sec?0 + cosec?0 — 4.

If P =cos (cos x) + sin (cos x), then the least and greatest value of P respectively.
(@) -1and 1 (b) 0 and 2 (c) =2 and /2 (d) 0 and /2

51

LetOe (0, %j andt, = (tan 0)" ° t, = (tan 0)°'° t, = (cot 0)*" ® and t, = (cot 0)°*°, then show thatt, >t, >t, >t,.

Find the ratio of greatest value of 2 — cos x + sin? x to its least value.



JEE Type Solved Examples :
Single Option Correct Type Questions

Ex. 1. In the inequality below, the value of the angle is

expressed in radian measure. Which one of the inequalities =2sin2x + 4cos2x +5
below is true? R, = (V5 -+20,5++/20]
(a) sin1< sin2 < sin3 (b) sin3 < sin2 < sin 1 -
(c) sin2 < sin1< sin3 (d) sin3 < sin1< sin2 ence, (M+m) =10.
Sol We h ) - Alternate Method
ol. (d) We have, sin1 — sin tan’ x dtan x 9
flx)= " "

=—2cos§-sinl<0 1+tan®x 1+tan’x 1+tan’x
2

I I I =sin® x + 2sin2x + 9 cos® x

I I I
sin 3 sin 1 sin 2

=1+ 4(1+ cos2x) + 2sin2x

- sinl < sin2 =5+ 2sin2x + 4 cos2x
Similarly  sinl-—sin3 ..(1) - - -
= —2c0s2sinl>0 Ex. 4. The value of4cos—0 -3 sec—O —tan m is equal to
1 1
= sinl>sin3 ...(i1)
From Egs. (i) and (ii), we get (2) 1
sin3 < sin1 < sin2 (b)\/g_ 1
(c) V5 +1
Ex. 2. In a AABC, ZB < ZC and the values of B and C (d) zero
satisfy the equation 2 tan x — k (1+ tan® x) =0, where
) Sol. (d) We have, 4 cos18° — —2tan18°
(0 <k <1). Then, the measure of LA is cos18°
4cos®18° —3 — 25in18°
b 21 -
(@) 3 (b) 3 cos18°
2(1+ cos36°) —2sin18° — 3
b 3n -
© 9 (d) 4 cos18°
2tan x _ 2(1+ cos36° —sin18°) -3
SOI. (C) s k = m =sin2x cos18°
1
= sin2C =sin2B 2(1 + 2) -3
But ZC > /B =—=0
n cos18°
= 2C=m-2B :>3+ng
s
- Ex. 5. For0< A <=, the value of
LA=— 2
2
1 2 .
_ o log | + is equal to
Ex. 3. If M and m are maximum and minimum value of 5 1+2cos® A sec’ A+2
: tan’ x +4tanx +9
the function f(x) = X zzm X7 then(M + m) (a) 1 (b) -1
T+tan® x (c)2 (d)o
equals
9 Sol. (d) As, L, 7
(a) 20 (b) 14 1+2cos“A secA+2
(c) 10 (d)8 1 N 2cos? A
2 =
Sol. (¢) Given, f(x)= tan"x +dtanx +9 1+2cos’A  1+2cos’A

1+ tan®x ,
_(1+2cos’A) _

, S
_ 2(2tan x) . 1—tan“ A s (1+2cos’A)
1+ tan’x 1+ tan’A
Hence, log, (1) =0.

2




1 1
Ex. 6. The sum +
sin 45° sin46°  sin 47° sin 48°
1 1 .
+— . +ot+— - is equal to
sin 49° sin50° sin133° sin134°
(a) sec (1°) (b) cosec (1°)

(c) cot(1°) (d) None of these

1 in(46° — 45° 1
Sol. ()T, = 1| S =45) | 1 1ooase — cotaee]
sin1° | sin 45° sin 46° sin1°
; _ 1 [sin(48> - 47°)
® sint° | sin 48° sin 47°

1
= ~[cot47° — cot48°]
sinl
oo 1 [ sin(133° — 134°)
' sin1° | sin133° sin134°
1
= O [cot133° — cot134°]
sinl
On adding

!
1
E T = ——[{cot45° + cot47°
sin1°

r=1

+ cot49° + ...+ cot133°}
— {cot46° + cot48° + cot50° + ...+ cot134°}]

= cosec 1°

[all terms cancelled except cot 45° remains]

Ex. 7. The range of k for which the inequality
kcos’ x —kcosx +1=0V x € (—oo, ), is

(a)k<_71 (b k < 4

-1 1
o)—<k<4 d)-<k<5
©- ()2

Sol. (c) We have
kcos’x —kcosx +1>0V x € (—oo, o)
= k(cos’x —cosx)+1>0

2
1 1
But cos’x—cosx=|cosx—~| —=
2 4
1 2
= _ZSCOS X —cosx <2
k
.. Wehave, 2k+1>0and——+12>0
4
1
Hence, —ESkS4.

—sin20 +cos 20
2cos206

Ex. 8. If f(0) ="

, then value of

fF(11°)- f(34°) equals

1 3 1
(@) b7 © (d)1
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1—sin20 + cos20
Sol. (a) f(0) = T s
_ (cos® —sinB)” + (cos?6 — sin’0)
- 2(cosO —sinO) (cosO + sinB)
_ (cosO —sin0) + (cosO +sin0)
- 2(cosB + sinB)

_ 2cos0 B 1
- 2(cosO + sin0) "1+ tan®
o o\ — 1 l
Far). fi347) = (1+ tan11°) (1 + tan34°)
~ 1 1
T (1+tan11°) (1 + tan(d5° — 11°))
~ 1 1
_(1+tan11°)'1+ 1-tan11°
1+ tan11°
B 1 1+tan11® 1
T (+tanlr®) 2 2

EXx. 9. The variable ‘x’ satisfying the equation

‘sin X cos x‘ + \/2 +tan? x +cot? x =+/3, belongs to the

T T
(b) {3’2}

(d) Non-existent

interval

n
@3]
o[22

Sol. (d) ‘sinx cos x‘ + ‘tanx + cot x‘ =3

V3

= ‘sinxcosx‘+.7=
‘smx cosx‘

but ‘sinx cosx‘ + ; 22
‘smx cos x‘

Hence, no solution.

Ex. 10. Leto be a real number such that0 <o <m. If
f(x) =cos x +cos(x +a) +cos(x + 20.) takes some constant
number c for any x € R, then the value of [c +a] is equal to

Note [y] denotes greatest integer less than or equal to y.

(@0 (b) 1 (c)—1 (d)2
Sol. (d) f(x)=cosx + cos(x + 20.)+ cos(x + )
=2cos(x + o) coso + cos(x + o)
=(2cosa + 1)cos(x + )
As cos(x + o) can take any real value from — 1to 1, Vx € R

f(x)1is constant, so (2coso. + 1) = 0 must hold.

27
= oa=—andc=0
3

2m |
[c+oc]—[0+3}—2

Hence,
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Ex. 11. In a AABC, if 4cos A cos B +sin2A
+5sin 2B +sin2C =4, then AABC is
(a) right angle but not isosceles
(b) isosceles but not right angled
(c) right angle isosceles
(d) obtuse angled
Sol. (c) We have, 4cos A cos B+ 4sin AsinBsinC = 4
1—cosA cosB <

= sinC=———<1
sin A cos B
= 1<sinAsinB + cos A cos B
= cos(A—-B)>1
1—cos’A
= A=BandsinC=-— 2" -1
sin” A
C =90°
and

A=B= g (each).

Ex. 12. For®,,0,,...,0 € (o,“j, if
2

[n(secB, —tanB,) +[n(secO, —tanO,) +...+
[n(secB, —tanB,) + In m =0, then the value of

cos ((secO, +tan0,) (secH, +tanb,)...... (secO, +tanB,))
is equal to
(@m{1j (b) -1
o
(c)1 (d)o

Sol. (b) In{(secO, — tan6,)(secO, — tanB,) ... (secO, — tanO,)}

o

> 0]
. (secO, — tan®,) (secO, — tan®,) ... (secO, — tan,) = z
T

()

1-sinx

n
[Note If 0 <x <=, secx —tanx =
2 Cos X

Let (secO, + tanB,) (secO, + tan®,) ...
(secB, +tanB,) = x
On multiplying Egs. (i) and (ii) we get

...(ii)

X
Y
X=T
*. cos((secO, + tan®,) (secO, + tan®,) ... (sec6, + tan®,))
=cosm=-1

Ex. 13. If A, B, C are interior angles of AABC such that
(cos A +cosB+cosC)® +(sinA+ sinB+sinC)> =9, then
number of possible triangles is

()0
()3

(b) 1
(d) infinite

Sol. (d) (X cos A’ +(ZsinA) =9
Y(cos® A +sin® A) + 2(Zcos A cos B + sin A sin B)
3+ 2% cos(A — B)<3+2(3)=09.
Equality holds if A = B=C
= AABC is equilateral = Infinite many equilateral
[Note We can vary side length of equilateral triangle]

Tc Tc T n
Ex. 14. Ifcosec — + cosec — + cosec — + cosec — +
32 16 8 4

T T .
cosec — =cot ?, then the value of k is
2

(a) 64 (b) 96 (c) 48 (d) 32

sin(G —)
Sol. (a) T, = cosec O = 672;6 -

sin— sin6 32
2

0
T, = COtE — cotO
T, = cot® — cot20
T, = cot20 — cos2°0
T, = cot2’0 — cos2°0
T, =1

0
sum =1+ COtE — cot80

0
Sum =1+ COtE — cot80

T T T T
=1+ cot— — cot— = cot— = cot— ..
64 4 64 k

5
Ex. 15. LetS = Ecos(Zr -1) T and
11

r=1

4 T
P=1] |cos| 2" = | then
e[

(a)logs P =—4
(c) cosec S > cosec P

(b) P =35
(d)tan™'P < tan™'S

5
Sol. (d) We have, Zcos(Zr - l)lﬂ:—1

r=1

T 3n 51 i o
= CcOS— + cOS— + coOS— + coS— + CcCOoS—
11 11 11 11

cosine series

51 . [ 5T
2.cos| — |.sin| —
T

2-sin— 2-sin| — 2
1
d i 81 16T
Also, Tlcos|2" — |=cos—. cos—. cOS—. COS ——
r=1 15 15 15 15




. [2m
sSin| —
15) 1

. [ 21
16-sin| — 16
15

Therefore, tan™ P < tan'S.

Ex. 16. Set of values of x lying in[0, 21] satisfying the

inequality | sin x| > 2 sin® x contains
b n n
a)|0,— V| T, — b)| 0, —
ofeeol=T) ol
n
(c) . (d) None of these

Sol. (a)|sinx | > 2sin® x
=|sin x| (2|sin x|—-1)<0

1
=0<|sin x|<—
2

T 5TT 77 117
=xe|0,=|u|=rn|lu|r, —|Uu|—, 2%
( 6) (6 J ( 6) (6 )

Ex. 17. The number of ordered pairs (x,y), when

o . . 1 sec? .
x,y €[0,10] satlsfymg(\/sm2 x—smx+j-2 Y <1is
2

(@0 (b) 16
(c) infinite (d) 12

2
SOI.(b)1sinzx—sinx+1= sinx—1 +121,Vx
2 2 2 2

andsec’ y > 1,Vy, s0 2 7 > 2. Hence, the above inequality
1
holds only for those values of x and y for which sin x = 3

and sec’ y =1
T 51 13w 177

Hence, x =—,—, —, —— and y =0, , 27, 3©. Hence,
6 6 6 6

required number of ordered pairs are 16.

Ex. 18. The least values of cosec® x + 25 sec’ x is
(@0 (b) 26
(©) 28 (d) 36
Sol. (d) cosec? x + 25sec’ x =26+ cot’ x + 25 tan® x
=26+ 10 +(cot x — 5 tan x)* =36

Ex. 19. If xsina +y sin 2a + z sin 3a = sin 4a

x sinb +y sin 2b + z sin 3b = sin 4b
x sinc +y sin 2c + z sin 3¢ = sin 4c
Then, the roots of the equation

+2 -
tg_(z)tz_(y)ﬂ_(l X):O,a,b,c;tmt, are
2 4 8
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(a) sina, sin b, sin ¢
(b) cos a,cos b, cos ¢
(c) sin 2a, sin 2b, sin 2¢
(d) cos 2a, cos 2b, cos 2c
Sol. (b) Equation first can be written as
xsina+yX2sinacosa+zxsin a3 — 4sin® a)
=2 X 2sin a cos acos 2a
=  x+2ycosa+z(3+4cos’a-—4)

=4 cos a(2 cos’ a—1) assina#0

= 8cos’a—4zcos’a—(2y+4)cosa+(z—x)=0

3 z ) y+2 zZ—Xx
= cos’a—|—|cos"a-— cosa+ =0
2 8
which shows that cos a is a root of the equation
PR () B PO [t
2 4 8

Similarly, from second and third equation we can verify
that cos b and cos care the roots of the given equation.

Ex. 20. Leto. and B be any two positive values of x for
which 2 cos x, | cos x | and1—-3 cos’ x are in GP. The

minium value of | oL + B | is

0 T
(a) 3 (b) "
(C)g (d) None of these

Sol. (d) 2 cos x, | cos x|, 1—3 cos’ x are in GP.
cos’ x =2 cos x-(1—3cos’ x)
=  6cos’ x+cos’ x—2cos x=0
2

1
cos x =0,—, ——
2 3

T T - 2 o\
x=—, 3’ cos™ (— 3) [~ o, B are positive]

If o=

Then, |a -B|=

Ex. 21. Letn be an odd integer. If sin nf = Zbr sin” 0

r=0
for all real ©, then
(@) b, =1b, =3 (b)b, =0,b,=n
(c)b,=—1b,=n (d)b,=0,b,=n*>-3n-3

Sol. (b) Given, sin nf = b, sin” = b, + b;sin 6 + b, sin” 0

r=0
+...+ b, sin" 0 ..(i)
Putting © = 0in Eq. (i), we get 0 = b,
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Again, Eq. (i) can be written as sin nf = Zbr sin” 6
r=0

n

=Ybsin 'O

sind [T

sin n®

On taking limit as & — 0, we get

lim sin n® 5,
6-0 gin O
N i sin O 0 -,
60 no sin O
= n=bh
Hence, b,=0;b, =n

Ex. 22. The minimum and maximum values of

ab sin x + by[(1—a?) cos x + ¢ (|a|<1,b >0) respectively are

(@){b—c,b+c} (b){b +c,b—c}
(¢c){c —b,b+c} (d) None of these

Sol. (¢) absin x + by/(1— a®) cos x
Now, +(ab)* +(by(1—a*))
= Ja'b* + b (1- @)
=bf@*+1-a’)=b

= bf(asin x + /(1 — a*) cos x)}

Let, a = cos o,

(1-a*) =sin
= bsin (x + a)
—1<sin(x +o) <1
o c—b<bsin(x+a)+c<b+c
sobsin(x4+0)+cefc—bc+b]
cos O
(1+cot? 0)
—2tanBcotO =-1,0€[0,21], then

T T T 3n
(@6 e (o, 2} —{4} ()6 (2, nj _ {4 }

3n 57T T T
ooe(w3)-{5] @ocan-33)

sin’ @ — cos® 0

S 3 3
Ex. 23. Ifsm 0 —cos 6_

sin® —cos O

Sol. (d) =sin’ 0 + cos’ O +sinb cos O,
sin © — cos 6
02"
4 4
=1+sin 6 cos O
and cos 0 cos 0 =sin0 cosO V 0 € (0,m)

\/(l + cot’ 0) - | cosecH |

and —2tan O cot0 =-20 ¢§

Hence, LHS =RHS
But 0 # E, S—TE, T
4 4 2
Hence, 0 €(0, ) ~ E, T
4 2

Ex. 24. Ifcos x +sin x =a [—n<x<—nj, then cos 2x
2 4

is equal to

(a)a’ (b) ay/(2 - a)
(b) ay/(2 + a) (d)ay(2 - a*)

Sol. (d) " - % <x<- % (— T<2x<— g i.e,in III quadrant}

= cos x+sinx=a
Squaring both sides cos® x + sin® x + 2 cos x sin x = a*

= sin 2x = (a* — 1)
cos 2x =4/1 —(a* — 1)°
=,/a’(2-a%)

=a(2 - a*)
Ex. 25. IfS =cos’ T 4+ cos? 2—ﬂ:+...+cosz (n _1)n, then
2 n n
S equals
n 1
b
@+ ® 2
1 n
H
() = 2) ( )2

T 21 b
Sol. (¢) S =cos® = + cos” == + ...+ cos’(n—1) —
n n n

27 4T 6T
1+cos—+1+cos— +1+ cos —
n n n

+...+1+cos2(n—1)E
n
=;{n—l+:§;cos ZI:T}
= n-1-1]=_(n-2)
Ex. 26. Ifcos50 =acos0 +bcos® 0+ ccos’ 0 +d, then

(b) b =—-130
(dya+b+c+d=1

(a)a=20
()a+b+c=2

Sol. (d) Put6 = g in the given inequality, we get d =0

Put© = 0 in the given inequality, we get
a+b+c+d=1 (1)
So, (d) is correct and (c) is not correct.



Now differentiate both sides with respect to 6, we get
—5sin0 =—asin® —3bcos” 0 sin O

—5¢ cos* 0 sin O ..(ii)

...(iii)

Put 0 =g, thena=5

Yo
Again putting 6 = n in the given expression or in (2), we

get

da+2b+c=-4
From (i), (iii) and (iv) we have b= — 20 and c= 16
[Note We have found correct answer at the second step

only however the complete solution is desired for better
understanding of the solution.]

. (iv)

Alternates Solution
cos 50 = cos(20 + 30) = cos 20 cos 30 — sin 20 sin 30
=(2cos’0 —1)(4 cos® 0 — 3 cos 0)
—(2sin O cos 0) (3sin O — 4 sin’ 0)
=8cos’0 —10cos’ 0 +3 cos O —2(1 — cos” 0)
cos 0{3 — 4(1 — cos’ 0)}
=8cos’ 0 —10cos’ 0 +3 cos O —2(cos © — cos” Q)
(4 cos?® —1)=16 cos’ @ — 20 cos® 0 + 5 cos 0.

Ex. 27. If A and B are acute positive angles satisfying the
equations 3 sin > A+2sin’ B =1and

3sin2A —2sin3B=0, then A + 2B is equal to
m T
(a) — (b) —
4 2
3m 27
c)— d)—
(c) 4 (d) 3
Sol. (b) From the given relations, we have

3 , ,
sin 2B = () sin2A and3sin® A =1—2sin® B= cos 2B
2

so that
cos(A + 2B) = cos A cos 2B — sin Asin 2B

=cosA-3sin® A — (Z) sin A sin 2A

=3cos Asin®* A —3sin® A cos A =0

A+2B="
2
[ cos’o.  cosasinol
Ex. 28. IfA= and
Lcosoc sin o sin” o
B—|— cos’p  cosPsinP]
cosBsinfB  sin’f

are two matrices such that AB is the null matrix, then
(o =p (b) cos(ae =) =0
(c)sin(at —=P)=0 (d) None of these
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Sol. (b) AB=0
N cos’ o cos o sinot cos’B  cosPsinf
| cos . sin o sin® o cosPsinfB  sin’P

B 00

Lo

N [cosot cos B cos(or —B)  cos o sin B cos(or — B):|
| cos Bsin o cos(ar —B) sin o sin B cos(a — )

Lo

= cos(ar — ) =0

Ex. 29. Ifk, =tan 270 —tan

andk, = sin 6 + sin 30 + sin 96 then,

cos30 cos90 cos 270
(a) k,=k,
(b) k, =2k,
)k, +k,=2
(d) k, = 2k,
Sol. (b) We can write

k, = tan 270 — tan 90 + tan 90 — tan 30 + tan 30 — tan O
sin 30 cos O — cos 30 sin O

But tan 30 — tan 6 =
cos 30 cos O

_ sin20

~ c0s 30 cos O
_2sin0

~ cos 30

in 9
k=2 sin 90 N
cos 270

sin 30
cos 960

+ sin O — 2%,
cos 30

Ex. 30. Ifa’ —2acos x +1=674 and tan (X) =7 then
2

the integral value of a is
(a) 25
(c) 67

(b) 49
(d) 74

1- tanz()
Sol. (a) 674 = a’* - 2a—\2) 44

1+ tan?| X
2

=a2+2ax§+l
50

= 252> +48a—673%x25=0
= (a—25)(25a +673) =0
=Y

a=25 (taking the integral value of a ).
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Ex. 31. The maximum value of (cos ., ) (cos o, ) ...

- T
(cos o, ) under the restriction0 <c,, 0. ,,...,0., <— and
2
(cota,)(cotat,)...(cotar,) =1is
1 1
a b)
(a) n ( )2"
22
(dif (d) 1
2n

Sol. (a) From the given relations we have

l"_I (cosa,)= ﬁ (sin o)
i=1 i=1

" " . " (sin20,
= I (cos® o) = I (cos @, sin at,) = H( 5 ’)
i=1 i=1 i=1

. b
Since, 0o, £— = 0520, <™
2

" 1 . . .
I (cos® 01,) < — as max. value of sin 20, is 1 for all i.
i=1 e

" 1
= IT(cos o)< —
i=1 n
1 22
. . |
So, the maximum value of the given expression is —.
22

> x cos’ x
+

Ex. 32. The value of expression

T+cosx 1—sinx

is/are

Y

(a) V2 cos[4 - x}
. Y

(c) V2 sin [4 - x:|

(b) V2 cos {Z + x}

(d) None of these

=3 3
sin” x cos” x
Sol. (a) Let - = A, then
1+cosx 1-sinx
_ (sin’® x + cos® x) + (cos x —sin” x)
(14 cos x)(1—sinx)
{(sin® x + cos’ x)}
(cos x +sin x) (cos x — sin x)
+ ; ‘
(cos® x +sin® x)
or A= -
(1+ cos x)(1—sinx)
sin x + cos x) {(1 —sin x cos x
( )(
or A + (cos x —sin x)}
1+ cos x —sin x —sinx cos x
or A =sin x + cos x

or A=+2 [\;E sin x + % cos x} (1)

T . . T
or A:\/E{cossmx+smcos x}
4 4

b
=A+2sin|—+ x
4

Again, by Eq. (i)

.. T
A=\/5|:SIH4SIHX+COSCOS x:l
4

T
=+2cos| ——x
4

Ex. 33. Let0<0 Sg and x =X cosO +Y sin0,
y =X sin® —Y cos 0 such that x* + 2xy +y* =aX* + bY?,
where a and b are constant, then

()a=-1b=-3 (b)0 =

()a=3,b=-1 (d)o =

wia N3

Sol. (o) x* +y*=X*+Y?,
xy =(X*-Y?)sin 0 - cos 0 — XY(cos® 6 —sin” 0)
X' Hdxy+y =X+ Y +2AX2-Y?)
sin 20 — 2XY cos 20
=(1+2sin20)X* + (1 - 2sin20)Y* — 2 cos 20 - XY
From the question,

a=1+2sin20,b=1-2sin 20, cos 20 =0

cos20 =0=0 = %’ then

i T
a=1+2sin — b=1-2sin —
2 2

a=3b=-1

T . n n
Ex. 34. If0 < x <~ andsin" x +cos" x 21, then
2

(@)ne€[2, ) (b)ne (-, 2]
(c)n € [-1,1] (d) None of these

. T
Sol. (b) Since, 0 < x < —
2
0<sin x<land0< cos x <1
when x =2, sin" x + cos” x =1

when n> 2, both sin” x and cos" x will decreases and hence
sin” x + cos” x < 1.

when n > 2, both sin” x and cos" x will increase and hence
sin” x + cos” x > 1.

Thus, sin” x + cos” x > 1forn < 2.



Ex. 35. Ifa =sin T sin o sin 771:, and x is the solution
18 18 18

the equationy =2[x]+2 andy =3[x — 2], where[ x]
denotes the integral part of x, then a is equal to
1
(a) [x] (b) —
[x]
(d) [xT’
Sol. (b) a=sin r sin o sin m
18 18 18
= sin 10° sin 50°sin 70°

(©)2[x]

1
= = [2sin 70° sin 10° ] sin 50°

2

1 O O H O
= 5 [cos 60° — cos 80° ] sin 50

1. ) 1 O 1 )
= " sin 50° — " (2 cos 80° sin50°)

1 1
= —sin 50° — —(sin 130° — sin30°)
4 4

zlsin500—1s1n50°+l~f=1
4 4 4 2 8
y=2[x]+2andy =3[x —2]
= 2[x]+2=3[x-2]
=3[x]+3[-2] = [x]=8
1

4=
[x]

Ex. 36. If the mapping f(x) =ax + b, a <0 and maps
[—1,1] onto([0, 2], then for all values of 6, A =cos’ 0 +sin* 0

is such that

(a) f@ SASFO) () FO)SASf(-2)
© f(;j SASFO) () f(- D<ASf(-2)
Sol. (a) Given, f(x)=ax +b
Flx)=a

Since, a < 0, f(x) is a decreasing function

f(-1)=2 and f(1)=0

= —a+b=2anda+b=0
a=—-landb=1
Thus, f(x)==—x+1
Clearly, f(0)=1,f(i)=z,f(—2)=3>
1 2
=5 f(-1=2
f(3) L -
2
Also, A:1+020526+(1—c20526)

1 1 1 1 1
=—+-c0s20 + —— = cos 20 + — cos’ 20
2 2 4 2 4
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3 1(1+cos46 7 1
=—+—| —— |=—+—-cos 40
4 4 2 8§ 8

<A<i :f(jJSASf(o)

Ex. 37. The value of cos 2% o5 2T hcos T is equal to
7 7 7

(@1 (b) -1

1 1
(b) E (c) - 5

2 4
Sol. (d) cos T4 cos| 22|+ cos on
7 7 7
moam em
=Re{e7 +e’ +e7}

2mi 4mi 6T —4mi —4mi — 6T
e’ +e’” +e’” +e 7 +e 7 +e’
2

2mi 4mi 67 —2mi —Ami —67i
—1+|1+e’” +e’ +e” +e’” +e 7 +e’

2
_ — 1+ (Sum of seven roots of unity)
- 2
_—140_ 1
2 2

Ex. 38. The number of integral value of k for which the
equation7 cos x +5 sin x =2k +1 has a solution is
(a)4 (b) 8
(c) 10 (d) 12

Sol. (b) Since, — \/a’® + b* < asin x + b cos x < +/a’ + b’
- 74S7cosx+55inx£x/ﬁ
So, - 74<2k+l<x/74
Therefore, 2k +1=%8+7,+6,..,+10
So, k=—-—4,£3+2 110, so,8 values of k.

.4 4 . 2 2
SIn° X —C0S X +SIn” XCcos™ x

Ex. 39. Ify =

B

4

sin® x +cos* x +sin? xcos? x

€ 0,E , then
2

(b)1<y<-
_y_2

(d) None of these

.4 4 a2 2
sSiIn” X —COS X +SIn” X Cos™ X

sin® x + cos* x +sin’® x cos® x

_ (sin® x — cos® x) (sin® x + cos” x) +sin’ x cos’ x

(sin® x + cos® x)* —sin® x cos® x
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1
— cos 2x + Zsin2 2x

1.,
1——sin” 2x
4

— 4 cos 2x +1— cos® 2x

4 —1+ cos®2x
_ 1—4cos2x — cos® 2x

3+ cos’ 2x

= (1+y)cos’2x+4cos2x +3y—1=0
Since cos 2x is real, we have

16— 43y —1)(1+y)>0
or 3y +2y-5<0

or By+5)(y-1)<0 = —gﬁySI

. . . T c 1.
But y = 1implies cos 2x = — 1i.e. x = — which is not
2

permissible.

Ex. 40. The distance between the two parallel lines is 1
unit. A pont ‘A’ is chosen to lie between the lines at a
distance d’ from one of them. Triangle ABC is equilateral
with B on one line and C on the other parallel line. The
length of the side of the equilateral triangle is

2 —
(@2J#+d+1 by 2,/ =dH1
() 24/d* —d +1 (d)yd* —d+1
Sol. (b) From, figure
x cos(B0 +30°)=d (1)
and xsin®=1-d .(ii)

1+d
1-d

value of cot 0, we get

Dividing V3 cot = squaring Eq. (ii) and putting the

x* = %(4d2 —4d + 4)

B Ly
1o 8
X
AK) 30°+6
d Ly
A\
60°+6

Ex. 41. Ifa sin x + b cos(x +0) + bcos(x —0) =d, then
the minimum value of | cos 0| is equal to

@—— Jd& - b)—— & - &

2[b| 2]al

©— & —a

2[d|

(d) None of these

Sol. (a) asin x + b cos(x +0) + b cos(x —0) =d
= asin x +2b-cos x-cos0 =d

= |d|<4a® + 4b* - cos’ 0

2 _ 2 dz_ 2
d za <cos’0 = |c0s9|27a
4b 20|

Ex. 42. The set of values of € R such that
tan’ 0 + secO = A holds for some© is

(@) (=0, 1] (b) (= o=, = 1]

(¢ (d) [1,%0)
Sol. (d) " tan’ 0 +sec0 = A
= sec’0 +secO—1—-A=0
1+
e = 1_«/;47»+5)

. 5
for real sec 0, 4N +5>0 1.e,?»2—1

But we know that
secO < —1landsecO >1

—1i1/(4}u+5)s_1 and —1i1/(4k+5)21
2

2

=  —1-.J(4A+5)<—2and—1+ (41 +5) =2
= J(4X +5) = 1and /(4L +5) =3
= Jah+52>3

or 4N +5>29 or A>1
S AE L, )

Ex. 43. Foro < ¢, g, ifx= Zcosz” oy= Zsinz" ¢ and
n=20 n=0

z =Y cos” ¢sin™ ¢, then

n=0

(@ xyz=xz+y (b) xyz=xy +y

() xyz=x+y+z (d)xyz=yz+ x

Sol. (¢) We have,

x= Zcosz" 0=1+cos’ ¢+ cos* ¢ +...

n=0

_ 1 1
1-cos’ ¢ sin® ¢
1 1

Similarly, y=

1-sin® ¢  cos’ (0]

1

1—sin” ¢ cos” x
1 X
T ”
1—2.2 -l
xy
= Xyz =xy +z



Ex. 44. Ificosot +ZsinOL=1,icosB+X
a b a b
cosoczcosB_l_ 5'”0;25”‘6 _0, then
a
2 2 2
(a) tan o tanﬁ=%
a(y“+5b%)

(b) x* +y*=a’ +b*

2
a

(c)tano tan P = e

(c) None of the above

Sol. (b) X cos o+ )I; sin o =1 ..(I)

a

icosB+XsinB=l
a b

cos o - cos 3 +smocos1n[3 ~o
a b*
From Egs. (i) and (ii), we get
sin o0 — sin 3

sin(al — )
and _ cos p — cos o
sin(at — )
Now, x*+y" = a’(sin o, —sin B)* + b*(cos B — cos o )?

Chap 01

=a’ +b* +

=a’+b* +

sinf=1and
Thus,
Now,
=
..(it) =
...(iii) -

Trigonometric Functions and Identities

2a’ sin o sin P cos(cot — B)
+ 2b* cos o cos B cos(or — BB)
sin*(ot — B)
2a’b* cos(ot — B)
sin’ (o — )
sino sinf3  cos o cos 3
[ b " a

} [from Eq. (iii)]

=a+b*+0=a"+ b’

x*+yt=a+0b°
xX*+y'=a+b
xz _az =_(y2_b2)
x* - a
y2_b2
b'(x*=a") _ b
a2(y2_b2) a2

=tan o tan

=-1

Ex. 45. Ifo, B, y are acute angles and cos 6 = sin f/sin o,
cos O =sin y/sin o and cos(0 — ¢) = sin 3 sin Y, then the
value of tan® oL — tan® B —tan” vy is equal to

(a)—1
(o)1

sin®(o0 — B)

(b)0
(d) 2

Sol. (b) From the third relation we get

a’(sin” o sin® B) + b*(cos® o + cos’ fB)

_ —2a’*sina sin B + b* cos o cos ) =
sin*(o — B)
2, . 2 . 2 2 2 2 =
_a’(sin” o +sin” B) + b*(cos” o + cos” B)
sin’(a0 — B)
[from Eq. (iii)]
a*{sin® o +sin® B —sin® (o — B)}
=
eyt b*{cos® o + czos2 B —sin’*(a — B)}
sin“(o0 — )
1 =
=a'+b +——
sin’(at — P)
[ (sin® o +sin® B —sin® o cos* B |
a’| — cos® o sin’® B + 2 sin o sin 8
cos o, cos and
cos’ (1 —sin® PB)
2 .2 =
L peltcos B(1—sin® o)
+ 2sin o sin P sin o
[sin [ cos o cos B J
=

cos 0 cos ¢ +sin O sin ¢ = sin 3 sin y
sin® 0 sin® ¢ = (cos O cos ¢ — sin B sin )

.2 .2
sin sin
sin® o sin’ o
2
= 7sm.stmy —sin B sin ¥y
sin’ o

(sin® ot —sin® B) (sin’® o1 — sin” y)
=sin* B sin® y (1 - sin® at)®
sin*o(1 —sin® B sin® )
—sin*oysin® B + sin® y — 2sin’® B sin® y) =0
sin’ B +sin’ y — 2sin” B sin® y
1—sin’ B sin® y

sin® o =

1—sin’ B —sin® y +sin® B sin® y

[from Eq. (iii)]

cos’a = —
1—sin” B sin’ y

sin® B —sin® Bsin’ y +sin” y —sin® B sin® ¥

tan® o = - — —
cos’ —sin® y (1 —sin” )

_sin® B cos® ¥ + cos® Bsin® ¥

cos’ B cos’ ¥
=tan’ B + tan’ y

tan’o — tan® B — tan® y =0
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Ex. 46. If/2 cos A =cos B +cos’ B, and
/2 sin A =sin B —sin® B then sin(A - B) =

1
a)t1 b) £ —
(a) (b) 5
1 1
- dy+—
(c) 3 (d) "
Sol. (¢) /2 cos A = cos B + cos* B (1)
and /2 sin A=sin B— sin® B ..(i1)

= ~/2sin A cos B— /2 cos A sin B
= (sin B —sin’ B) cos B —(cos B + cos® B)sin B

= —sin B cos B

= sin(A -B) = -t sin 2B

22
Now squaring and adding Eqs. (i) and (ii), we get
2=cos’ B+sin’B + cos® B+sin’B
+ 2(cos* B —sin* B)
=  1=(cos’ A +sin*A)’ — 3 cos® A sin’
A(cos® A +sin? A) + 2 cos 2B

3
= 1=1—(4jsin2 2B + 2 cos 2B

—3sin’ 2B+ 8 cos 2B=0

=
= 3cos’2B+8cos2B—3=0
1
= cos 2B =—
3
2~/2
= sin23=ii
3
1

sin(fA —B) =%+ —
( ) 3

Ex. 47. If x, and x, are two distinct roots of the equation

. X, +x, .
acos x + b sin x =c, then tan ~———2 is equal to
2

a b
(3) E (b) ;
< ()=
a C

Sol. (b) acos x + bsin x =¢

a (1 - tan’ x] 2b tan
2 + 2

= =cC
2 X 2 X
1+ tan” — 1+ tan” —
2 2
x x
= (c+a)tan® = —2btan —+c—a=0
2 2
X, X, 2b
= tan — + tan — = 3
2 c+a

X, X, c—a
tan —-tan — = ——
2 2 cta
xl xZ
Y 4+ x tan — + tan —
Thus, tan( 1 2)= 2
x x
2 1-tan ~* tan =%
2
2b
c+a b*

- a
1- c a
cta

Ex. 48. The minimum value of the function

sin x Cos X
) =2y €N
\/1 —cos” x \/1 —sec” x
tan x cot x .. X .
+ + whenever it is defined is
\/sec2 x—1 \/cosec2 x—1
(a) 4 (b)—2
(c)0 (d)2
Sol. (b) f(x) = sin x' cos x{
\/l—cosz x \/l—sin‘ x
tan x cot x
\/sec2 x—1 \/cosec2 x -1
_ sin x CcoS X tan x cot x
|sin x| |cosx| |tan x| |cot x|

4, x € 1st quadrant
— 2, x € 2nd quadrant

- 0, x € 3rd quadrant
— 2, x € 4th quadrant

F() i = —2
Ex. 49. Ifo <o < %, then o(cosec o) is

(a) less than g (b) greater than g

(c) less than g (d) greater than g

Sol. (c) In the graph of y =sin x. Let
A = (0, sin o), B= (”, sin ”]
6 6

y




Clearly, slope of OA > slope of OB, so

. sin —
sinou 6 3 o L4
—_—S—— s < —,

o T sinot 3

Ex. 50. In which one of the following intervals the
inequality sin x <cos x < tan x <cot x can hold good?

(@) (7:" 2n) (b) (3:‘ nj
5n 3w T
(%3] o3)

JEE Type Solved Examples :
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Sol. (d) In the second quadrant, sin x < cos x is false, as sin x
is positive and cos x is negative.

In the fourth quadrant, cos x < tan x is false, as cos x is
positive and tan x is negative.

. . 5T 3m).
In the third quadrant, i.e. (4, 2) if tan x < cot x then
tan® x <1, which is false.
. . . Y .
Now, sin x < cos x is true in (0, 4) and tan x < cot x is

also true.
(sin x)

(cos x)

Further, cos x < tan x, as tan x = and cos x < 1.

More than One Correct Option Type Questions

Ex. 51. If x€ (0, 1) and cos x + sin x = l, then tan x is
2

equal to

4-47 4447
() — (b)—

C)—(4+ﬁ) (d)—4+ﬁ

( 3 3

1
Sol. (cd) Given, cosx +sinx = 5

1
= 1+sin2x =—
4
. 3
sin2x = —— = 2xe(m2m)
4
T
= xe(z,n] = tanx <0
2t

3
——=-= = 8t=-3-3t
1+t 4

= 3t° +8t +3=0, wheret = tan x

_ —8%./64-36

- >

23
t:—si\@;
23
tz—(4+ﬁ)
3
—4447

or
3

Ex. 52. The value of the expression

L 2n 4T 3n .
tan— + 2 tan— + 4 tan — +8cot — is equal to
7 7 7 7

2T 2T T T
(a) cosec — + cot— (b) tan— — cot—
7 7 14
. 2T T 21T
smT 1+cos7+c057
) —F— d
© 21 @ . T .21
1— cos— sin— + sin—
7 7 7

T 27 4m 8T i
Sol. (a,cd) tan; + 2tan7 + 4tan7 + 8cot7 = cot;

T
[tan® + 2tan20 + 4tan 460 + 8cot80 = cot® when6 = ;]

1+ cot20 b
(a) cosec 20 + cot20 = ST _ oth = cot
sin20 7
T
(where, 6 = —)
7
b i i
(b) tan— — cot— = — 2cot—
7
. 21 . T i
sin— 2sin — cos —
(c) 7= 7 7 = cot—
2n ,
1- 0057 2sin” —

TE TE
2cos’ = + cos—
7 7

27 T
(1 + cos7J + cos;
(d) =

. T T . T
2sin— cos— + sin— Zsinﬁ COSE+1
7 7 7 7 7

T
= cot—
7
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Ex. 53. Two parallel chords are drawn on the same side
of the centre of a circle of radius R. It is found that they
subtend and angle of © and 20 at the centre of the circle. The
perpendicular distance between the chords is

(a) 2R sinﬁ sin9
2 2

(b)(1— cose)£1+ ZCOSBJR
2 2

(c)(1+ coseJ(1— 2cose]R
2 2

(d) 2R sinﬁ sin9
4 4

Sol. (b,d) OM =p, =R cos%

ON = p, = Rcos0 0
9 R

MN=p —p,=R COSE—COSG g1 @

2
A B
N
= RZSinﬁsinQ (d)
4 4 c M b

. 0 .
Again convert cos0 = 2 cos’ P 1 and factorise, we get

= R(1-cos 0/2)° (1+2cos 0/2)

Ex. 54. If 2x and 2y are complementary angles and

tan(x + 2y) =2, then which of the following is(are) correct ?
(@) sin(x + y) =% (b) tan(x — y) =%
(c) cotx + coty =5 (d) tanx tany =6

Sol. (b,c) We have, 2x +2y = g

= 3€+y—E:>sin(x+y)—i
1 N7
i
Also,y=|——- x|
T
So, tan(x+2y)=tan(x+2—2x)
4
=tan| —— x |=cotx
1
2=cotx = tanx=§
Similarly, x= (2 — yj
1+t
So,  tan(x +2y)=tan E+y —_rany
4 1-tany
1+t
= g 1rtany tany:l
1—-tany 3
coty=3

tanx — tany

1
-_ 2
1+ tanx tany 1+(

Also, tan(x — y) —

Now, verify alternatives.

Ex. 55. If2cos6 + 24/2 =3sec, wheref € (0, 2m), then
which of the following can be correct?

(a) cosO = % (b) tanB =1

1
V2
Sol. (abcd) 2cos0 + 24/2 = 3secd

2cos’0 + 2\/5 cosO —3=0

_ 22432 _ 224442
4

(c) sin® = - (d) coth = -1

0s0
4

1 3
cos® = — or cos® = — — (rejected)
i i
9=Eor7—n = sinez—i;
1 G

cotO =—1; tanB =1

Ex. 56. The value of x in(0, Tt/ 2) satisfying the equation,

sin x COS X
T 5T
a) — b) —
( )12 (b) 12
77 11T
(c) — (d) —
24 36
3-1 3+1
Sol. (a,d) \f + I =2
Z\ﬁsinx Z\Ecosx
. T T . .
sin — cos x + cos Esm X =sin 2x
. . T
sin 2x =sin | X + —
b
2x =x+—
12
i
or 2X =T —x ——
12
b
X =—
12
111
or 3x = —
12
b 117
X -



Ex. 57. Which of the following statements are always
correct? (where, Q denotes the set of rationals)
(a) cos20 € Q and sin20 € Q = tanB € Q (if defined)
(b) tan® € Q = sin26, cos 20 and tan20 € Q (if defined)
(c) If sinB € Q and cos® € Q = tan30 € Q (if defined)
(d)If sin6 e Q = cos360€Q

Sol. (a,b,c)

(a) tan = ﬂ = (a) is correct

sin20
_ 2

(b) sin2p = 210 09 =17 fan O,

1+ tan"0 1+ tan"0
tan20 = Ln? = (b) is correct

1-tan"0
sin30

(c) tan30 = = (c) is correct
cos30

(d) sinB = 3lwhich is rational but

c0s30 = cos0(4 cos’0 — 3) which is irrational = (d) is

incorrect.

Ex. 58. In AABC, tanB +tanC =5 and tan A tan C =3,
then
(a) AABC is an acute angled triangle
(b) AABC is an obtuse angled triangle
(c) sum of all possible values of tan A is 10

(d) sum of all possible values of tan A is 9

Sol. (a,c) tan A + tan B + tanC = tan A tan B tanC

= tan A +5=3tan B

= 5+ tan A =3(5—tanC)

= 5+ tan A =15— ?
tan A

=  tan’A - 10tanA +9=0

= tanA =1ortanA =9

14 1
= tan B and tan C are 2, 3 or ? g, respectively

= AABC is always on acute angled triangle and sum of all
possible values of tan A is 10.

Ex. §9. (m+2)sin®+(2m—1)cos0=2m+1, if

(2)tan© = % (b) tan0 = g
2m 2m
(c) tan® = =) (d)tan® = )

Sol. (b, ¢) The given relation can be written as
(m+2)tan® +(2m —1)=(2m + 1) sec O
=(m+2)° tan’ 0 +2(m +2)(2m — 1) tan 0 + 2m — 1)°
=(2m +1)* (1 + tan® 0)
=[(m+2")-2m+1)*]tan’ 0 +2(m +2) tan 0 + (2m — 1)°
-@2m+1)7°=0

Chap 01 Trigonometric Functions and Identities

=3(1-m?)tan’0 +(4m* + 6m —4)tan © —8m =0
= (3tan® — 4)[(1—m)* tan O +2m]=0

2m
(m* —1)

4
which is true if tan 6 = g ortan O =

Ex. 60. If x cos o +y sina = x cos B

+y sinf=2a (0 <0£,B<;E), then

4ax
(@) cos o +cos B = ———
x*+y
4d — V2
(b) cos o cos B z%
X"ty
4
(c)sina +sinf = Zayz
x*+y
4d° — x°
(d) sino sin6=%
x*+y

Sol. (a, b, ¢, d) We find out the given relations that o. and §
are the roots of the equation

x cos O + ysin® =2a

= (x cos O — 2a)* =(— y sin 0)°
=  x’cos’0 — 4ax cos 0 + 4d°

=y’ sin’® 0 = y*(1 — cos’ 0)
= (¥’ +y°)cos’0 —4dax cos O +4a’ -y’ =0

which, being quadratic in cos 6, has two roots cos o and
cos P, such that

4ax

cos 0L + cos B = ———
x'+y

4a’ - y*
and cos o (:05[3:27)/2
X"ty

Similarly, we can write (1) as a quadratic in sin 0, giving
two values sin o and sin {3, such that

. . 4a
sin o +sin f = — yz
x+y
. ) 4a” - x*
and sin o sin B = ————.
x"+y

Ex. 61. Lety =sin® x +cos® x. Then, for all real x

(a) the maximum value of y is 2
(b) the minimum value of y is %
(y <1

1
dyy>—
(d)y .

Sol. (b, o) y=cos' x —cos’ x +1

, 1) 3
=|cos" x——| +—
2) 4

65
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2
3 . . 1) .
Y e = " and y is maximum when (cos2 x = 2] is then
maximum

N
max 4

4

Ex. 62. If in AABC, tan A + tan B+ tan C =6 and
tan A tan B =2, thensin® A:sin’ B:sin’ C is

(a)8:9:5 (b)8:5:9
(c)5:9:5 (d)5:8:5
Sol. (b, ¢) tanA + tan B+ tanC =6 (1)
=tan Atan Btan C =6
2tan C =6
tan C =3
SinC = tan’C 9 9

1+tan’C 1+9 10
From Eq. (i), tan A + tan B=3and tan A tanB=2

tan A — tan B
=t \/{(tan A + tan B)’ — 4 tan A tan B)}
=x1
we get, tan A=2 1 and tan B=1, 2
4 1 4
sin A=—"—, and sin® B=——, ——
1+4 1+1 141 1+4
. 8 5 . 5 8
= sinA=—, ~andsin’B=—, —
10 10 10 10

sin® A:sin’B:sin®C=8:5:9 or 5:8:9

Ex. 63. If0 <x,y <180° and sin(x —y) =cos(x +y) = %,
then the values of x and'y are given by

(a) x =45°%y =15° (b) x = 45° y =135°
(c) x =165° y =15° (d) x =165° y =135°

Sol. (a, d) sin(x — y) =% = x —y=30° or 150° (1)

1
and cos(x +1)= 5 = x+y=60°0r300°(2)

Since x and y lie between 0° and 180°, (1) and (2) are
simultaneously true when x = 45°, y = 15°, or x = 165°,
y=135° But, for the values given by (b) or (c), (1) and (2) do
not hold simultaneously.

Ex. 64. Ifsino. + sin =1 cos o cos 3 =m and

tan (ocj tan (Bj =n(#1), then
2 2

(a) cos(ct — B) = ’*”’%
(b) cos(a +B) = #
m°+1

1+n _ +m’

1—-n 2n

(©)

(d)or +B=§if1=m

Sol. (a, b, ¢, d) Now, [* =sin® o +sin’ B + 2sin o sin B and
m’® = cos’ ot + cos® P + 2 cos o cos
2cos(o —B) =1+ m* -2 (by adding)
= 2 cos20. +cos2fB) =m® - I (by subtracting)
= 2cos(a +B) cos(cr —PB) +2cos(ot +B)=m* - I*
m? =1
m* + 1%

= cos(aL+ fB) =

Ex. 65. Let f(x)=ab sin x + b\J/1—a’ cos x + ¢, where
|a|<1,b>0then

(a) maximum value of f(x)ifbisc =0

(b) difference of maximum and minimum values of f(x)is
2b

() f(x)=cifx=-cos'a
(d) f(x)=cifx=cos'a

Sol. (a, b, o) f(x)=absin x + b\]1 — a® cos x + ¢, where
la|<1,b<0

f(x)=4/a’b’ + b> — ba’ sin(x + o) + ¢
by1-a* 1-d
ab a
ab

by1-a’

= bsin(x +) + ¢, where tano =
=b cos(x — Q) + ¢, where tan o =

a
J1-4a°
Sy = f ()i =c +b—(c =b)=2b
f(x)=cifx+0a=0
or X=—0 or x=—cos 'a

Ex. 66. If(x —a)cos® +y sin0

=(x—a)cos O+ysind=a andtan(gj—tan(i))=2b,

then

(@)y? = 2ax — (1 b*)x* (b)tan%=i(y+bx)
X

(y’=2bx-(1-a’)x* (d) tangzl(y—bx)
2 X

Sol. (a, b) Let, tan (2) = o and tan (i’j =P, so thato. — = 2b.

Also,



2 tan (9) ,
And sin O = 29 —— s
1+ tan’ (2) I+a

1-p? 2B
1+p° 1+p°

Therefore, we have from the given relations

(x—a)l_a2+y 2 =a
1+0° 1+0°

= x0 =20 +2a— x =0
BP-2p+2a=0
We see that o and 3 are roots of the equation

Similarly, cos ¢ =

and sin ¢ =

Similarly

xz° —2yz+2a—x=0,

So that oc+B=2—yandocB=M.
x

x

Now, from (o + ) =(ot — B)* + 40 , we get

= [zy) —(2b) + 22a=%)
x x

= y* =2ax — (1 - b*)x*

JEE Type Solved Examples :
Statement | and Il Type Questions

Ex. 68. Statement I tan 50 — tan 30 —tan 20
= tan 50 tan 30 tan 26.
Statement Il x=y + ~
—=tanx —tany —tan z=tan x tany tan z
(@) A (b)B
(e C (d)D
Sol. (a) 50 =30 + 20
tan 30 + tan 20
1 — tan 30 tan 20
= tan 50 — tan 50 tan 30 tan 20 = tan 30 + tan 20
= tan 50 — tan 30 — tan 20 = tan 50 tan 30 tan 20

= tan 50 = tan(30 +20) =

Ex. 69. Statement | The maximum value of

sin® +cos 0 is 2.
Statement Il The maximum value of sin 0 is 1 and that of
cos 0 isalso 1.

(@) A (b) B

(©C (d)D
Sol. (d) "~ — V2 <sin @ + cos © <42

. Maximum value of sin 8 + cos 0 is /2

But maximum value of sin 0 is 1 and that of cos 0 is also 1
which is always true.
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Also, fromo +f = 24 and o — 3 = 2b, we get
x

a=2+band p=2-b
X X

1
= tan — = —(y + bx)
x

and tan — = l(y - bx)
x

Ex. 67. Ifcos( — ) +cos(y —a) + cos(o. — ) = — % then

(b) Zsinot =0
(d) Z(cos o + sino) =0
Sol. (a, b, d) The given expression can be written as
2 [cos B cos ¥ + cos ¥ cos o + cos a cos 3]
+ 2 [sin B sin ¥ + sin y sin o + sin & sin 3]
+ (sin® o + cos® o) + (sin® B + cos® PB)
+ (sin® ¥ +cos’ y) =0

(a)Zcosa =0
(c)Zcosa sina =0

= (cos o + cos B + cos y)> + (sin o +sin B +sin 7)* =0
= Ycosou =0and Zsino =0
= 2 (cosa +sina)=0

Ex. 70. Statement 1 Ifa, b, c € R and not all equal, then
(bc + ca + ab)
(@> +b* +c?)
Statement Il secO <—1andsecO =1
(@) A (b) B
(©C (d)D
Sol. (d)a*+b*+c* —ab—bc —ca

secO =

_ é (a—b) +(b—c) +(c —a)}>0

= a’+b*+c’>ab+bc+ca
ab + bc + ca

o i !
a +b +c

= sec 0 < 1, which is false.

Ex. 71. Statement | IT (1+sec2’ 0) =tan 2"0 cot 0
r=1

Statement Il 121 cos(2" ™! e)zw
o 2" sin0

() A (b) B

(c)C (d) D
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n 1 (1+cos2 0)
Sol. (a) - l:[ (1+sec2 0) = r=t

IT cos2 6
r=1
12 cos’ (27'0)
_r=1

0s(2'0)

Ilc
r=1

2" - T1 cos(2"7'0) TI cos(2"~' 0)
r=1 r=1

cos(2'0) li cos(27'0)

cos 0
2" -sin(2'0)
2" sin O
cos (2"0)
=tan(2"0) - cot O

cos O

Ex. 72. Statement I cos 36° > sin 36°

Statement Il cos 36° > tan 36°
(a) A (b) B
(C (d)D

Sol. (b) Since, cos 0 >sin B for 056 < %

So, Statement I is true.

Now, cos 36° > tan 36°
= cos 36° > sin 36°
cos 36°
= cos’ 36° > sin 36°
= 1+ cos 72° > 25in36° = 2sin(30° + 6°)

= 1+ 25in 9° cos 9° > cos 6° + 2 cos 30° sin6°
which is true

2T
Ex. 73. Statement I cos® o + cos’ (OL + )
3

3 4T
+cos | Ol +—
[ 3)
( 27:) ( 4n)
=3cos0 cos| O +— |cos| Ol +—
3 3

Statement Il Ifa+b+c=0&a’ +b° +c’ =3abc

(@A (b) B
(C (d) D
Sol. (a) "~ cos o + cos [Oc + 2::) + cos (OC + 4:]

T
= cos o + 2 cos(at + Tr) cos 3

1
= cos o +(— 2 cos o) ()=0
2

3 3 21 3 4T
S.cos oL +cos| oL+ — |+ cos|OL+—
3 3

27 4T

=3cosucos(x+? cosoc+?

Ex. 74. Statement | sin2>sin3
T . .
Statement Il Ifx,y € (, TE), x <y, then sin x > siny
2

Sol. (a) y-axis

SiN 2|rrrmmr

SiN 3f-/f-mmmmeeepemnerpenes

Ex. 75. Leta, B,y > 0 andol +B+v=g

al

1
tanoctanB—z b

Statement | tanPtany — ;

+

c!

+|tany tano — —
3

<0, wheren!= 1.2 ... n, then tanc tan3,

tan  tan vy, tan ¥ tan o are in AP.
Statement Il tan o, tan B+ tan P tan y + tany tan ot =1

Sol. (d) Statement Il ot + 3 = g -y

tano +tan B 1

1—tan0ctanB_tanY

= Stano tan =1

.. Statement II is true.

a!
Statement I tan o tan § = —,

!
tanf tan y = ?

c!

and tan o tanf = ?
! b! !
a et
6 2 3
= al=1bl=1c!=1

= tan o tanf, tan y tan o and tan 3 tany are not in AP.
.. Statement I is false.

Hence, (d) is the correct answer.

Ex. 76. Statement | The triangle so obtained is an equi-
lateral triangle.

Statement Il If roots of the equation be tan A, tan B and
tanC, thentan A+ tanB+tan C = 3\@



Sol. (b) tan A + tan B+ tan C = 343
and tanA tanBtanC =3
tan A + tan B+ tanC
#tan Atan BtanC
= triangle does not exists.

Ex. 77. Let us define the function f(x)=x* + x +1

Statement | The equation sin x= f(x) has no solution.

Statement Il The curvey =sin x andy = f(x) do not inter-
sect each other when graph is observed.

Sol. (a) Let y=sin xand y = x* + x + 1

JEE Type Solved Examples :
Passage Based Questions

Passage I
(Ex. Nos. 78 to 80)
Consider, f(x)=(x +2a)(x +a—4)(a€R),
g(x)=k(x* + x) + 3k + x(k € R) and
h(x)=(1—sin0)x* +2(1 —sinB)x — 3sin0

(96R—Mn+ngmelj

Ex. 78. If f(x) <0 for—1< x <1, then a’ satisfies
1 1 1
—<a<3 b)——<a<—

(a)2 a (b) S <A<y

(©)-3<a<—_ d)-3<a<

2 2

Sol. (a) Given, f(x)=(x +2a)(x+a—4)
=x*+Ba—4)x+2a(a—4).

.

fkn<?
n 0

f(1)<0

1
On solving, we get 5 <a<3

Ex. 79. If g(x) > — 3 for all real x, then the values of k

are given by

(a)—1<l<<1l_i (b)— 1<k <0

1 1
A)0<k<— d) k< —
() 0 (d) 0

Sol. (d) g(x)=k(x*+x)+3k+x>-3V x
=  k(x*+x)+3k+x+3>0V x
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Y

\/

y'

w

~

<_l,
2
XI

2
1 3
Since,—lSsinxSlandyz(x+2) +Z

It is clear from the graph that no two curves intersect each
other.

or kx* +(k+1)x+GBk+3)>0V x

k>0
n
D<0
Here, D = (k +1)° — 4k.3(k +1) <0
= kK*+2k+1-12k* —12<0
= 11k* +10k —=1>0
= (k +1)(11k —1)>0
= k<-1 or k>l
11
1
= k>— (- k>0)
11

Ex. 80. If the quadratic equation h(x) =0 has both roots
complex, then © belongs to
3n
b)| 0, —
w0 7]

T 7T 71 1171
© (6’ 6) @ (G’J

Sol. (d) Given, (1 —sin0)x? + 2(1 — sin0)x — 3sin® = 0 has both
roots complex, then D <0
(1—-s5inB) (1 +2sinB) <0
(sin® — 1)(2sin® + 1) >0

N
(-) venumber
= 2sin® +1<0
1
sinf < — —
2
7 1171
= Oe| —,—
6 6
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Passage II
(Ex. Nos. 81 to 83)
Let £(0) =sin0 — cos’® — 1, where® € R and m < f(0) < M.

Ex. 81. Let N denotes the number of solution of the
equation f(0) =0 in[0, 41] then the value of

Iogm (N) + log\/; (N]-I-J is equal to

1
() 5 (b) 1
=1
(c) Py (d)-1

Sol. (¢) f(0)=sin0O — (1 —sin’0) — 1
=sin’0 +sin — 2

2
1 1
=|sin@+-| —-2-—
2 4
1y 9
=|sin@ +-| ——
2 4

9 9
0) =0—-—-=——
F(0)in i
-9
= m=—
4
1Y 9 9 9
0),., . =|1+-| —===-2=0
O =[101] 222
= M=0
-9
Hence,m=T,M=O
Now, f(08)=0
= (sin® +2)(sin® —1) =0
= sinf =1
= 9=Eand5—1E
2 2

Hence, N = 2, i.e. number of solution s of sin® = 1in [0, 47].

=1 N ooy [2
= o8 | 7 = 0B 5
2 -1
=log, |- |=—
gz(s) 2

Ex. 82. The value of (4m +13) is equal to

(20 (b) 4
(c)5 (d)6

Sol. (b)) Asm= _79, so(4m+13)=4

Ex. 83. Sum of all values of x satisfying the equation

1 \/1 \/1 .
Xx= |— 4 |—F | oo, is
\/m m| \|m|

1 2
(a) - (b) -
3 3
3 4
c)— d) —
()3 ()3
4 4 4
Sol. (d)x= +\/+\/ ............... oo
\/9 9 9
4
= X=.,—+x
9
, 4
= x"=—+x
9
9x* =4 +9x
= 9x* —9x—4=0
= 9x* —12x +3x—-4=0
= (Bx—-4)3x+1)=0

4 -1
x = —and x = — (rejected)
3 3

Passage III
(Ex. Nos. 84 to 88)

The method of eliminating ‘0’ from two given equations
involving trigonometrical functions of ‘0’. By using given
equations involving 0’ and trigonometrical identities, we shall
obtain an equation not involving 9’.

On the basis of above information answer the following
questions.

Ex. 84. If x sin® 6 +y cos’ 6 =sin 6 cos 6 and
x sin® —y cos B =0 then (x, y) lie one

(a) a circle (b) a parabola
(c) an ellipse (d) a hyperbola
Sol. (a) We have, xsin® 0 + y cos’ 0 =sin 0 cos 0 (1)
and xsin® —ycosO =0 ...(ii)
From Eq. (ii), tan 6 = Y
x
9
N y
&

X

Y
V(x* +y%)

sin O = and cos O =

X
V(x* +y%)



3 3

From Eq., (i)x><y73+y><xi3
(x* +y°) (x* +y°)
— Xy
(x*+y°)
2 2 1
or (x +y)3= 21 — = (x"+y)=1
(xz+y2)§ (x"+y°)
or x* + y* = 1which is a circle
Ex. 85. | 4 (i)
fa cos 9 b sin©
and -2 - by =a’ —b’, then(x,y) lie on
cos® sin®
(a) a circle (b) a parabola

(c) an ellipse (d) a hyperbola

X y i
Sol. (d) = S
© acos® bsin6 v
nd ax__ by _ o g (i)
cos® sinH
From Eq. (i), tan 6 = &
bx
(2
N
2
12 ay
©r
bx
From Eq. (ii),
ax _ by =(a’ - b%)
bx ay
N o
= (@ — b))\ b*x‘+ay)=ab(az-bz)
- b*x? + a’y? = a’b?
2 2
% + }b% =1 which is an ellipse.

Ex. 86. Iftan6 + sin® =mand tan ® — sin 6 =n, then
(mZ _n2)2

(a) 4mn (b) 4mn
(c) 164/mn (d) 16mn

Sol. (d)*m+n=2tan 0, m —n =2sin 0 ...(1)

and  mn=tan’0 —sin’ O =sin’ O(sec’ 0 — 1)
=sin’0 tan’0

(m=n\{(m+nY

1) %5)

(m* = n*) =16 mn

[from Eq. (i)]

xcos@_l_ysinﬁ
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Ex. 87. Ifsin0 +cos® =a andsin’ 0 +cos’ 0 =b, then
we get ha’+ub +va =0 when A, W, v are independent of 6,
then the value of X’ + > +v7 is

(a)—6 (b)—18 (c)— (d)—98
Sol. (b) sin® + cos0 =a (1)
sin® 0 + cos’ 0 =b ...(ii)
From Eq. (i),
sin”® 0 + cos’ 0 + 2sin 0 cos O = a
or sin O cos O = azz— ! ..(iii)

From Eq. (ii),
(sin © + cos 0)’ +3sin O cos O(sin O + cos 0) = b

2_
= aa—g(%l)azb

= 20> —3a° +3a=2b = a’ +2b—-3a=0

[from Egs. (i) and (iii)]

On comparing, we get
A=Lu=2v=-3
A+u+v=0
A+t +v’ =30v=3(1)(2)(-3)=—

Ex. 88. After eliminating ©’ from equations

=land x sin® —y cos 6
a

=\/(a2 sin” 0 + b* cos’ 0, we get

@x*+y =a’ +b’ (b)—+y—2—1
a b
XZ yZ
c + =1 (d)x*>+y’=(a+b)
© arn Tharp WXty =th)
Sol. (¢) -.-L(’Se+$=1...(i)

and xsin® —y cos 0 = \/(az2 sin? 0 + b cos® 0 ...(ii)
Squaring Eq. (i), we get
2 2
x—z cos’ 0 +y—zsin2 9+2ﬂsin9 cos 0
a b a

=1=sin"0 + cos’ 0

2 2
or (xz—lj cos’ 0 +(y,—l} sin® 0
a b*

+ 2y sin © cos 6 =0 ...(iii)
ab
and squaring Eq. (ii), we get
x’sin? B+ y° cos® B — 2xy sin 6 cos O
=a’sin’ 0 + b* cos® 0

(x* —a®)sin® 0 +(y* — b*) cos’ 0 — 2xy sin O cos O =0

- Vb
= sin®0 +| =——— | cos* 0
ab ab
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_ sin® cos 6 =0 (iv)

ab
Adding Egs. (iii) and (iv), we get

x*—a®|(sin*0 cos’0O yi=b°
+ +
a b a b

JEE Type Solved Examples :
Matching Type Questions

Ex. 89. Match the statement of Column | with values of
Column I1.

Column-I Column-II
(A) The number of real roots of the equation (p) 1
cos” x +sin* x =1in (-, m) is
(B) The value of v/3 cosec 20° — sec 20° is (@ 4
(C) 4 cos 36°—4 cos72°+ 4sin 18° cos 36° (r) 3

equals

(D) The number of values of x where
x €[-2m, 2m], which satisfy
cosecx =1+ cot x

() 2

Sol. (A) = (r), (B) = (q), (C) = (1), D) — ()
(A) cos” x+sin’ x =1
cos” x = (1 +sin® x) cos® x

= cos x =0orcos’ x =1+sin’ x
T T .
cosx=0= x—— —cos’ x=1+sin’ x
2 2

[*LHS <1 and RHS > 1]

2772
(B) /3 cosec 20° — sec 20°

V3 1

sin 20°  cos 20°

\/5 cos 20° — sin 20°
sin20° cos 20°

V3 S U

2| — cos 20° — —sin 20

L2 2 _4sin40°_4
sin 40°

sin 20° cos 20°

(C) 4 cos 36° — 4 cos 72° + 4 sin18° - cos 36°

:4[\/§+1J_4[\E—1]+4[\5—1](@“)
4 4 4 4
=V5+1-\5+1+1=3

1 sinx+cos x

(D) cosec x =1+ cot x;

sin x sin x

sin x + cos x =landsin x #0

e

s
= X——=-2m+
4

>

N
N

or X744V 7% 20 or x—+y—=(a+b)
a b
xX——€ —ZH—E,ZTE—E
4 4
3t w
= x=-"==
2 2

Ex. 90. Match the statement of Column | with values of
Column II.

Column-II

No solution

Column-I
(A) The number of solutions of the equation (p)

| cot x| =cot x + (0<x<m)

sin x

—

=]

=
—

(B) Ifsin 0 + sind):land cos O+ cos =2,
2

then cot[m)
2
© sin? oL+ sin(E - (x) sin(E - (x) 0 1
3 3

(D) Iftan 6 =3 tan ¢, then maximum value of (s) 4
tan’(0 — ¢) is

w |

Sol. (A) = (r), (B) = (s), (C) = (p). D) > (9

(A)| cot x| =cot x +

sm x

T
If0<x<5:>cotx>0

So, cot x = cot x + = = 0 no solution

sin x sin x

T
If5<cotx<n,—cotx=cotx+

sin X

2 1
cos x —o

sin x sin x

27
1+2005x=0andx¢0:>x=?

1
(B) Since, sin ¢ +sinf = 2 and cos 0 + cos ¢ =2has no

ol

.2 3
—Ssm- o =—

solution.

(C)sin’® o0 + sin(: - OL) . sin(

w3

. 2 .2 I
=sin” o +sin” —
3



(D) tan6® =3 tan ¢

- 2
tan(® — ) = tan © — tan ¢ _ tanq)2
l1+tanBOtan ¢ 1+3tan” ¢
2

=——— Maxoftan ¢ >0
cot ¢ +3tan ¢

cot¢+3tan¢2\/§
2

(using AM > GM)

= (cot ¢ +3tan ¢)° =12 = tan’(0 — §) < é

Ex. 91. Match the statement of Column | with values of
Column I1.

Column-I Column-II

(A)  The tangents of two acute angles are ®)
3 and 2. The sine of twice their
difference is

(B) @ o

Ifn =L, then tan o/ tan20 tan 30....
400

tan(2n — 1)ouis equal to

(©) (r)

Ifx=ycosz—n=zcos4—n, then
3 3

xy+yz+zx =

(D) The ratio of the greatest value of () 7
2 — cos x + sin” x to its least value is

v 13

Sol. (A) = (s), (B) = (p). (C) = (9), D) = (1)
(A) Given, tan o0 =3 and tanf} =2
tano —tanfp  3-2 1

tan(a — ) = = ==
l—tano tanfB 14+3x2 7

= sin(ot — ) = ﬁ and cos(ot — ) = %

sin 2(ot — ) = 2sin(at — B) cos(ar — )

1
—ax—xL =]

V50 VB0 25

(B) We have, tan o -tan(2n — 1) o0 = tan o - tan(zn - 1)0{
o

b
=tan(x-tan[2—ocj=tanoc cota =1

.. The given expression = 1.

(C) We have, x =y cos 2775 =zcos 4?75 =k (say)

Ey k =z k
L

1 1 1 21 4T
—+—+—=—|1+cos—+ cos —
3 3

= xy+txz+yz=0
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(D) We have, 2 — cos x +sin” x =2 — cos x + 1— cos’ x

2
1 1
= —(cos’x + cos x)+3=—{(cosx+2) —4:|+3

13 1Y
=——|cosx+-
4 2

. 1 ..
. Maximum value occurs at cos x = — ~and itis 1
2
13 .. .
— and minimum value occurs at cos x =1 and it is
4

. .. 13
.. The required ratio is —.
4

Ex. 92. Match the statement of Column | with values of
Column Il

Column-I Column-II

(GVIRTS o, B, y and § are four solutions of the ®) 2

equation tan[e + E) = 3 tan 36, no two of
4

which have equal tangents, then the value

of tan oL+ tan 3 + tan y + tan d is
B _
(B) I cos(6, — 0,) + cos(6, + 0,) =0 then
cos(0, + 0,) cos(0,-0,)

tan 0, tan 0, tan O, tan 0, =

© Ifsec(o. — ), sec o and sec(a+ ) are in @

AP. (with 3 # 0), then cos o sec B_
2

D —
®) Ifcosoc:ZCLBl(O<0L<ﬁ<n),then
2 —cosf

o
tan —
2 s equal to

§

tan —
2

Sol. (A) = (s), (B) = (1), (C) = (p). D) = (9)

(A) Using tan(e + Z’) _l+tan6

" 1-tan®
_ 3
and 3tan30 =3(3 tan 0 tzan %
1-3tan” 0

the given equation becomes
3tan' O —6tan’0 +8tan® —1=0
If tan o, tan {3, tan y and tan d are the roots of this equation,

then the sum of these roots, tan o + tan 3 + tan ¥ + tan 8
equals zero, since the coefficient of tan’ 0 is zero.

(B) The given equation can be written as
cos 0, cos 0, +sin 6, sin 0O,

=
cos 0, cos 0, —sin 6, sin O,

cos 0, cosO, —sin0O,sin O,

cos 0, cosO, +sin0,sin 0O,
1+tan©, tan 0,
1-tan©, tan 0,

1-tan 0O, tan0,
1+tan 6, tan O,
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2+2tan0, tan0, tan O, tan 0,
(1- tan 6, tanB,)(1+tan 6, tan 6,)

Showing that tan 6, tan 0, tan 0, tan 6, = - 1.
(C) For the given A.P., we have
2sec o =sec(0 — B3) + sec(a + (), which gives
2 1 1
= +
cos(ot —PB)  cos(ar + )

_ 2cosa cosfP

Ccos O

cos’ o —sin® f3

= cos’ o0 —sin® B = cos’ . cos B
= cos’ o1 — cos B) =sin*
= cos’ o ZsinzE =4sin2Ecos2§
2 2 2
= coszocseCZE=2
2
2cosp-1
(D)1+cosoc=1+7'3
2—cos
_2—cosP+2cosP—-1_ 1+cosf
2—cos P 2—cosf
o c052E
= cosz—zizB
1+2sin’* =
2

JEE Type Solved Examples :

cosZE
= 1-cos’—=1- ZB
1+ 2sin® &
2
1+ 2sin® B —cosZE
_ 2
1+Zsin2§
2
1+ZsinZE— l—sm29
~ 2 2
1+23inZE
2
o 3sin2E
= sinz—:izB
2 1+ 2sin® —

Dividing equation (ii) by (i), we get
: B

o
tan’ — =3 tan’ —
2 2

o
tan —

p

tan —
2

()

Single Integer Answer Type Questions

EXx. 93. tan 46° tan14° — tan 74° tan14° + tan 74° tan 46°

is equal to
tan 46° + tan14°
1 — tan 46° tan 14°
tan74° — tan14°
1+ tan74° tan14°

Sol. (3) = tan(46° + 14°) = /3

= tan(74° - 14°)

_\
tan74° + tan 46°
AT TR _ fan(74° + 46°)
1 — tan74° tan 46°
= — \/g

From Egs. (i), (ii) and (iii)
tan 46° + tan14°
V3
tan74° tan14° = fan74” - tan14” _ 1
V3
tan74° + tan 46°

5

. tan 46° tan 14°—tan 74° tan 14°+ tan 74° tan 46°= 3

tan46° tan14° =1 —

tan74° tan46° =1 —

Ex. 94. Maximum value of the expression
log,(9 —2cos® 0 — 4sec’ 0) is equal to

() Sol. (1) For the expression a cos’0 + bsec’® if b > a, then

minimum value attains at cos’0 =sec’0 =1
= max of {9 — (2 cos’0 + 4sec’0)} =3

So, maximum of log,(9 — 2cos*0 + 4sec’0)) =1

(i)

Ex. 95. Let x e (O, 721:) andlog.,, . . (24 cos x) = %, then

..(iii)  find the value of cosec’x.

Sol. (9) (24sin x)*"* = 24 cos x
= 24 (sinx)”? = cosx
= 24sin” x = cos’x =1 —sin’ x
Putsin x = t, we get
248 +12-1=0
=  (3t-1)B"+3t+1)=0
—

(i)



= t=-
3
1. . 1
t=—-le.sinx = —
3 3
= cosecx =3
= cosec’x =9

Ex. 96. If x and y are non-zero real numbers satisfying
2 2 2 2
xy(x* =y )=x"+y
2 2
X" +y".

, then find the minimum value of

Sol. (4) Put x =r cosO and y = r sin6
Hence, we have to minimise r°?
Now, r* cos0 sinOr*(cos’0 —sin’0) = r?
r?sin20 cos20 =2
,sin 40
r —_—=
4
e_ 4
sin 40

r® = 4cosec’40

rzmin =4
Ex. 97. Using the identity

. 3
sin x==—
2

sin*[ X | + sin® 3 +sin? o =g, where a and b are
7 7 7 b

coprime, find the value of (a — b).

Sol. (5) sin4(n) _3_ 1cos (2“] + lcos (M) (1)
7 8 2 7 8 7
. 43T 3 1 6T 1 121
and sin == ——cos + —cos

7
. (31‘5
or Sin

1 1
Similarly, sin* ST 3 Zcos 1om
7 8 2 7

(7]

On adding Eqs. (i), (ii) and (iii), we get

sin( j+s1n( )+sm( j
9 1 5T 1 3n 1 T 1 5T
=—+—-CcoS| — | — —-COS§| — |+ —COS| — | — —COS| — |+
8 2 7 8 7 2 7 8 7
3n

1 1 L
—cos 2x + — cos 4x or otherwise, if the value of
8

3 1 (nj 1 (Sn) ..
=>4+ -cos| — |- ~cos| — ...(ii)
8 2 7 8 7

+1.

8
Os( J ( ) .. (iif)
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sm— 0, + 6
1| usesS = 2 1 2
2 sing 2
2
9 3 21
8 16 16

a-b=21-16=5.

Ex. 98. In any triangle, if
(sin A +sinB+sinC) (sin A+ sin B —sinC) =3sin A sin B,

then the angle£0 (in degree).
1

Sol. (6) We have, (sin A + sin B)’ —sin’C = 3sin A sin B
sin? A —sin®C + sin’ B = sin A sin B
sin(A + C)sin(A — C) + sin® B = sin A sin B
sin B[sin(A — C) + sin(A + C)] =sin A sin B
[using, sin (A + C) = sin B]

2sin A cosC =sin A (sin B # 0)
1 C 60o
cosC=- = —
10 10

Ex. 99. Find the exact value of the expression

T = sin 40° N sin80° _sin 20°
sin80°  sin20°  sin 40°
1 1
Sol. (3) We have, ———— + 4 cos40°- cos20° — ———
2cos 40° 2 cos20°

1 1 1
== - + 2 (cos60° + c0s20°)
2| cos40°  cos20°
1| cos20° — cos 40°
c0s 40° cos20°

) }+1+2c0320°

_ 2sin30° sin10°
© 2c0840° c0s20°
_ 25in10° sin20°
N sin80°
_ 25sin10° 25in10° cos 10°
- cos10°
=2(1—-cos20°)+2cos20°+1=3
2sin20° cos20°

cos10°

= 2(sin30° — sin10°)

T, =1-2sin10°

sin80° _ 2sin 40° cos 40°

sin20° sin20°

= 4 c0s20°-cos 40°

T, = 2[cos60° + c0s20° ] =1+ 2 cos20°

+ 1+ 2cos20°

+ 1+ 2cos20°

+2co0s20° +1

Alternatively T, = =2-2-5in10°cos20°
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_ sin20° 1
? sin40° 2 cos20°

S T=T, +T,+T,

T

1
=(1-2sin10°) + (1 + 2c0s20°) — ——
2 cos20°
1
=2+ 2(cos20° —sin10°) — ——
2c0s20°
1
=2+2(cos20° — cos80°) - ——
2 cos20°
1
=2+ 2-2sin50°-sin30° - ———
2c0s20°
. 1
=2+ 2sin50° — ——
2c0s20°
4 sin50° cos20° — 1
T=2+
2 cos20°
2[sin70° + sin30°] — 1
s [sin sin30° ]
2 cos20°
2sin70°
=2+ 20 —o41=3
2 cos20°

Ex. 100. Ifcot(6 —t),3cotB,cot(® + o) are in AP

.2
(where, 6 # n;t,oc #km,n kel) thenM

is equal to
.2
sin” o

Sol. (3) We have, 6 cotO = cot(0 — o) + cot(d + o)

N 6 cos® sin20
sin®  sin(@ — o) sin(6 + o)
6 cosB 2sin® cosO
= . = .2 .2
sin® sin“0 —sin“o
= 3(sin’0 —sin”ot) = sin*0
or 2sin®0 = 3sin’o.
25sin’0
= — — =
sin“o

Ex. 101. If4sin? x + cosec’x, a, sin’ y + 4cosec’y are in
AP, then minimum value of (2a) is
Sol. (9) 2a = 4sin” x + cosec’x +sin”y + 4 cosec’y
= (2sin x — cosecx)’ + 4 + (siny — cosec y)’
+3 cosec’y + 2

=6+ (2sin x — cosec x)’ + (siny — cosec y)* + 3 cosec’y
. Minimum value of

2a=6+3=09,

when 2sin x = cosec x

and siny = cosec y

Ex. 102. If sina, sinf, siny are in AP and

cosa, cos P, cosy are in GP, then the value of
cos’ 0L +cos’ Y +4cos0 cosy —2 sinot siny — 2

1-2sin’ B

, where

T .
B #—, is equal to
4

Sol. (4) Now, sinc, + siny = 2sinf3 and cos’3 = cosa. cosy
cos’ol + cos’y + 4 cos0 cosy — 2 — 2sinc siny
1-2sin’p

—sin’o —sin’y — 2sinct siny + 4 cosd cosy
1-2sin’f
— (sino + siny)? + 4 cosol cosy
1-2sin’f
—4sin’B + 4cos’p
cos23 -

4

Ex. 103. Let
51 r 51 r
IT tan 71:[1+ 3 )=kl‘[cot|—n 1-— 3 |
r=1 3 3% —1 r=1 L3 3”—1J

. . I
On solving equation, we get, 1—3tan 2 (
3 —

(@, bel), then value of (a — b) is equal to
Sol. (5) We have,

51 T 3’ 51 T 3’
3l 30 —1) a3 30—

3'n
Let — =0,
-1
51 T I
ITtan| —+0, |tan| —+0, |=k
r—1 3 3
15_11 tan30, _ K
r=1 tan@”
k= tan0, « tand, tan0,,
tan0, tanO, tan0

3%
tan %
tan0,, 3 -1

tan0 T
tan 31




Y
Let, 0623507_12
tan3a
k= an :
tano
) 8
1-3tan"o =
3k -1
So, a=8b=3
a—-b=5

Ex. 104. If sec A tan B + tan A sec B =91, then the value
of (sec A sec B + tan Atan B)? is equal to
Sol. (8282) (sec A sec B + tan A tan B)’
— (sec Atan B + tan Asec B)’

_ {l +sinAsinB}2 _ {sin B +sinA}2

cos Acos B cos A cos B

_ 1+sin® Asin®B—sin’B—sin’ A

cos® A cos’ B
1—sin® B cos® A —sin* A

cos’ A cos’B

_cos’Acos’B
cos’ A cos’ B

= (sec A sec B+ tan A tan B)’ = (91)° + 1 = 8282.

Ex. 105. If(25)* +a’ +50a cos O
=(31)° +b* +62 bcosO =1and
775 +ab +(31a + 25b) cos © =0, then the value of cosec” 0 is

Sol. (1586) We can write (a + 25 cos 0)* + (25)* — (25 cos 0)* =1

and
= (a+25cos 0)” =1—(25sin 0)°
Similarly (b + 31cos 0)° = 1— (31sin 0)*

Multiplying we get
[(a + 25 cos 0) (b + 31 cos 0)]* = [1 — (25 sin 0)*]
[1-(31sin0)?]
= [ab +(31a + 25b) cos O + 775 cos’ O]
=1-(625+961)sin” 0 + (775sin” 0)°
= (=775+775cos’ 0)’ =1-1586sin’ 0 + (775 sin” 0)°

= cosec? 0 = 1586
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Ex. 106. If sin x, +sin x, +sin x, +...+ sin x,,,; = 2008,
then find the value of sin™ x, +sin®* x, +sin®* x,
. 2008
... +SINTT X0
Sol. (2008) We know that, sinx, <1V i
=sin x, +sin x, +sin x, +.... + sin x,,,; < 2008
Thus, equality holds only when each of the terms is 1
ie. sinx, =1V i=1,2,3,..,2008.
and consequently
cosx; =0,Vi=123...,2008
Now, sin®* x, + sin®* x, + sin™* x, + ... sin®* x,,,
=1+1+1+...+1=2008
Ex. 107. If 4 sin 27° = Jou + \/E, then the value of
(a0 +B—of +2)" must be
Sol. (400), We know (cos 27° +sin 27°)°
=1+sin 54 =1 + cos 36°
= €0s 27° 4 sin 27° =,/(1 + cos 36°) [ LHS > 0]

Also, cos 27° —sin27° = /(1 — cos 36°)
[ cos 27° > sin 27°]

25in 27° = /(1 + cos 36°) — /(1 — cos 36°)

ZJ[H(ﬁﬂD_ﬁl_(ﬁHD
4 4
45in27° = (5 + 5) =3 - \5)
On comparing, we get
o =5+5B=3-+5
. oc+[3:8,ocB:10—2\/§
oa+B-af +2=25
(o +B-of+2)*t =400

Ex. 108. Ifo< A <% andsin A +cos A + tan A

+cot A + sec A +cosec A=7 andsin A andcos A are the
roots of the equation 4x* —3x +a =0, then the value of 25a

must be

Sol. (28) sin Aand cos A are the roots of the equation
4x* = 3x + a=0, then

3
sin A 4+ cos A = 7 sinA cos A :% (1)

Also, sin A + cos A +tan A + cot A +sec A + cosec A =7
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i . . 1 1
=  (sin A + cos A) + sin A + C.OS A . The given expression = ——— — N ~= A
cos A sin A sin 20 3 cos 120
N 1 N 1 _ N .lo_. C(())séo o=7‘
cos A sinA sin 20 sin 60° cos 20
) sin 60° cos 20° — cos 60° sin 20° 2
= (sin A +cos A) + ! + (sinA+ cos 4) =7 sin 20° cos 20° sin 60°
sin A cos A sin A cos A sin(60° — 20°)
3 4.3 = —
- DI sin 40 \/g
4 a a 9 x 7
4 a J3
2
. 7_,. 3.2 R 16
a 4 4 3
25a=28 Then, 9A‘ +81A% +97 =9 x 220 1 81x 10 1 o7
9 3
. 2sin® - -
Ex. 109. Given that, f(nb) = _ oY and =256+ 432497 =785
cos 20 —cos 4nf
sin A0 Ex. 111. Iflog . sin x +log.. cos x =—1and
FO) + £(20) + £(30) + ...+ f(nb) = ————— then the yiog (lo ,,)gL
sin 8 sinub log,,(sin x +cos x) = g”’i, then the value of n/3’ is
value of L — A is 2
2 sin 26 ---------
Sol. (1) f(nB) = . sin 2%
cos 20 — cos 4n Sol. (4) Given, log,, ( ] =-1
B 2sin 20 2
2sin(2n + 1)0 sin(2n — 1)0 or sin2x _ 1
2 10
_sin((2n +1)0 —(2n — 1)0) 1
sin(2n + 1)0 sin(2n — 1)0 or sin 2x = 5
sin(2n + 1)0 cos(2n — 1)0 l [ n )
. 08| T
- 2n+1 2n—1
= .COS( n+10 .sm( n-19 Also log,,(sin x + cos x) = ———=
sin(2n + 1)0 sin(2n — 1)0 2
= cot(2n — 1) — cot(2n + 1)0 or log,,(sin x + cos x)* = log,, (:0)
S f(0) + f(20) + f(30) +... + f(nO)
. n
=cot O — cot(2n + 1)0 or 1+ sin 2x = "
_ sin(2n +1)0 cos 0 — cos(2n +1)0 sin 0 1 n 6 n
sin(2n + 1) sin 0 or 1+E=B‘)r =" 10
sin 2n0 n_ g
sin(2n + 1)0 sin 6 3

m=2nandu=2n+1 ]
Hence, -2 = 2n+1-2n = 1 Ex. 112. If498[16 cos x +12 sin x] = 2k + 60, then the

maximum value of k is

1 1
Ex. 110. If + =, then the value of ~ Sol. (4950) 16 cos x + 12sinx = /16" + 12° cos(x — @), ot
c0s 290° /3 sin 250° (3
=tan'| 2|
9A" +81)* +97 must be o (J
Sol. (785) Here, cos 290° = cos(270° + 20°) = sin 20° and = |2k +60]|<498x20 as|cos(x—oa)|<1
sin 250° = sin(270° — 20°) = — cos 20° = k < 4950



Ex. 113. Ifatan o ++/(a’ —1) tan B

++/(a’ +1) tany = 2a, where a is constant and o, 3, y are
variable angles. Then the least value of 2727 (tan’ o + tan® f3
+tan’ y) must be

Sol. (3636) We have,
(atan B — +/(a® —1) tan a)® + (y/(a® — 1) tan y
— (@ +1) tan B)* + (yJ(@® + 1) tan @ — a tan y)* >0
=(a’+a’-1+a +1)(tan” a + tan’ B + tan’ y)
—{atan o ++/(a® —=1) tan B+ /(a® + 1) tan y}* =0
(using Lagrange’s identity)
= 3a’(tan’ o + tan® B + tan’ y) — (2a)* =0
3(tan” o0 + tan’® B + tan® y) > 4
Hence, 2727 (tan® o0 + tan” B + tan® y) = 3636

.. Least value is 3636.

Ex. 114. Ufta;‘X:ta;‘y:t"‘;‘ Z xty+z=mand

tan® x + tan’ y + tan’ z=%thenK= .....

Sol. (3) tan x = 2t, tan y = 3t, tan z = 5¢
Also xX+y+z=m
s.tan x + tan y + tan z = tan x tan y tan z

= tr ==

=  tan’ x +tan’ y + tan’ z=1t*(4 + 9 + 25) = 387,
K=3

Ex. 115. If tan (T:j + 4 sin (217:): A, then the value of
14+ X + A" +A° must be.

Sol. (1464) Let A = tan (?I) + 4 sin (217;;)
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37 . 37 . 2T 31
A ocos’ | = |=sin®| == |+ 16sin’ | == | cos® | —
11 11 11 11
. [2m) . (3® 3n
+8sin| — |sin| — | cos | —
11 11 11
371 . 3n . 2T 37
M|2cos’| == ||=2sin’ | == |+32sin’ | == | cos® | —
11 11 11 11
. [(2m) . (6T
+8sin| — |sin | —
11 11
61T 4T 6T
=|1—-cos|{—||+8]|1—-cos— || 1+ cos—
11 11 11
4T 8T
+ 4| cos — — cos —
11 11

6T 47
=9+7cos|—|—4cos|—
11 11

47

. . T
2{sm T — sin (J}
1
=9 + 11 cos 6—“ -
11

6

=9+ 11 cos —Tc +2
11

—11] 14 cos| | ]=11] 2 cos? [ 3T
11 11

s =11
Then, 1+ X + A+ A°=1+11+121+ 1331 = 1464
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Subjective Type Examples

Ex. 116. For all©® in[0, 1t/ 2], show that
cos(sin®) > sin(cos0).
Sol. We know,

cosO + sinO = ﬁ[lcosﬁ + lsine}

V2 V2
= ﬁ{sinjcos@ + cos:sinﬁ}

= Zsin(TE + 6)
4

= cosO +sin® <2<~ {as~2 = 1414}
2
. m
= cosB +sinb < 5 [/2 =157 approx]
T
= cosf < P sin©

On taking sine both sides;
sin(cos0) < sin(g - sinej

= sin(cos0) < cos(sin0)
o cos(sin®) > sin(cos0)
Alternate Method

T
ForOSxSE

x > sinx (1)
Replace x by cos6, we get
...(ii)

cosO > sin(cos0)

T
Also, we know cos0 is decreasing for 0 <6 < o

As0, <0, = cos0; > cosO, when0,,0, € [0, 1/2]
.. Taking cos on both side of Eq. (i) and putting 0 for x, we
get
cosO < cos(sinB) ...(iii)
Using Egs. (ii) and (iii),
cos(sin®) > cosO > sin(cos0)
= cos(sin®) > sin(cos0)

1
1

Ex. 117. Show that 2°™* + 2% >2 V2 for all real x.
Sol. Clearly, 2°™* and 2°** are positive, so their AM > GM

zsin x zcos x

> \/Zsin x.zcosx — \/Zsinx+cosx (1)

As we know,
sin x + cos x = —\/5

[using —/a® + b® < asinx + bcos x <+/a® + b*]

2sin X + cosx > 27«/5

or lzsinx+cosx 22—\/5/2
or lzsinx+cosx 2271/\/5

From Egs. (i) and (ii),
2sin x + zcos x
2

...(ii)

> lzsinx+cosx > 2—1/\/5

zsinx 4+ oS X > 2'271/\/5

or 28N X 4 9eosX > ol= w2 for all values of x.

Ex. 118. Eliminate® and ¢ if
asin®® + bcos?0 = m
bsin® ¢ + acos’9p=n
and atan® = btan ¢
Sol. Dividing asin®@ + bcos®0 = m by cos*0, we get
atan®0 + b = msec*0
or (a— m)tan?0 = (m — b) (1)
Dividing bsin® ¢ + acos® ¢ = n by cos® ¢, we get
btan® ¢ + a = nsec’d
or (b-n)tan®* 0 =(n —a)
On dividing Eq. (i) by Eq. (ii), we get
(a- m).(tan(;))2 _m-b

..(ii)

(b—n) \tand n—a
= (a—mJ_bzz m=b [given, atan® = btan ¢]
b-n)a® n-a
or b*(a — m)(n — a) = a*(b — n)(m - b)
or b*{(m + n)a — a®* — mn} = a*{(m + n)b - b* — mn}
or (m + n)(ab* — a*b) + mn(a®* — b*) =0
or (m+ n)ab(b —a) + mn(a—b)(a+b)=0
or (m + n)(ab) = mn(a + b)[a— b #0]

Ex. 119. Letcos A +cosB+cosC =§ in a AABC, show

’)
COS(A ; B) + cosC =

A-B
= ZCos(n—c)-cos( )+ 1- 25in2£:
2 2 2 2

that the triangle is equilateral.
Sol. In a triangle, A+ B+ C =7

= cosA+cosB+cosC=2cos(

N W W



C C A-B 3
= Zsinzz - Zsin(zjcos( 5 )— 1+-=0

2
_,C . (C A-B .
= 4sin“ — — 4sin| — |cos +1=0 ...>Q)
2 2
Now, Eq. (i) is quadratic in (sin C/2) and is real.
: D=0
= 16cosz(A_B) -16>0 = cosz(Az_B) -120
= COSZ(A_B) 21
2
which is only possible if cosz(A ; BJ =1
Z(A - BJ
= cos =1
2
A - —0
= A=B ...(id)
Similarly, we can show B = C, C = A. Hence, the triangle is
equilateral.
tan3A sin3A 2k
Ex. 120. If =k, show that l. =" and
tan A sinA k-1
. . 1
hence or otherwise prove that either k >3 or k < —.
3
tan3A 3tanA —tan’ A 1
Sol. = . =
tan A 1-3tan’ A tan A
3—tan’A
= —=
1-3tan” A
= (3-tan® A) = k(1 - 3tan® A)
= (3k —1)tan*A =k -3
= tan’ A = k=3 ..(1)
3k —1
. . _ .3
Now, sin3A _ 3sin A — 4sin” A —3_4sin? A
sin A sin A
= 3—4sin2A=3—742 =3—742
cosec”A 1+ cot™A
4
1+ P
tan® A
4 . .
= 3———— [using Eq. ()]
3k -1
1+
k-3
4k-3) 3k-3-k+3 2 ..
N — = = ...(id)
4(k—-1) k-1 k-1
Again from Eq. (i),
tan? A = k=3 [tan A #0and tan® A > 0]

3k -1
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k-3
3k -1

> 0, using number line rule.

* - |
T T
1/3 3

+

which shows k <1/3o0rk >3

Ex. 121. Let A, B, C be three angles such that A = /4 and

tan Btan C = p. Find all possible values of p such that A, B, C
are the angles of triangles.
Sol. Let us assume AABC.

A+B+C=m
3
- B+c=n—%=§ (i) [+ A = 7/ 4, given]
Also, 0<B C<3n/4
= tan BtanC = p
sinB-sinC _ p
= _— =
cosB-cosC 1
N sinB-sinC + cosB-cosC 1+ p
cosB-cosC —sinB-sinC  1-p
B-C) 1+
N cos( ): p

cos(B+C) 1-p

= cos(B-C)= [1"'1’) cos (3”)
1-p 4
[using Eq. (i), B+ C = 3m/4]

1tp (i)

Va(p - 1)
Since, B or C can vary from 0 to 37m/4.
0<(B-C)<3m/4

= cos(B-C)=

1
= ——<cos(B-C)<1 ...(1ii
N ( ) (iii)
From Egs. (ii) and (iii), we get
1 1+p
-———=<—=—<1
V2 \/5(})—1)
1 1+p 1+p
——=< and <1
V2 Nap-1) 0 N2p-1)
= 0<1+ 21 4nd (pﬂ)_ﬁ(p_l)so
p-1 Va(p - 1)
_ 2
= 2p >0 and wzo
(p-1) (p-1)
+ _ Tt + _ Tt
0 1 1 V2 +1)

= p<Oorp>1land p<lorp>(+2+1)°

The combining above expressions;
p<0orp=(/2+1)

ie. pe(==2,0)U[(V2 +1)%, ).
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Ex. 122. If ABC is a triangle and tan g, tan g, tan % are

in HP, then find minimum value of cot E
2

Sol. A+B+C=m
A B m C
= —t ===
2 2 2 2
B n C
= cotf —+—|=cot| — ——
2 2 2
tA tB—l
CO? COE C 1
- A4 B ™)t ¢
cot— + cot— 2 cot| =
2 2 2
A B C A B C .
= cot—-cot—-cot— = cot— + cot— + cot—  ...(i)
2 2 2 2 2 2

A B
But tan —, tan—,tang are in HP
2 2 2
A B C
= cot—, cot—,cot— are in AP
2 2 2

...(ii)

A C B
cot— + cot— = 2cot—
2 2 2

From Egs. (i) and (ii), we get

A B C B
cot—-cot—cot— =3cot—
2 2 2 2
A C
= cot—- cot; =3 ...(iii)
As we know, AM > GM
coté + cotg
= gzw/coté-cotg
2 2 2
B
2cot—
N TZ >3 [{using Eq. (iii)]
= cotg > \/5

B
. Minimum value of cot; is \/g

Ex 123. (i) Iftan A —tanB=x andcot B—cot A =y.

Prove that cot(A — B) = 1 + l
Xy

(i) If2cosA:x+l’ 2COSB:y+l, then show that
X y
2cos(A—B)=i+Z.
y X
Sol. (i) If cotB—cotA =y :Mz
tan Atan B

. tan Atan B
y

1
tan(A — B)
_l+tanAtanB

tan A — tan B

Now, cot(A — B) =

X
1+ — . )
X X y

=RHS
.. 1 . .2
(i) 2cos A = x + —, since 4sin“ A = 4

x

2
—4coszA=4—(x+]

2
4sin® A = —{(x + l] - 4}
X
1 2
or 4sin® A ziz{[x—] :l
X

= 2sinA = i(x - 1) (1)
x
.. 1
Similarly, 2cosB=y+—
y
1 5 1 .o
= 2sin B = l(y - ) ..(i)
y

Now, 2cos(A — B) = 2 [cos A cos B + sin Asin B]

- ﬂ(x + i)(y ¥ ;) ! iz(x ) )lcj(y ) ;D

Ex.124. [ftanOtan ¢ = /%, then prove that
a+

(a —bcos20)(a — bcos20) is independent of 0 and ¢.
Sol. Let us put,
tan® =t and tan¢ = ¢,
a-b
a+b

thtl =

..(0)

{given,tan@ tan ¢ = ,/a_b}
a+b

l—tan2(9_l—l‘12
1+tan’0 1+1¢}

Also, cos20 =

...(ii)

1-tan®¢ 1-1t] (iif)
1+tan®¢ 1+1t;

Now, (a — bcos20).(a — bcos20)

cos2¢ =




_ {a - b[l - tlz ]} .{a - b[l - tg ]} [using Egs. (ii) and (iii)]
1+t 1+ 12

2{(41—b)+(a+b)tfH(a—b)Jr(aer)t;}

1+t 1+1t2

_(@+b)fa-b ] (@a+b)a-b ]|
Taelars T aedlars
_(a+b) 2 > 2 (a+D)
(1+t12)[t1 2+ 4] (1+12)

[tit5 + 3] [using Eq. (i)]

_ 2 (32 22y _ 2.(‘1_5): 2 _ g2
=(a+b) -(t{.t;)=(a+b) (@t h) (a® = b)

So, (a — bcos20)(a — beos2¢) = a® — b®, which is
independent of 6 and ¢.
Ex. 125. Find all possible real values of x and y satisfy-
ing.
sin® x + 4sin’ y — sinx — 2siny — 2sinx siny +1=0,
V x,y € [0,m/2]
Sol. Given, equation can be rewritten as,
sin® x — sin x(1 + 2sin y) + (4sin®y — 2siny + 1) = 0

= sinx =

(1+2siny) * \/(1 +2siny)® — 4(4sin®y — 2siny + 1)
2
_(1+2siny) + \/—3 —12sin”y + 12siny
2

_ (1+2siny) * \/m (i)

2

Since, sin x is real.
*. From equation (i) is real only if,

1+1

1
2siny—1=0orsiny=- and sinx=——=1
2

= y=§andx=gasx,ye[0,ﬂ:/2].
Ex. 126. Find the roots of the following cubic equations

2x> —3x? cos(A — B) —2xcos’(A + B) + sin 2A
sin 2Bcos(A — B) =0.

Sol. We know,
sin2Asin2B = %[COS(ZA —2B) — cos(2A — 2B)]
= %[ZCOSZ(A — B)—1—-2cos*(A + B) + 1]
= cos?(A - B) — cos?(A + B)
sin2A.sin2B = cos?(A — B) — cos*(A + B) (1)

Now, 2x° —3x?cos(A — B) — 2xcos?(A + B) +
sin2A.sin2B.cos(A — B) =0
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= 2x> —3x%cos(A — B) — 2x cos*(A + B) +
cos?(A — B) — cos®(A + B). cos(A — B)=0

1
By inspection, we find that x = — Ecos(A — B) because

(—i - % + l)coss(A — B) + cos?(A + B)cos(A — B)

—cos*(A + B)cos(A — B)=0
Hence, 2x + cos(A — B) is factor of the given equation
which when divided by it, given the other factor as,
x% —2xcos(A — B) + cos?’(A — B) — cos’(A + B)=0

2cos(A - B) £
S \/4cosz(A—B)—4cosz(A—B)+4cosz(A + B)
0,Xx =
2
v 2cos(A — B) £ 2cos(A + B)

2
x = cos(A — B) + cos(A + B)or cos(A — B) — cos(A + B)
Hence, the roots are,

1
2cos A cos B, 2sin Asin B and —Ecos(A - B).

Ex. 127. If m* + m’* + 2mm’cos0 =1.

n’ +n"? +2nn"cosH =1
and mn +m’n” +(mn” + m’ n) cos® =0, then prove that
m? +n? = cosec?0.

Sol. m* + m’* + 2mm’ cos6 =1

or (m?cos®0 + m%sin®0) + m’? + 2mm’ cos6 =1

or m? cos?® + 2mm’ cos® + m’® =1 - m*sin*0

or (mcos® + m’)* =1— m*sin?0 ...(Q)
Similarly,  n? +n’% + 2nn’cos® =1

= (ncos® +n’)? =1-n*sin*@ ..(ii)

Finally, mn + m’n” + (mn’ + m’n)cos6 =0
= (mncos’0 + mnsin®0) + m’n’
+ mn’cos® + m’ncosd =0

= mncos’0 + m'ncos® + m’'n’ + mn’ cos® = — mnsin’0
= ncosO(mcosd + m’) +n’(m’ + mcos0) = — mnsin?0
= (mcos® + m’)(ncosB + n’) = — mnsin0
or (mcos® + m’)*(ncos® +n’)* = m*n*sin*0
= (1-m?*sin®0)(1 — n?sin?0) = m*n’sin*0.

[using Egs. (i) and (ii)]
= 1-(m*+n?)sin’0 + m*n?sin*® = m*n’sin*0

(m* +n%)sin®0 =1

I}

= m? + n? = cosec’0
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Ex 128. Prove that from the equality S 0Gy-a3 ... Gy
.4 4 0 0
sin" oL  cos O 1 . —-COS—-COS— ... —
+ = follows the relation, = OS5 COS g mCOS g - COSTY
a b a+b 2 2 2
.8 8 COS—+COS—*COS — ... COS — +28in —
sin® o + cos”a _ 1 and ~ 2 2 23 n n
a’ b? (@+b)® G
o 4 ZSln—n
5|n”x+cos”x_ 1 2
n -1 m-1 m-1" 0 0 .
a b (a+Db) COS—:COS— ... COS sin
2 22 2n - 2n -1
Sol. Given condition can be rewritten as, =
2 N2 4 ab 2sin—
b(sin“o)” + acos” o = ) 2
at [ 2sino. cosor = sin20t]
2 \2 4, _ ab 0 0 0 0
= b(1-cos"a)” +acos a_a+b COS -+ COS .. cOs ;2sin——
2 2"~ 2"
=
b .0
= b(cos* ot —2cos?ol + 1) + acos’ ol = a 5 225m27
a+
—  (a+b)cos o —2b(a + b)cos’a + ba+ b) = ab cos ? sin ? .
_ _ 2n - n- 2”. —n -
(a+b)?cos* o —2b(a + b)cos?a + b* =0 ERREEREEREREEE = )
o~ 1igin —
=  [(a+b)cos’a — b =0 _—
= cos’ol = = sinfo = —2 @) cos—-sin— ino
a+b a+b — 2 _ s
- 0
sin®o | cos®o a* N b* 2" 1~sin2—n 2".sin2—n
3 3 7 3 4 3 4
a b a(a+Db) b*(a+b) . sin® . sinf sinf
a b S a.a,...t0c0= lim ———— = lim - — =
= + noeon 0 noe gin(9/2") 0
(a+b)* (a+b) 2.sin, 0 o)
a+b 1
=17 - - 14 1 — cos?0
(a+b)* (a+b) J1-a; :\/ S Y _p
s s 4,a,05...10 o sinf
sin“a  cos” o 1 0
+ =
3 3 3
a b (a+D) 2
V1= ag
Now sin®" x N cos™ x a" N b P
5 — — = — — - I S 0= .
a2n 1 bZn 1 aZrL 1(a + b)Zn b2n l(a + b)Zn CcoSs aaya, ... t0 o0 CosS ao
a+b 1
(a+by*" (a+by" "
n
1 Ex. 130. Evaluate Y sinrao, where(n+2)o =21 (with-
Ex 129. Ifa, ., =,|—(1+a,), the prove that rZZ
5 -

out using formula.)

J1-a? "
cos =dy. Sol. Let S = Zsinroc =sin20 + sin30 + sin 4 + ... +sinno
a,-a,-0s...toco

r=2
. . 2sin®.$ = 2sina/2s n% s n®
Sol. Let a, = cosO, then a, , ; = |~(1 + a,) gives .. 2sin 5 S = 2sinol/2sin200 + 2sin 5 sin3ot + 2sin 5

2

1 1 9 -sin40. + ... + 2sinol/ 2.sin nat
a =\/(1+a0)=\/(1+c056)=c0s { 30 50(} { 500 70(}
2 2 2 ={cos— —cos— +{cos— —cos— +... +
2 2 2 2

1 1 0 0

ay =,|-(1+a) = |-[1+cos_|=cos— 1 1
5 5 2 2 cosn—ga—cosn+50c
1 1 0 0

a, = \/2(1 + az) = \/2(1 + coszzj = cosz—S, ... etc. — 0053;1 _ cos(n + ;)a




+2)a -1
2sin—-S=2 (n ) (n )
2 2 2
sin(n_l)(x
N S= ) (n +2)O€
sin— 2
. -1
sm(n ) on
= 2 sin— =10
sin— 2

Ex. 131. Sum the series \/1 +cosol + \/1 +cos 20

+4/T+cos3a +...ton terms.

Sol. We have,

\/1+ cos O +\/1+C0520L +\/1+ cos3a + ... +4/1+ cosna

3o
= \/ZCOSZOC /2 + \/2coszoc + . [2cos? == + ... to n terms
2

o 200 30
= \5 cos— + cos— + cos7+ ... + ton terms
2 2

.. ho
sin ——

=2 é {using formula}

o o
-cos{2 +(n— 1)4}

sin—

o
o .cos{(n + 1)4}

sin—

Ex. 132. If A+ B+ C =7, show that

cot A +cot B +cot C —cosec Acosec B - cosec C =
cotA-cotB-cotC
cosC B 1
sinA sinB sinC sinA-sinB-sinC
_ cosA-sinBsinC + cos Bsin AsinC + cosCsin Asin B — 1

cosA cosA

Sol. LHS =

sin Asin Bsin C

_ sinC(cos Asin B + cos Bsin A) + cosCsin Asin B — 1

sin Asin Bsin C
_ sinCsin(A + B) + cosCsin Asin B — 1
sin Asin Bsin C

_ sin®C + cosCsin Asin B — 1
sin Asin Bsin C
[using sin(A + B) =sin(nt — C) =sinC]

. . 2
_cosC.sinAsin B — cos” C

sin Asin Bsin C
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cosC{sin Asin B — cos C}
sin A sin Bsin C
[ cosC = cos(m — (A + B)) = — cos(A + B)]
cosC{sin Asin B + cos(A + B)}
sin Asin Bsin C
_ cosC{sin Asin B + cos A cos B — sin Asin B}

sin Asin BsinC

= M= cot A-cotB-cotC =RHS

sin Asin Bsin C
Ex. 133. In AABC, ifcot® =cot A +cot B+ cot C,
prove that sin® © = sin(A — 0)sin(B — 0)sin(C — 0).

Sol. We have, cotO = cot A + cotB + cotC
= cot(0) — cot(A) = cot B + cotC

N cosO 3 cosA cosB  cosC
sin@ sinA sinB  sinC
cosOsin A — cos Asin® _ cos BsinC + sin BcosC
sinBsin A sin BsinC
- sin(A —0) sin(B+ C)
sin Asin®  sin BsinC
.2 .
Asin0
- sin(A — @) = 2 _ASmY ()
sin BsinC
.2 .
B
Similarly, sin(B — @) = S0 Bsin® ...(i)
sin AsinC
.2 .
Csin6
and sin(C —9) = 30 =SmY ...(iii)
sin Asin B

Multiplying Egs. (i), (ii) and (iii), we get
sin(A — 0)sin(B — 0)sin(C — 0) =sin>0.

Ex. 134. If A, B, C and D are angles of a quadrilateral
and sin é sin E sin E sin 2 = l, then prove that
2 2 2 2 4
A=B=C=D=m/2.
Sol. Now, (ZsinA-sinB)-(ZsinCsinD) =1
2 2 2 2
= {COS(A - B) - cos(A + BJ}{COS(C - D] - cos(c + D)} =1
2 2 2 2

Since, A + B =21 — (C + D), the above equation becomes,

A-B A+ B C-D A+ B
Ccos — COS Cos + cos
2 2 2
1 Cosz(ﬂj — Cos(u){cos(ﬂ) — Cos(ﬂ} +1
2 2 2 2
(A - B) (c - D)
— cos cos =0.
2 2

A+ B
2

This is a quadratic equation in cos( )Which has real

roots.
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(475
= cos 2 — COS

( A- C - D)
= cos + cos =>4
2

— D
= cos +c0s
Now, both cosA -8 and cosC - D <1

A-B C-D
= cos ) =1=cos

A-B C-D
= =0=

2 2

= A=BC=D
Similarly, A=C,B=D
= A=B=C=D=m/2

Ex. 135. Ifa, B are two different values of ® which satisfy
is bccosO cos ¢ + ac sin 0 sin ¢ = ab, then prove that
(b? +c¢? —a®)cosocosP +acsinasinB=a’ +b? —
Sol. We have,

= b%*cos’Ocos’§ =a’h

be cosO cos (1) =ab — acsinBsin 0.
2+ a%*sin®*0sin® ¢ — 2a*besin Osin
= (a%c?sin® ¢ + b%c? cos® 0)sin®O — 2a’besinOsin § +
a*b* — b*c®cos’ 0 =0
a?b® - b*c?cos? ¢

2.2

=  sinasinf =
a*c®sin® o + bc? cos?

()

Similarly, acsin®sin ¢ = ab — bc cos ¢ cosO
= a’*sin®Osin® ¢ = a®? + bc?
a’b* — a*c*sin® ¢

a’c?sin? ¢ + bc? cos? ¢

cos? Ocos? ¢ — 2ab%c cosOcos O

.. (i)

coso. cosf =

On substituting the value from Egs. (i) and (ii) in
(b* + ¢ — a*)cosa cosP + acsinasin B, we get
(b + ¢* = a*)(a®b* - a® — b%* cos® )
= 2.2 . 2 2.2 2
a‘c“sin“¢ + b“c”cos” ¢

—¢%)= RHS

¢*sin® ) + ac(a®h®

= (a® +b*

Ex. 136. Find all number pairs x, y that satisfy the
equaion;

tan® x +tan” y + 2cot? xcot? y =3 +sin’(x + y); V

T
X, ye|0,—
ye[o%)

Sol. We know, a* + b* > 24*b* {AM > GM}
tan? x + tan*y > 2tan® xtan® y ..(3)

Equality occurring only when tan® x = tan®y = 1.

Also, tan® xtan®y + cot® xcot’y > 2 ..(ii)

Since, a + é > 2 and equality occurring only when
a=1ie tan’ xtan’y =1
From Egs. (i) and (ii);
tan® x + tan®y + 2cot? x cot’ y > 4 ...(iii)
Also, RHS =3 +sin(x + y) < 4 (V)
From Egs. (iii) and (iv),
LHS =RHS =4

= tan® x = tanzy = tan® xtanzy =1
= tanx = tany = 1
= tanx =tany =1 {asx,ye[0,m/2]}

R x=y=m/4
Only one solution i.e.(x = 7 /4,y = 7 /4).

Ex. 137. Prove that tan3—n + 4 sin 2n NEE
11 11

37 27t 1 371 27 37
Sol. Lety—tan—+451 — sin— + 4sin—cos—
11 11 3n 11 11 11
cos—
11
37 . 23T . 92T 31
yz.cosz—=sln2—+16sm2—~cosz—+
11 11
31 371
8sin — - cos — -sin—
11 1
5 3T
= 2cos”—y” =2sin” — + 32sin” —-co H+
2 6T
8sin — -sin—
11
4T
1-cos— |+8 1—cos— |-|1+ cos— |+
11
8T
4| cos— — cos—
11
6T 4T 4T 6T 8T
=9 +7cos— —4cos— —8cos— -cos— — 4cos—
11 11 11

6T 4T 107 21 8T
=9 +7cos— —4cos— — 4| cos— + cos— |— 4cos—
11 11 11 11 11

=9+ llcos6—n -4 cosz—Tc + cos4—n + cos6—"t + (:058—7.E + coslo—rc
11 11 11 11 11 11

27T 2m) . (5Tm
cos| — +2-— |-sin| —
4( (11 11) (lln

sintt /11 J

6T
=9+ 1lcos— —
11

=9 +11cos6——M
11



. 12w

2sin ——

=9 +11cos— — -1
sin—
11

=9+llcosé—n+2=ll l+cosé—n
11 11

3m 31
2y2- cos’ = |=22cos’ — = y2 =11
11 11

S y= i1

[as y > 0]

Snﬁ

.2 .4 .
Ex. 138. Prove thatsm—n+sm—n+sm—=
7

7 7 2
Sol. Put, 70 = 2nm, where n is any integer, then
40 =2nm — 30
= sin(40) =sin (2n © — 30) = —sin30 ..(i)
This means sin0 takes the values; 0, +sin 2715’ isin47—n

. 8m
and *sin—.
7
. . 6T . (81
Since, sin— = —sin| —
7 7

From Eq. (i), we now get 2sin20.cos20 = 4sin’0 — 3sin0

= 4sinB cosB(1 — 2sin®@) = sinB(4sin’O — 3)
= 4cosB(1 — 2sin?0) = 4sin’0 — 3
= 16cos®0(1 — 2sin®0)* = (4sin® 0 — 3)°

= 16(1 —sin®0)(1 — 4sin0 + 4sin0)
=16sin?0 — 24sin?0 +9
=  64sin°0 — 112sin*0 + 56sin’0 -7 =0
This is a cubic in sin’8 with the roots,
. 21T . 41\ . 8T
sin?| 2= | sin?| == | sin?| ==
7 7 7
.. Sum of the roots is
.227'C .247'C .287'5 112 7
sin“| — |+sin“| — |+ sin°| — |= — = —
7 7 7 64 4
We already proved

.2 . 4m . 4m . 8w . 8m . T
sin—-sin— 4+ sin—-sin— + sin—sin— =0
7 7 7 7 7 7

om_4n_sm) 7
So, sin— +sin— +sin— | =—
7 7 7 4
. 2T . 4m . 8m \ﬁ
= sin— + sin— +sin— = —
2

Alternate Method

x'-1=0

[assuming x as the seventh root of unity]
x” =1+ 0.i = cos(2km) + isin(2km)
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2km . . 2kn
X =| coOS—— + isiIn——
7 7
= = !2km/7 [where, k =0,1,2,3, 4,5, 6]
6
- ei2k7'l:/7=0
k=0
6 .
= 1+ Y e =0
k=1
3 .
= 1+ Z(elzk‘rc/7 +872kﬂ/7)20
k=1
3 k
= 1+ 22‘005 =0
k=1
3
= 1+22(1—231n2)—0
k=1
. o T . 9 2W . 23T
= 142(3-2]sin?= +sin®? == +sin®>— | |=0
7 7 7
.o . 2271: . 237'[ 7
= sin"—+sm”"—+sm”- —=—
7 7 7 4
L L8T . L2 ,4Am 7
= sin“— +sm”"— +sin” — = —
7 4
A 4T sm 7
= sin®Z= +sin? —— +sin? == = = (1)
7 7 4
L2 . 4m . 4m . 8m . 8 . 2T
and sin—-sin— + sin —-sin — + sin — -Sin —
7 7 7 7 7
[ on 67T 47 121 67T 101
= COS— — COS— + COS—— — COS—— + COS— — COS——
2l 7 7 7 7 7
1 om 4m 2m 4m
= —| cos— + cos— — cos| 2T — — | — cos| 2T — —
2l 7 7 7 7
1 2n 4m 27 4m ..
=—| cos— + cos— — cos— — cos— | =0 ..(id)
2 7 7 7 7

From Eqgs. (i) and (ii), we get

2
. 2n . 4m . 8m .22 . 4T
sm7+s1n7+sm7 =sin”— +sin“ — + sin

7
4
= sin2£+sin4—n+sin8—n=£
7 7 7 2

Ex. 139. In a AABC, tan A + tan B + tan C =k, then find
the interval in which k should lie so that

(A) there exists exactly one isosceles triangle ABC

(B) there exists exactly two isosceles triangle ABC

(C) can there exist three non-similar isosceles triangles for
any real value of k.
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Sol. Let A = B, then 2A + C = 180°

and 2tan A + tanC =k (1)
Now, 2A + C =180°
= tan2A = —tanC
Also, 2tan A + tanC =k
= 2tan A + tan(180 — 2A) =k
= 2tan A — tan2A =k
= 2tan A — % =
1—tan“ A
= 2tan A(1 —tan®? A —1) =k — ktan® A
= 2tan® A —ktan’ A+ k=0
Let, tan A = x, x >0 (as A <90°)
Then let, f(x)=2x> —kx* +k ...(ii)
f(x)=6x*-2kx =0
= x=k/3,0

Following cases arises
(i) k <0, three graphs of cubic equation (ii) are possible.
Clearly, in all these case, only one triangle is possible
and the condition for that triangle to be possible is
f(0) <0=k < 0so for k <0 only one isosceles triangle
is possible.
Y Y Y

Al el el
RGN AT
(if) k > 0, three graphs of the cubic equation (ii) are

possible. In fig. (i), two such triangle are possible. The
condition is f(k/3) <O0.

kI3 X / O| k3

kI3

In figure (ii), one such triangle is possible. The
condition is f(k/3)=0
= k= 3\/5.

In figure (iii), no such triangle is possible. The
condition is f(k/3) >0

2
= l{l—k)>0
27

= k<3\/§.

(iii) k =0, graph will be shown as, so no such triangle is
possible. Hence, the solution for mentioned

conditions;
o (A) eitherk <0Oork = 343
(B) k >33
M
0 X

(C) Clearly, there will never exists three or more than
three non-similar isosceles triangle for any value
of k.



Trigonometric Functions and Identities Exercise 1:
Single Option Correct Type Questions

10 2 TC
. The value of 2(sm
11

(a) 2 (b) 1
(©)0 (d)-1

2nm | .
— cos — |is equal to
11

n=1

. 5, TC .
. Given, a’® + 2a + cosec’ [2 (a+ x)) =0, then which of

the following holds good?

X
a)a=1—€1
(a) 5

x
b)a=-1;—€1
(b) 5
(c)aeR xe¢
(d) a, x are finite but not possible to find
. The minimum value of the function

f(x)=(3sin x — 4 cos x —10) (3sin x + 4 cos x — 10), is

(@) 49 (b 193 —zeoﬁ
(c) 84 (d) 48
. The value of expression 2; equal is to
01 +tan’(100)°
5 b) —
(a) b2 .
14 9
- d) 2
(©) 3 (d) .
. The value of 4/1—sin®110° -sec 110° is equal to
(a) 2 (b) -1
(¢) -2 (d) 1

. If tan o, tan 3 are the roots of the equation
x? + px + q =0, then the value of
sin?(ot + ) + psin (o + B) cos(ar +B) + g cos®(ar +P)is
(a) independent of p but dependent on ¢
(b) independent of ¢ but dependent on p

(c) independent of both p and g
(d) dependent on both p and ¢

. The value of the product

. T T T
sin (22009 ) cos (22009 j cos (22008 )
T T T T .
Ccos (22007) cos [220%) ... COs (23) cos (zzj , 18

1 1
(@) 22007 (b) 22008

1 1
(©) 22009 (d) 22010

10.

11.

12.

13.

14.

15.

nsin A cos A

. Iftan B= , then tan(A + B) equals to
1-ncos’ A
(@) sin A ) (n— .1)cosA
(1 —n)cosA sin A
©) sin A (d) sin A
(n—1) cosA (n+1)cosA
3'0)
, If P=(tan(3" *'0) — tan0) and L then
(tan( ) )and Q = ;}COS 31 0)
(a) P =20 (b) P =3Q
(c)2P=0Q (d)3P=0
The value of

(cos* 1°+ cos® 2° + cos* 3° +... + cos* 179°)-

(sin® 1° +sin* 2° +sin”® 3° + ... +sin* 179°) equals to

(a) 2cos1° (b) —1
(c) 2sin 1° do
Suppose that ‘@’ is a non-zero real number for which

sin x +sin y = a and cos x + cos y = 2a. The value of
cos(x —y), is
3a” -2 7a* —2
a b
(a) 5 (b) )
9a* —2
2

Let P(x) =

\/(cos X + cos 2x + cos 3x)* + (sin x + sin 2x + sin 3x)?,

(©)

then P(x)1is equal to
(a)1+ 2 cosx
()1 —2cosx

(b) 1 + sin2x
(d) None of these

If the maximum value of the expression
1

5sec’ 0 —tan’ 0 + 4 cosec’0

is equal to p (where, p and

q are coprime), then the value of (p + q) is

(a) 14 (b) 15
(c) 16 (d) 18
Let f,(a) = sino +sin 30 +sin 50 + ... + sin(2n — 1)

cos O + cos 30 + cos5a + ... + cos(2n — 1)

Then, the value of f, ( 2) is equal to
@)~2 +1 (b)~2 -1
(©)2++/3 d)2-+3

. cosx +sinx |,
sinx+cosx+ ————|is

4 s 4
COS X —SIn X

()2 @)1

The minimum value of

(a) 2 () g
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16.

17.

18.

19.

20.

21.

22,
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If a = cos(2012 1), b = sec(2013 ) and ¢ = tan(2014 7),
then
(aa<b<c (b)b<c<a
(c)c<b<a (dya=b<c
In a AABC, the minimum value of

2 A 2 B 2 C .
sec” — +sec” — +sec” —is equal to

2 2 2

(a)3 (b) 4
()5 (d6
The number of ordered pairs (x, y) of real numbers
satisfying 4x° — 4x +2=sin’ y and x? 4+ y° <3, is equal
to
() 0 (b) 2
(c)4 (d)8
InaAABC,3sin A+ 4cosB=6and3cos A +4sinB=1,
then ZC can be
(a) 30° (b) 60°
() 90° (d) 150°

An equilateral triangle has side length 8. The area of the
region containing all points outside the triangle but not
more than 3 units from a point on the triangle is :

(2) 98 + 1)

(b) 8(9 + m)

T

I
(d) 8(9 + 5)

Ifacos® o +3acosa sin? oo = mand
asin® o0 +3acos’® o sino = n. Then,
(m+n)2/3 +(m_n)2/3

(a) 2a° (b) 2a'"
(c) 2a*" (d) 24°

As shown in the figure,AD is the altitude on BC and AD
produced meets the circumcircle of AABC at P where
DP = x. Similarly, EQ = y and FR =z. If a, b, c respectively

denotes the sides BC, CA and AB, then 4 + i + < has

is equal to

2x 2y 2z
the value equal to
A Q
y
R
F E
B P C
X
P

(a) tan A + tanB + tanC
(b) cot A + cosB + cotC
(c) cosA + cosB + cosC
(d) cosec A + cosec B+ cosecC

23.

24

25.

26.

27.

28.

29.

One side of a rectangular piece of paper is 6 cm, the
adjacent sides being longer than 6 cm. One corner of the
paper is folded so that is sets on the opposite longer side.
If the length of the crease is [ cm and it makes an angle 0
with the long side as shown, then [ is

0
/
D S R
3 s
sin® cos’ 0 sin® 0 cos 0
3 3
2 d) ——
© sin® cos 0 @ sin®
The average of the numbers nsinn® forn =2 4,6,...180
(a)1 (b) cot1°
() tant® @2*
2
A circle is inscribed inside a regular pentagon and

another circle is circumscribed about this pentagon.
Similarly, a circle is inscribed in a regular heptagon and
another circumscribed about the heptagon. The area of
the regions between the two circles in two cases are A,
and A,, respectively. If each polygon has a side length of
2 units, then which one of the following is true ?

5 25
=2A b)A =24
() A 74 (b) A 10
49
() A =— A, (d) A =4,
25
18
The value of 2 cos’ (5r)°, where x° denotes the x
r=1
degrees, is equal to
7
0 b) —
(a) (b) )
17 25
ad 2
() ) (d) 5
Minimum value of 4x* — 4x |sin x | — cos? 0 is equal to
(a) -2 (b) -1
1
-= d)o
() 5 (d)
If in a triangle ABC, cos 3A +cos 3B+ cos 3C =1, then
one angle must be exactly equal to
b4 2n 4an
i b 2 | Pk
(a) 3 (b) 3 ()m (d) 3
If| tan A|<1land| A|is acute, then
\/(1 +sin 2A) + \/(1 —sin 2A) |
is equal to
\/(1 +sin 2A) —\/(1 —sin 2A)
(a) tan A (b) —tan A
(c) cot A (d) — cot A



30.

31.

32,

33.

34.

35.

36.

37.

38.

For any real 0, the maximum value of
cos’(cos 0) +sin’(sin 0) is

(a) 1 (b) 1 +sin® 1

(c) 1+ cos® 1 (d) does not exist

Minimum value of 27 € ** . 81%" ** ig
1
a)—5 b) —
(a) ( )5
1 1
- d) —
© 243 @ 27

ABCD is a trapezium, such that AB and CD are parallel

BC 1L CD.If ZADB =60, BC = p and CD = g, then ABis

equal to

@ (p* +q*)sin O
pcos O+ gsin O pcosO+gsinO

(©) — P tq @ (p* +q°)sin 0
p’ cosO+ q’sin O (p cos 0 + g sin 0)°

b p’+q° cos O

If 4no = 7, then cot o cot 20t cot 30t ... cot(2n — 1)at is
equal to

(a) 0 (b) 1

(c)n (d) None of these

If in a triangle ABC(sin A +sin B+ sin C)
(sin A +sin B —sin C)=3sin A sin B, then angle C is

equal to

(a) 30° (b) 45°

(c) 60° (d) 75°

If o, 3, y are acute angles and cos 6 = s.1n B ,
sin o

sin

¥ and cos(B — ¢) =sin P sin y, then

sin o

os O =

tan’ o0 — tan® p — tan® y is equal to

(@)-1 (b) 0

()1 (d) None of these

Iftan 3 = M, then tan(o. — ) is equal to
1-nsin” o

(a) n tan o (b) (1 — n) tan o

(o)1 +n)tan (d) None of these

cos® sin0 a

If . then + is equal to
a b sec20 cosec 20
(@) a (b) b
(@% da+b
The graph of the function cos x cos(x +2) — cos®(x + 1)

is

(a) a straight line passing through (0, —sin® 8) with slope 2
(b) a straight line passing through (0, 0)

(c) a parabola with vertex (1, — sin® 1)

(d) a straight line passing through the point (% —sin’ 1) and

parallel to the X-axis

Chap 01

39.

40.

41.

42.

43.

4.

45.

46.

47.
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f(0)=]|sinB|+]|cosB |6 e R then

(a) £(0) €[0,2] (b) £(6) € [0, V2]
() f(®)€[0,1] () £(0) € [1,+2]

If A = cos(cos x) + sin(cos x) the least and greatest value
of A are

(a) 0 and 2 (b)—1and1

(c)— J2 and 2 (d) 0 and V2

IfU, =sinnB sec” 6, V, = cos nB sec” 0 # 1, then
Vn - Vn—l 1 Un .
———+——"isequal to
U nV

n—1 n

(b) tan 6

tan 6 (d) tan 0

(c) —tan 0 + +M

fosx< g then range of f(x)= sec(g - xj

T .
+ sec( + xJ 1s
6

4 4

—=, b —=,

w( 5] ‘ )[ﬁ )
4 4

0, — d)| 0, —
o \@} @0 )
If A =sin® 0 + cos™ 0, then for all values of 6,
(@ A>1 b)0<A<1
(c)1<2a<3 (d) None of these

The expression 3{Si1’14 (3; - oc) +sin* (31 + 0()}

- Z{Sin6 (: + (xj +sin° (51 — (x)} is equal to

b) -1
(d)3

. . I T ).
The maximum value of sin (x + j + cos (x + j in the
6 6
. T ). .
interval (0, 2) is attained at

(a) —

T
12 () 6

T
(©) 3 (d)—~

2

If cot? x = cot(x —y)- cot(x — z), then cot 2x is equal to

3

(a) % (tan y + tan z) (b) % (cot y + cot z)

(c) % (sin y + sinz) (d) None of these

The minimum value of the expression

sin o + sin 3 + sin y, where o, B, y are real numbers
satisfying ot + B +y =, is

(b) zero

(d) None of these

(a) positive
(c) negative



92

48.

49.

50.

54.

55.

56.
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. . X .
If cos x —sin . cot P sin x = cos @, then tan = is equal to
2

p p

o o
(a) cot — tan — (b) cot — tan —
2 2 2 2

p

(c) tan % tan 5 (d) None of these
1 . .

If cos* O sec’ o, —andsin® 0 cosec? o are in AP, then
2

1 . .
cos® Osec’ o, - and sin® 0 - cosec’a are in
2

(a) AP (b) GP
(c) HP (d) None of these
The maximum value of
COS 0L, - COS L, - COS O, -...- cos O, under the restriction
T
0<a,,a,,..o,<—andcota, -cota, -...-coto, =1
2
is
1 1
a) — b) —
(a) : ( )2"
22
© @1
o

51. If x € (0, ) and sin x- cos® x > cos x-sin’ x, then

complete set of values of x is

T T 37
(a) X € (0, Z) U[E, 7)
(b) x € (E, E) v [3—75 nj
4 2 4
T T
(C) X e (Z, E]

(d) None of the above

52 Ifu= \/a2 cos? 0 +b*sin” 0 + \/a2 sin® 0 + b* cos® 0
then the difference between the maximum and
minimum values of u® is given by
(a) 2a* + b?) (b) 2:Ja* + b
(c)(a+b) (d)(a - b)*

tan 6

83. For a positive integer n, let f, (0) = (1+secH)

(1+sec20)...(1+sec2"0), then
n n
(a)fz(g)—o (b)ﬁ(ij__l

(c)ﬁ(i) ——1 (d)fs(l"gj =1

Trigonometric Functions and Identities Exercise 2 :
More than One Option Correct Type Questions

Suppose cos x =0and cos(x + z) = 1 Then, the possible
2

value(s) of z is (are).

T 5T
(@) g (b) ?

7T 111
(c) ? (d) 7

Let f,(0) =Zsingsin£ +Zsin9
2 2 2

sin@ + Zsin9 sin@ +...+ 2sin95in(2n + 1)9, ne N,
2 2 2 2 2
then which of the following is/are correct?

(a)fg(%)=% (b)ﬁ(%)zO,nEN
oAZe s

Let P = sin 25° sin 35° sin 60° sin 85° and

Q = sin 20° sin 40° sin 75° sin 80°. Which of the following
relation(s) is (are) correct ?

(@P+0Q=0 (b)P-Q=0

() P+ Q* =1 P -Q°=0

57. For0<9 <§, if x= ZCOSZ" 0,y= Zsinz" 0,
n=0 n=0

z= ZCOSZ" Osin® 0, then
n=0
() xyz=xz +y
(b) xyz =xy + z
C©xyz=x+y+z
(d) xyz =yz + x

2
58. Let P(x) = cot’ x(l + tan x + tan XJ

1+ cotx + cot® x

N cos X — C(.)S 3x +sin3x —sin x 2. Then, which of the
2(sin 2x + cos 2x)

following is (are) correct?

(a) The value of P(18°) + P(72°)is 2.

(b) The value of P(18°) + P(72°) is 3.
(c) The value ofP(%[j + P(%T) is 3.

(d) The value ofP(%tj + P(%T) is 2.



59.

60.

61.

62.

63.

64.

65.

J1—sin4A +1
66 1ry=Y__°"

4
It is known that sinf3 = 5 and 0 < 3 < m, then thes value

V3 sin(ar +B) -

of - is
sin o

(a) independent of o for all § in (0, T)

5
(b) 5

V3(7 + 24 cotal
15
(d) zero for tan3 > 0

for tanf3 > 0

for tanf3 < 0

In cyclic quadrilateral ABCD, if cot A = % and

tan B = _—12, then which of the following is (are) correct?
5

12 16
a)sinD = - b) sin(A + B) = —
(a) sin 5 (b) sin( ) =

—-15 -16

D=—— d)sin(C + D) =—
(c) cos 5 (d) sin( ) =

If the equation 2 cos® x + cos x — a = 0 has solutions,
then a can be

-1 -1
- b) —
(a) 2 (b) s
()2 (d)5
If A =sin 44° + cos 44°, B = sin 45° + cos 45° and
C =sin 46° + cos 46°. Then, correct option(s) is/are
(a) A<B<C (b)C<B< A
©B>A @A=C
If tan(200 + B) = x & tan(ot + 2B) = y, then [tan3(c + B)].
[tan(or — PB)]is equal to (wherever defined)
xZ + yZ xZ _ yZ
b
® 1-x%y? ®) 1+ x’y?
xZ + y2 xZ _y2
d
© 1+ x%y? @ 1-x*y?

If x =sec ¢ — tan ¢ and y = cosec ¢ + cot ¢, then

@x=2"1 b x=2"1
y—1 y+1
(c)y=l+x @xy+x-y+1=0

If tan (Z) = cosec x — sin x, then tan® (;j is equal to

()2-+5 (b)~5 -2
(©) 9 - 445) (2 ++/5) (d) 0+ 45) 2 —+5)

~——————, then one of the value of y is
J1+sin4A -1

(a)—tan A
m
(c) tan(z + A)

(b) cot A
(d) - cot [% + AJ

Chap 01
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71.
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If 3sin B = sin(20 + P), then

(a) [cot a + cot(ar + B)][cot B —3 cota + P)] =6

(b) sin 3 = cos(ot + 3) sina

(c) 2 sin B =sin(aL + ) cos o

(d) tan(ot + B) =2 tan o

Let P,(u) be a polynomial is u of degree n. Then, for

every positive integer n, sin 2nx is expressible is
(a) B,,(sin x) (b) P,,(cos x)
(c) cos x P,,_,(sinx) (d) sin x P, _,(cos x)

sin ot — cos O

Iftan6 = , then

sin o + cos O
(a)sinoc—cosoczi«/gsine
(b) sin o + cos o=+ /2 cos O
(c) cos 20 =sin 20
(d) sin 20 + cos 200 =0
Ifcos50 =acosO+ bcos® O +c cos® O +d, then
(a)a =20
(b)b=-20
(c)c=16
(d)d=5

x=\/a2 cos’o +b*sin® a =\/(12sin2 o+ b° cos’ o

then x* =a® + b* +2\/p(a® + b*) — p*, where p is equal

to
(a) a® cos® o+ b® sin® a
(b) a’sin® ot + b* cos® o

© % [a + b +(a® — b*) cos 20(]

(d) % [a + b —(a* — b*) cos 2a1]

(cosA+cos BJ" +(sinA+sinB

(n, even or odd) is
sin A —sin B

cos A—cos B

equal to

(2) 2 tan’ (—A P ) (b)2 cot"(L ‘B)
2 2

(c)0 (d) None of these

Let P(k) = (1 + cos nj (1 + cos (Zk_l)n)
4k 4k

(1 + cos (2k+1)n) (1 + cos Mk—l)nj Then
4k 4k

1 2-42
P@)=— b) P(4) =
(a) P(3) " (b) P(4) "
3-5 2-43
PG) = d) P(6) =
(c) P(5) " (d) P(6) "
2 2\p
Ifx=acos3esin29,y=asin39coszﬁandw
(xy)*
(p, g € N)is independent of 0, then
(a) p =4 (b) p=5
(c)g=4 (d)g=5
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Trigonometric Functions and Identities Exercise 3:

Statement | and Il Type Questions

= This section contains 11 questions. Each question contains
Statement I (Assertion) and Statement II (Reason).
Each question has 4 choices (a), (b), (¢) and (d) out of
which only one is correct. The choices are

75.

76.

77.

78.

79.

(a) Both Statement I and Statement II are individually true
and R is the correct explanation of Statement I.

(b) Both Statement I and Statement II are individually true but
Statement II is not the correct explanation of Statement L.

(c) Statement I is true but Statement II is false.

(d) Statement I is false but Statement II is true.

Statement I tan o0 + 2 tan 20 + 4 tan 40 + 8 tan 8

+ 16 cot 160t = cot

Statement II cot o0 — tan o0 = 2 cot 200

Statement I If xy + yz + zx =1, then
X 2

) = .
(1+x%) T+ x%)

Statement II In a AABC sin 2A +sin 2B — sin 2C
=4cos A cos Bsin C

Statement I If o and 3 are two distinct solutions of the

. . oa+p).
equation a cos x + bsin x = ¢, then tan T is

independent of c.
Statement II Solution of a cos x + bsin x = ¢ is possible,
if—+/(a®> +b*) <c < (a® +b?)

Statement I If A is obtuse angle in AABC, then
tan Btan C > 1
tan B+ tanC

tan BtanC —1

Statement I sin Z—TC + sin 4—n + sin S—TC :—1.
7 7 7 2

2n . 2T .
Statement II cos o +isin o is complex 7th root of

Statement II In AABC, tan A =

unity.

80.

81.

82.

83.

84.

85.

Statement I The curve y = 815" * +81° * —30
intersects X-axis at eight points in the region
—M<x<TL

Statement II The curve y =sin x or y = cos x intersects
the X-axis at infinitely many points.

Statement I The numbers sin 18° and — sin 54° are the
roots of a quadratic equation with integer coefficients.
Statement II If x = 18°, cos 3x =sin 2x and if y = — 54°
sin 2y = cos 3y.

Statement I The minimum value of the expression

sin o + sin § +sin ¥ where o, 3, y are real numbers such
thata +  + Y = m is negative.

Statement IT If o + B + vy = 7, then o, P, y are the angles
of a triangle.

Statement I If 2 sin (2) = \/1 +sin6 + \/1 —sin O then %
lies between 2nT + % and 2nT + 3%
Statement IT If g <0< 3% then sin% > 0.

Statement I If 2 cos O +sinf = 1(9 * g) then the value
of 7 cos 0 +6sin 0 is 2.

Statement I If cos 20 —sin O = é, 0<0< g, then

sin 0 + cos 60 =0.

Statement IIf A>0, B>0and A + B= E, then the
3

maximum value of tan A tan Bis 1

Statement I If g, + a, +a, +... +a, = k (constant),

then the value a,a,a,...a, is greatest when
a,=a,=a,=...=a,
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Trigonometric Functions and Identities Exercise 4 :

Passage Based Questions

Passage I
(Q. Nos. 86 and 87)
If a, b, c are the sides of A ABC such that
32(12 _ 2'311' + b2+ 2 + 321)2 +2¢? — 0’ then
86. Triangle ABC is

(a) equilateral
(c) isosceles right angled

(b) right angled
(d) obtuse angled

87. If sides of APOR are a, b sec C, ¢ cosec C. Then, area of

APQRis
(a)?az (b)?bz (c)?cz (d)%abc
Passage 11

(Q. Nos. 88 to 90)
ForO0<x< %, let P, (x)=mlog,, (sinx)+nlog,. (cotx);

where m,ne {,2,...,9}
[For example :

P,y (x)=2log,,, (sinx)+9log . (cotx)and

P, (x)=Tlog,, (sinx)+ 7log.. (cotx)]
On the basis of above information , answer the following
questions :

88. Which of the following is always correct?
(@ P, (x)ZmV m=n (b) P, (x)Z2nVm=n
(2P (x)<nVm<n (d)2P, (x)<mV m<n

89. The mean proportional of numbers P, (Zj and P,, C:)

is equal to
(a) 4 (b) 6
©)9 () 10

90. If P,, (x) = P,,(x), then the value of sin x is expressed as

5

} then (p + q) equals

()3 (b) 4
(c)7 (d)9
Note Mean proportional of a and b(a > 0, b > 0) is «/E]

Passage 111
(Q. Nos. 91 to 93)
If76 =(2n+ 1)m, where n =0, 1, 2, 3, 4, 5, 6, then answer the
following questions.

. b 3n 5T .
91. The equations whose roots are cos —, cos —, cos — is
7 7 7

(a)8x” + 4x* + 4x+1=0
b)8x® —4x* —4x—-1=0
(

0)8x’ —4x* —4x-1=0
(c)
(d)8x* + 4x* +4x—-1=0

T 31 5T .
92. The value of sec - + sec7 +sec o is

(a) 4 (b)-4

(c)3 (d)-3

93. The value of sec? * +sec? 3n +sec? o is
7 7 7

(a) - 24 (b) 80 ()24 (d) - 80

Passage IV
(Q. Nos. 94 to 96)
If 1+ 2sin x + 3sin® x + 4sin”* x + ... upto infinite terms = 4 and

number of solutions of the equation in {—jn , 41'5} is k.

94. The value of k is equal to

(a) 4 (b) 5 ()6 (d)7

95. The value of M is equal to
sin 2x
(a) 1 (b) 3
1
2-+/3 d)—

96. Sum of all internal angles of a k-sided regular

polygon is

() 51 (b) 4

(c)3m (d) 2

Passage V

(Q. Nos. 97 to 98)

Let a is a root of the equation (2sin x — cos x)
(1+cos x)=sin’ x, B is a root of the equation
3cos® x—10cos x + 3= 0and y is a root of the equation

. . i
1—sm2x=cosx—smx,0SOL,B,ySE.

97. cos o + cos P + cos y can be equal to

336 + 242 + 6 3v3 + 8
O—F ®=
(c) 3€+ 2 (d) None of these

98. sin(ao. — P) is equal to
(a) 1 (b)o
o= 246
6 6
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Trigonometric Functions and Identities Exercise 5:
Matching Type Questions

99. Match the statement of Column I with values of 101. Match the statement of Column I with values of
Column II. Column II.
Column I Column IT Column I Column II
A) The number of solutions of the equation no
(4) Ifo+ ¢ =£, where 6 and ¢ are () 1 ) 1 d ) ® solution
2 |[cotx [=cotx + — (0 <x <m)is
- ) ) (m). sin x
positive, then (sin 0 + sin ¢) sin (Z) is 1
(B) If' sin 6 +sin ¢ = —and cos 6 + cos ¢ @
always less than 2 3
(B) IfsinO@—sin¢o=aandcosO+ cos¢ (q) 2 = 2, then value of cot (m) is
= b, then & + b* cannot exceed 2
(C) If3sin 0+ 5cos O=>5, (0 0)then the (1) 3 (C)TNHQMem1m2a+ﬁn(E—a] @® 1
value of 5 sin 0-3 cos Ois 3
) 4 sm(%+a)s
() 5 .
(D) Iftan 0 =3 tan ¢, then maximum value (s) 2
p .
100. Match the statement of Column I with values of of tan”(8 - ¢) is
Column II. » 4
Column I Column Tl 102. Match the statement of Column I with values of
. . Column I
(A) If maximum and minimum values of  (p) A+u=2
7+ 6tan O —tan” 0 Column I Column II
I+ wn’6) for all real values " . T
n (4) In a AABC, sin (—j (p) -1+4 sin(n jsin
of 6 ~— are A and pu respectively, then 2
2 .(B) . (Cj (n+3) (n+C)
+sin| — |[+sin|—|= cos
(B) If maximum and minimum values of (q) A-u=6 2 2 4 4
T
50056+3cos(6+§)+ 3 for all real (B) lnaAABC,sin(gj (q) 4003(“""4)005(“13)
values of 0 are A and p respectively, B c n—-C
then + sin (—j — sin (—) = cos ( j
2 2 4
(C) If maximum and minimum values of (r) A+u=6 _
(T b © Ina AABC, cos é ) 1+ 4 sin m-4
1+ sin Z+6 +Zcosz—6 for all 2

B . -B) . -
real values of 6 and A and u + cos (EJ — cos (%) sm(7T 1 ) sin (n Cj

(s) A-u=10

respectively, then
s) -1+ 4 cos(TE ;A)

) A-p=l4 cos(n;B sm(n;C)
© 1+ 4 cos TEZA)




103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.
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Trigonometric Functions and Identities Exercise 6:
Single Integer Answer Type Questions

In a AABC, ! + ! + !

B
1+tan®’— 1+tan’—
2 2

=k

1+ tan’ ¢

2
[1 +sin é sin E sin C:|, then the value of k is

2 2 2

sin(a - Bj cos(Oc * B) -cos
2 2 .
then 5 5 is
sin (_yj sin (”) -sin 3
2 2

Find the exact value of the expression

[ Sine _ cosy

sinf cosd
equal to

T T 5T 7T Im
tan — — tan — + tan— — tan— + tan —.
20 20 20 20 20
44
Zcos n°

=1
Letx="——
44

Zsin n°
n=1

exceed.

, find the greatest integer that does not

Find 0 (in degree) satisfying the equation,
tan 15°- tan 25°- tan 35° = tan 6, where 0 € (0, 45°)

Find the exact value of cosec10° + cosec50° — cosec70°.

If cos 500 = cos® o, where oL € (0, ﬂ:), then find the
2

possible values of (sec” o, + cosec’al + cot® o).

Compute the value of the expression

, T , 21 3m 7n
tan® — 4+ tan®’ == + tan’ == + ... + tan® ——.
16

Compute the square of the value of the expression
4 +sec20°

cosec20°

sinA _cosB _tanC

In AABC, if 3 , then the value of
( sin A cos B taan,
+ is
cot2A  cot2B cot2C

Let f and g be function defined by f(0) = cos® 6 and
g(0) =tan” 0, suppose o and f satisfy 2f(a) — g(B) =1,
then value of 2f() — g(a) is

114. If sum of the series 1+ x log, _

cos X

. 1/2
1+sinx
COS X

B 1+sinx)"
+xlog, . |—| +..
P cos x
(wherever defined ) is equal to k(zl — x)’ then k is equal
-x

to

115,162+ .5y —56and 251 O Sycos8_ 0 then the
cos6 sin cos’6  sin’@

2 2?3
value 0{(99()3 +(5y)° } is

116. The angle A of the AABC is obtuse.
x =2635 — tan Btan C, if [x] denotes the greatest integer
function, the value of [x]is

117.1f4cosgﬁo+cot(7;o):ﬁ+¢z+@+@+¢z

6
+ /1, , then the value of an must be
i=1
4
118. If sin®? A =x and IT sin(r A)=ax® + bx> + cx* +dx°,
r=1
then the value of 10a — 7b + 15¢ — 5d must be
119. If x, y € Rsatisfies (x +5)° +(y —12)?=(14)° , then the

minimum value of \/x* + y* is ..........

120. The least degree of a polynomial with integer coefficient
whose one of the roots may be cos 12° is
sin 2A +sin 2B + sin 2C A

121.1f A+ B+C =180°, =k sin —
sin A +sin B+sinC

sin g sin % then the value of 3k* + 2k’ +k + 1is equal to

122. The value of f(x)=x" +4x’ +2x* — 4x +7, when

123. In any AABC, then minimum value of

sin A
2020 ( ) must be

(/(sin B) +4/(sin C) — \(sin A)

124. 1f sin 0 +sin® 0 +sin’ 0 = 1, then the value of

cos® 0 —4 cos* B +8cos? O must be
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125. 16(005 0 — cos gj (cos 0 — cos ?)(cos 0 — cos 5:)

(cos 0 — cos 7::) = A cos 40, then the value of A is

126. If +

1 1
sin20° /3 cos 20°
18k* +162k* +369 is equal to

=2k cos 40°, then

Trigonometric Functions and Identities Exercise 7 :
Subjective Type Questions

127. Prove that tan 82%O = (V3 +2)(2+1)

128.

129.

130.

131.

132.

133. If

134.

135.

or cot7%°=ﬁ+«/§+ﬁ+«@.

If msin(a + ) = cos(or — P), prove that
1 + 1 2

1 — msin 20 l—msinZB_l—m

-
Ifoo+PB+y=mnand
tani(ﬁ+y—a)tani(y +0 —B)tani(oc +B-v)=1,

then prove that 1+ cosa. + cosP + cosy =0.

Find the value of a for which the equation

sin® x + cos’ x = ahas real solutions.

If a and b are positive quantities and a 2 b, then find the
minimum positive values of asec® — btan6.

If a, b, ¢ and k are constant quantities and o, 3, ¥ are

variable subjects to the relation
atano + btanf + c tany = k, then find the minimum
value of tan® o0 + tan® § + tan” y.

r—x - )

= = z , prove that :
tan(0 +o0) tan(0 +B) tan(® +7v)

Zx+ysin2(0( -B)=0.
x—y

Leta,,a,,...,a, be real constants, x be a real variable

1 1
and f(x)=cos(a, +x)+ 5 cos(a, + x) + " cos(a, + x) +

1
...+ ——cos(a, + x)
znfl

Given that f(x,)= f(x,)=0, prove that x, — x, =mn
for some integer m.

Eliminate 0 from the equations
tan(nb + o) — tan(nd + ) = x and
cot(n® + o) — cot(nd + ) =y.

136.

137.

138.

139.

140.

141.

142.

If {sin(ot — B) + cos(or + 2B)sinB}* = 4 cosausinPsin(a + B).
tan

(V2 cosp - 1)2;

Then, prove that tano + tan 3 =

o,Be(m/4)

If A, B, C are the angle of a triangle and
sin A sinB  sinC
cosA cosB cosC |=0, then show that AABC is
cos®A cos’B cos’C

an isosceles.
In any AABC, prove that
+/sin A
h) >3
\/sin B+ \/sin C - \/sinA

and the equality holds if and only if triangle is
equilateral.

If 2(cos(ar — ) + cos(B —y) + cos(y — ) +3 =0, prove

that da. + b +
sin( +0)sin(y +0) sin(c + 0)sin(y +0)
dy

= 0,
sin(a. + 6)sin(p + 6)
where, ‘0’ is any real angle such that
o +0,B+6,y +6 are not the multiple of .

If the quadratic equation

2 1
4% % x? +2x + (BZ -B+ ) =0 have real roots, then
2
find all the possible values of coso. + cos™ f.

Four real constants a, b, A, B are given and

f(O®)=1-acosO —bsinB — A cos20 — Bsin26. Prove
that if (0)>0,V 0 € R thena® +b°> <2and A + B* <1.

cos 0, +sin91 cosO, sin0,

If

=1, where 0, and0

cosO, sinO, cosO, sin0O,

do not differ by an even multiple of , prove that

cos0, -cos0 N sin@, -sin0,

=—1

cos’ 0, sin’ 0,



143. Prove that

n—1
Z"Ck [cosk x.cos(n + k)x +sin(n — k)x.sin(2n — k)x] =
k=1
(2" —2)cos nx.
144. Determine all the values of x in the interval x € [0, 27]

which satisfy the inequality
2cosxS|\/1+sin2x —\/1 —sin2x|£ﬁ.

145. Find all the solutions of this equation

b
x? - 3|:sin(x - 6)} =3, where [.] represents the greatest

integer function.

146. In a AABC, prove that
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ZnCra’b" “"cos(rB—(n—-r)A)=c".

r=0

147. Resolve z° + 1into linear and quadratic factors with real

coefficients. Hence, or otherwise deduce that,

4sin r -cos(n =1
10 5

148. Prove that the roots of the equation

m 3n 5T
8x® —4x® —4x +1=0are cos—, cos —, cos — and
7 7 7
00 3n 51
hence, show that sec ; + sec— + sec— = 4 and deduce

. L3, 5m
the equation whose roots are tan? ; tan o tan 7

Trigonometric Functions and Identities Exercise 8 :
" Questions Asked in Previous 10 Years Exam

149. Let o and  be non-zero real numbers such that

2(cos — cosa.) + cos o cos B = 1. Then which of the
following is/are true?
[More than one correct option 2017 Adv.]

@5 tan £ ]-tan () -0
tan( j ftan( ):

@ tan( 2]+ VBtan 2] -0
(d)ftan( )+tan() 0

150. Let — g <0<-— E Suppose o, and f3, are the roots of

the equation x° —2xsec® +1=0, and o, and 8, are the
roots of the equation x° +2x tan6 —1=0.Ifo., >3, and

o, >p,, theno, +B, equals to

[Single correct option 2016 Adv.]
(a) 2(sec 6 — tan 0) (b) 2sec 6
(c) —2tan6 (d)o

13
151. The value of 2 !

k=1 sin(n + (k -~ 1>chsin(7‘c + ch)
4 6 4 6

to [Single correct option 2016 Adv.]
@3-  (1)23-B) (23 -1) (d)2@2+3)

152. Let f :(—1,1) = Rbe such that f (cos 40) = % for

2—sec’0

is equal

0e (0, Zj v (Z :) Then, the value(s) of f() is/are

[More than one correct option 2012]

3 3 2 2
(a)l—\g b)1+\g (C)l—\g (d)1+\g

153. The number of all possible values of 0, where 0 <0 < T,
for which the system of equations
(y+2z)cos30 =(xyz)sin30
2cos30 + 2sin30,
y z

and (xyz)sin30 =(y+2z)cos30 +ysin30 have a
solution (x,, y,, z,) with y z, #0,is ......
[Integer Answer Type 2010]

xsin30 =

154. For0<0 < g the solution(s) of

6 _
2 cosec (9 +(m41)7'c] cosec (9 + rr;n) = 4+/2 is/are
m=1

[More than one correct option 2009]

T I T 5T
a) — b) — c) — d) —
(a) . ( ) (c) o (d) o
s 4
155 1t S X 4 cos’x _1 then
2 3 5 [Single correct option 2009]
g P
.8 8
(@) tanzx=g (b) sin x+cos xzi
3 8 27 125
1 ¢ 2
(0) tan’x =+ ) sin® x, cosx_ 2
3 27 125

156. Letee( Z)andt =(tan 0)*"°,¢, = (tan 0)*"°,

t,=(cot®)™? andt, =(cot0)’, then

[Single correct option 2006]
(b)t,>t, >t >t,
)z, >t, >t >1,

a)t, >t,>t, >t
o) t, >t >t,>1,

(
(
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157. The number of ordered pairs (o, B), where o, B € (-, 7)
satisfying cos (o0 —f3) = 1and cos (a0 + ) = 1 is
e

[Single correct option 2005]
(@)0 (b) 1
(c)2 (d) 4

I1. JEE Mains and AIEEE

158. 5(tan” x — cos? x) =2 cos 2x + 9, then the value of
cos 4x is [2017 JEE Main]
3 1 2 7
_3 b L 2 a-L
(a) 5 (b) 3 (c) 5 (d) .

159. If f, (x)= % (sin® x + cos® x), where x € R k > 1, then

x)— x)is equal to [2014 JEE Main
4 6 q
1 1 1 1
a) — b) — c) — d) —
(a) p (b) 3 (c) . (d) "
tan A t A
160. The expression ama can be written as
1-cot A 1-tan A [2013 JEE Main]
(a) sinA cos A +1 (b) sec A cosec A + 1
(c) tanA + cotA (d) sec A + cosec A

161. In a APQR, if 3sin P + 4 cos Q =6 and
4 sin Q +3 cos P = 1, then the angle R is equal to

[2012 ATEEE]

51 n
o b T

() . (b) .
n 37
r 4 2

(c) . (d) .

162. If A =sin® x + cos” x, then for all real x

@2 <a<t b)1<A<2
16 [2011 AIEEE]
3 13 3
—<AL— d=<A<1

(o) . " (d) .

Exercise for Session 1

1.72°, 18° 2.§cm 3.70m  4.45°  5.81

6. (%) 7.252cm  8.880cm/s 9. 1.7cm 10.7

Exercise for Session 2

3.-3 4t P+ b - 5.13 6.2 7. L

10. 4

Exercise for Session 3
2k
P+ 1

1. 2.1 4.x=1y=0 6.0

163.

164.

165.

166.

167.

Answers

Let cos(o +p) = % and sin (a0 —f3) = 1—53 where

T .
0<a, B £=.Then, tan2a is equal to
4 [2010 AIEEE]

25 56 19
() E (b) E (c) E (d) 7

Let A and B denote the statements
A:cosa +cosP+cosy=0
B:sina +sinf3 +siny =0

If cos (B — ) + cos (Y —at) + cos (0 —B)=—g,then

(a) Aistrue and B is false [2009 AIEEE]
(b) A is false and B is true
(c) Both A and B are true
(d) Both A and B are false

A triangular park is enclosed on two sides by a fence
and on the third side by a straight river bank. The two
sides having fence are of same length x. The maximum

area enclosed by the park is [2006 AIEEE]
@ 0L @ @
If0 < x <mand cos x+sinx=1,thentanxis
2 [2006 AIEEE]
4-7 4+7
@ 4D (b) - 4H7)
3 3
A ++7) 1 =+7)
STND q) =N
(c) " (d) "
Ina APQR, ZR= g If tan (5) and tan (S) are the roots
ofax® + bx + ¢ =0,a # 0, then [2005 AIEEE]
(a) b=a+c (b) b=c
(¢) c=a+b (d) a=b+c

7.5+ =2 9.10 10.7
a b 5
Exercise for Session 4
1.28 3.-2
4.
y
y= sin%
1 y = sinx
+ + + + * X
OJ[ w2 32 ON~512  3m T2 Am
-1



5. y

< o—1

o>

X

312 -1 -T2 (1)_ w2

From the graph, the period of the function is 7.

7.[5,57”}
4 4

T 32 2m 512

8. y
y = sinx
11»-\\ 3_7.[ /,——
\\ T 2// on
e} T, oo X
2 \\
—1¢ y = Ccos X
9 y
3+
ot
1..
+ + + + + + X
-2 fw3-w6 /|0 e Av3 w2 /2w3 5me/Tt 76
1..
72--
-371
10.l
4

Exercise for Session 5

1.4/3 2. Negative 3. -1 4.1 5.1 6.1
7.2 8. does not exists any real solutions 9.2
10.0
Exercise for Session 6
1.Tand IV 3.1 4.§ 5.tan B + 2 tan y
4 33
6.a> + b 8.27
Exercise for Session 7
it 5.0 6.2 cot” (ﬂ) 7.1 8. 2"
5 2 8 8
Exercise for Session 8
1. False 2.tan 6 3.i 5.0=-1p=3 6.§
NG 7
7.-1 8.1 9.15 10. 1
Exercise for Session 9
e E 32 4 n6, 10.cot™
NE) 5
Exercise for Session 10
! 7.-1 8.1

4. — 5.2
2

Chap 01

Exercise for Session 11

2.

8

1.
7.
13.
19.
25.
31.
37.
42.
48.
54.
59.
65.
69.
73.
78.
84.
90.
96.
99.
100.
101.
102.
103.
109.
115.
119.

124.

130.

0 4.2 5. positive 6. % <4<1
.— 2 and V2 10.13:40r1:4

Chapter Exercises
(b) 2.(b) 3. (a) 4. (a) 5.(b)
(b) 8. (a) 9. (a) 10. (b) 11.(d)
(d) 14.(b) 15. (a) 16. (b) 17. (b)
(a)  20.(a) 21. (¢) 22.(a) 23. (a)
(d) 26.(c) 27. (b) 28. (b) 29. (¢)
() 32.(a) 33.(b) 34. (c) 35.(b)
(a) 38.(d) 39. (d) 40. (¢c) 41. (c)
(b) 43.(b) 44. (c) 45. (a) 46. (b)
(b)  49.(a) 50. (a) 51. (a) 52.(d)
(a,b,c,d) 55. (a,b,c) 56.(b,d) 57.(b,c)
(b,c) 60.(a,b,d) 61.(b,c) 62.(c,d) 63.(d)
(b, c) 66.(a, b, c,d) 67.(a, b, c, d)
(a, b, c,d) 70.(b,c) 71.(a,b,c,d)
(a, b, c,d) 74. (b, c) 75.(a) 76. (b)
(d) 79.(d) 80. (a) 81. (a) 82.(c)
(b) 85.(b) 86. (b) 87. (a) 88. (b)
(¢) 91.(b) 92. (a) 93. (¢) 94. (b)
(¢) 97.(b) 98. (¢)
Ai(p? q4 LS, t); B—(S, t); Ci(r)
A_(r7 S); B_(r’ t); C_(ps q)
A—(r); B—(p); C—(p); D—(q)
A—(r, 1) B—(p, 5); C—q
(2) 104.(1) 105.(5)  106.(2) 107.(5)
(5) 110.(35) 111.(3) 112.(2) 113.(1)
(3136) 116. (2634) 117. (91)
(1) 120.(4) 121. (1673) 122. (6)
4) 125.(2) 126. (1745)
% <a<l 131. Minimum value is v a* — b

132.

135.

140.

144.

145.
148.

149.
154.
160.
166.

2
Minimum value is e a—
a+b +c

1
cot(o+P)=——

X
— 1, when # is an even integer

coso.—cos 'B =
+ 1, when n is an even integer

wlawla = =

Only two solutions, x = 0, /3
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7. 4.

6. (a)
12. (d)
18. (b)
24. (b)
30. (b)
36. (b)

47. (c)
53.(a)

58. (b,c)
64. (b, c, d)
68. (c, d)
72. (b, ¢)
77. (b)

83. (b)

89. (b)

95. (d)

108. (6)
114. (2)

118. (3448)
123. (6060)

Required equation is, z° — 21z° + 35z— 7 = 0 whose roots are

tan’ E, tan’ 3—75, tan’ 5—”

7 7
(b, c) 150. (c)  151.(c) 152.(ab)
(c,d) 155. (b) 156. (b) 157.(d) 158.(d)
(b) 161.(b)  162.(d) 163.(b) 164.(c)
(b) 167. (c)

153. (3)
159. (d)
165. (b)



5. Clearly, /1 —sin®110° Bec110°

o
=] cos110°| sec110°
= —c0s110°sec110°=—1

6. tana + tanP = -p

1. Given series tana tanp = g
%11’17 — COS T@ % n— - COS*’E tan(o( + B) = p — p
11 11 1-qg gq-1
1
. 6Tt 6 . 20T 20 - [tanz(o( +B) + p tan(@ +B) +q]
+ QIHH COSHT%'F ot %H’IT COST 1+ tanz(a +B)
1 O p? 2 0O
:%inzj+sjn£[+...+sin&]§ _ : % P - P ol
! ! 1 1+ P g-1)° (¢-1) O
2T 4TT 20 - 1)2
_QOSH + cos; +...+ COST@ :
107 107 S TP a D e ]
sin Tt BinT cos T[Binﬁ q p
- - 1
) =—————[p’g+qlg ~1)’]
sinE sinE rq-1)
11 11

— DiDq

qu+(q_1)ZD
. T
sm@'l—ll . +(@-1)°Q

=0+
sinﬂ 7. Let A be the expression. Multiplying A by 2°°® and using
11 2 sin® cosO =sin26,
T 1
2. (a +1)* + cosec? + ¥H 1o we have 22008 4 = sm— =1L A= ——
5 5 2008

TT.
or  (a+1) +cot? Q’% + 7’“ -0 Alternatively sin %2009@ @W@ sin %TO%Q
1 Tt Tt
Tt Tt _ .
From option [b], ifa = — 1 and cot? Q_z— + Txg =0 T @sin %zoos @COS %2003@
1 . T
ad tan® g.%@ =0 = ?Sln %TOWQ

. ™ . Similarly, continued product upto,
E ) cos E}E -_L sin QL‘U@_ L
2" 52008 = 52008
3. f(») =9sin’x —16cos’x —10(3 sinx —4cosx) 2 2 2
. +
—103sinx + 4cosx) + 100 8. tan(A + B) :M
1-tanA tanB

=25sin’ x —60sin x + 84
nsinA cosA

=(5sinx —6)* + 48 tanA +
1-ncos’A
O f(x)yin 0ccurs whensinx =1 E sin A cos A
Minimum value = 49 1~ tand 1 -ncos’ A
1 1 1
4.5= 1+ tan®0° " 1+ tan®10° Tt m = sinA(1 nCOSZA) +nsind cos’ A
1 1 cosA(1 — n cos® A) —nsin® A cos A
Now, + inA -
1+tan®0 1+ tan®(90 —0) = SmAz 0 2
. ) cosA(l —ncos®A —nsin“ A)
_ + in A
1+tan’0 1+ cot’0 =2
, (1-n)cosA
_ 1 + tan”0 " 0
= in(3
1+tan’0 1+ tan’0 9. We have, Q= Z _sin@'0)
r+ le
_1lttan I =ueoss )
e . . . . n
1t tan’e _ sinB® N sin30 + sin90 _— + sin(3"0)
Hence,§ =1+ (1 +1 +1 +1) =5 cos30  cos90  cos270 cos(3"*10)
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i i i A B
As, sin@ _ 2sin cos® _  sin20 17. IAABC, z tan Gan 2 =
cos30  2cosB cos30  2cosB cos30 2 2
. A A B
l[lsln(39 6) 0 O z tanzg > z tan;tan; =1
2 EOSG cos36 H
) [ a®+b®+c® —ab —bc —ca 20, Oa, b, c0 R]
= —(tan30 - tanB) ,A
2 O 3+ z tan“— >4
1 2
a =—[(tan30 - tanB) + (tan90 A B C
Q 2[( )+ O 3+tan23+tan25+tanz—21 +3
- tan30) +... +tan3" '8 —tan3"0)] A B c
P g sec’ = + sec’ — +sec’ = 24
O O0=—0 P=20 2 2 2
2 18. The given equation can be rewritten as
. Expression ) 5 1
12 41 =ai o . _1
(cos* 1° + cos* 2° + cos*3° + ... + cos* 179°) (2x —=1)° +1 =sin”y, which is possible only when x p
s2
—(sin*1° +sin*2° +sin*3° + ... +sin*179°) sin"y =1
=c0s2° + cos4° + cos6° + ... +cos(358 °) O y:j,l-[ [asx2+y2 <3]
° 4 358°] . 22
5 [3in(179 x 1°) Thus, there are only two pairs (x, y) satlsfylng the given
=cos
sin1°® equation. They are % gand %
= cos(180°) = —1.
sinx +siny =a (i) 19. Given,
’ Y B 3sinA +4cosB =6 (1)
cosx + cosy =2a -+ (i) 3cosA+4sinB =1 ...(i1)

On squaring and adding Egs. (i) and (ii), we get

) On squaring and adding Eqs. (i) and (ii), we get
2 +2cos(x —y) =5a

9+ 16 + 24sin(A + B) =37

50% -2 24sin(A + B) = 12
cos(x —y) =
2 sin(A + B) =
P(x) = \/3 +2(cosx + cosx + cos2x) 2
. 1
2\/3 +2(2cosx +2cosx’x —1 a smC—g
2\/4coszx+4c052x +1 C =30°or 150°
If C =150° then even of B=0and A =30°.
:‘ZCOSX*'l‘ Th tity 3sinA + 4 B
e quantity 3 sin cos
. Consider y =5secc®® — tan®@ + 4cosec’d d Y d 1
+4=5-<
O y =5 +5tan’0 —tan’0 + 4 +cot’ O 3 2 4 52 6
y =9 + 4(tan® + cot?) Hence, C =150° is not possible
=9 + 4[(tan® — cotB)* +2] a 0 = %30 only
_ 2
O Vmin =9 +8 =17 1 20. Area—3|185)+3|%r6
0 Maximum value of the expression is — = P 120°
17 q
3X3
O ptqg=1+17 =18
TT Tt
. f(@) =tanna and f, %Q—tang =42 -1 A 8
. Letsinx + cosx =t
1 60°
g y =+ 8 3
t

Hence, minimum value of y is 2.
. a =cos(2012 M) =1 =72+§|3E?J‘E
2 3
b =sec(2013 M) =—1
¢ =tan(2014 1) =0
Ob<c<a

=72 + 9T
=98 + )
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21. m+ n =a{(cos’a +sin’a)+ 3 cosa sina(cosat + sindt )}

m + n =afcosa +sina}’

Similarly, m-n =a {cosd - sina }’
(m + n)?? =a*(cosa +sina )? (1)
Similarly, (m - n)** =a**(cosa —sina)? .(id)

On adding Egs. (i) and (ii), we get

(m + n)2/3 +(m_ n)2/3 = a2/3 (2)

a = 24a°°
22. BD = x tanC in APDB
and DC = x tan B for APDC A

a BD + DC =a =x(tanB + tanC)
a_ tanB + tanC
x

.. b B C
Similarly, — =tanA + tanC '
Y y \E/
X

= tan A + tanB
z

t
0 i+i+i=1%+é+£BtanA+tanB+tanC
2x 2y 2z 2 y z

23. sinb :§ ...(Q)

- X

Also, cos20 =

1+ cos20 =g;
x
2cos?0 =
[ sinB
[substituting x = [ sin0 from Eq. (i)]
3
I=———
sinB cos” 0O

24. S =2sin2° + 4sin4° + ... +178sin178 +180 °sin180 °
S =2[sin2° + 2sin4° +3sin6° + ... +895in178 °| (1)
S =2[89sin178° +88sin 176° + ... +1 [8in2 °] ..(ii)
On adding Egs. (i) and (ii), we get
[converting in reverse order]
25 =2[90 (sin2° +sin4° +sin6° + ...+sin178 °)]

_90sin(89°)
sin1°
S =90 cot1®

[3in90°

90cot1° o
——FF =cotl

Average value =
Tt Tt
25. In 1st case,r = cotg; R= cosec;

Tt Tt
2nd case, r, =cot 7; R = cosec;

0 A, = T(R? —rz):ngtoseczg—cotzgn@:n

AT =B
Pentagon

Heptagon

M Ay = T[(Rlz - ’iz)

_ 20 o _
=Tt cosec"— —cot"—[|=Tt
7 7

O A = A,
18
26. z cos?(5r)° = cos? 5° + cos® 10°
r=1
+ cos? 15° + ... + cos” 85° + cos? 90 °
=(cos? 5° + cos? 85°) +(cos® 10° + cos” 80°)
+ (cos? 15° + cos? 75°) + ... + (cos® 40° +cos” 50°) + cos? 45°
=(cos® 5° + sin® 5°) + (cos® 10° + sin® 10°)
+ (cos® 15° +sin® 15°) + ... +(cos® 40° +sin? 40°) + cos® 45°
1 1 17
S1+1+1 4. +1 +-=8+- ="
2 2 2
27. 4x* — 4x|sin®| —(1 —sin® B)

=-1+@x —|sin@])*

[OMinimum value = — 1

28. s cos3A + cos 3B + cos3C =1
g cos3A + cos3B + cos3C -1 =0
O cos3A + cos3B + cos3C + cos3TT =0

A+ 3B A -3B TT+3C
a 2c:os§B Qcos@3 §+2cos g;g
2 2 2
Tt —3C§
Cosg; =0
2
m -3cg0 A —3B T+ 3CH
a ZCOSEP Q[{:oséP §+ cos él;@]=0
2 0 2 2 09

+ + -
a 2c05§?—%@@cos§n 3C43A 3B

T+3C -3A +3B
E\Eosg3 . §=0




29.

30.

31.

0 2cos QE —£§Q cos gl-[—ﬁgllos gﬂ —ﬁ§=0
2 2 2 2 2 2
0 —4sin gﬁgsin é’ggsin §£§= 0
2 2 2
0 sin gﬁgsm gggsin §£§= 0
2 2 2

3A 3B 3C
a — =Tlor —=Tlor — =TI
2 2 2
21T 2TT 2TT
g A=—orB=—orC=—
3 3 3
tan A| <1
TU
g - ¥ tan A& 1 and OS\A|<E
0 “Meam
2 2
2tanA
Ja+sinza) = 1+ =00
1+ tan” A
[1+ tan A | 1+ tanA)

B \/(1 + tan® A) B \/(1 + tan® A)

0 a
and /(1 —sin2A) = [1 - 2tanA

0 + tan® AQ
_ |1-tan A|
B (1 + tan® A)
_ (1-tan A)
) (1 - tan® A)

Ja +sin2A) + /(1 —sin24) _ 2
J@ +sin2A4) - /1 —sin2A) 2tan A
Let f(8) = cos?(cos 0) + sin’(sin 8)
—1<cos@<land-1<sinB<1
0  cos1<cos(cosB)<1and-sinl <sin(sin 8) <sin 1

O cos®1<cos’(cosB)<1and 0 <sin’(sin B) <sin’ 1

cot A

0 Maximum value of f(8) =1 +sin® 1

Let f(x) - 27cos 2x 81sin 2x :33 cos 2x + 4 sin2x

3 4
S@CQS 2x+751n2x§
—3 5 5

3 4

Let — =sin@and — = cos @
5 5

Thus, f(x) - 35(5111 @ cos 2x + cos @sin2x) — 35[(sin((p + 2x)]

For minimum value of given function, sin(¢ +2x) will be
minimum.

ie. sin(@ +2x) =-1
- 1
0 xX) = 35( 1) =
f(x) 013
Alternate Method
Let f(x) - 27(:05 2x Slsin 2x — 34 sin 2x — 33 cos 2x + 4 sin 2x

For minimum value of given function, 3 cos 2x + 4 sin 2x will

be minimum.

O =432+ 42 <3 cos2x+ 4sin 2x <4/3% + 4
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a - & 3cos2x# 4sin2€ 5
[OMinimum of 3 cos 2x + 4 sin 2x = =5
_ 1
So, min f(x)=3"° =—
f(x) a3
32. Let AB =x and OBDC= «
: e
Vp*+q? p
q I
I X t
In ADAM, tan(Tt — 6 — Q) =
X -
O tan(@ + a) = P 0 g—x=pcos@® +a)
q-x

0 x=q-pocot® +0)=q pDcothotO(—lﬁ
cota + cot®
_q(cota + cot®) + p(cot B cot a) + p
- cota + cotB

cos 60 Dq cos 60
+

B}? sm@H B];smeﬁ d qQ
= 1 cotd = =
q ., cosB H pf

p sin®

iz+qcose_ cos©

_P sin© sin © _ (¢* + p®)sin B

qgsin®+pcosb gsin® + psin

psin®

I
33. Given4na =1t O 2na =E

Now cot O [tot(2n —1)a =cot0 cot QZE —a@

=cot0 [dana =1
Similarly, cot 200 cos(2n —2)a =1,
cot 3a [tot(2n —=3)x =1, ..., cot(n —1)a cot(n +1)a =1
Thus cot O cot 20 cot 3 ... cot(2n — 11X
={cot a cot(2n —1)a} {cot 2a cot(2n —2)0}
.. {cot(n = 1)a cot(n + 1)a} Ocot na

O

0 T
=100..10 = cotnd =cot — =1
H 4+ B

=1
34. We have (sin A +sin B +sinC)(sin A +sin B —sinC)
=3sinA sin B
(sin A + sinB)? —sin® C =3sin A sin B

sin? A + sin® B —sin® C =sin A sin B
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O sin? A + sin(B + C) sin(B —C) =sin AsinB

a sin A [sin(B + C) + sin(B —C)] =sin A sin B
[FA+B+C=m1

g sin A(2 sin B cos C) =sin A sin B

a cosCZéD C=60°
35. From the third relation we get

cos 0 cos @+ sin Bsin @=sin Bsiny
O sin?Bsin® @=(cos Bcos @—sin PBsin y)°

0 0o 0 Ghin Bsi uf
0 o- sin® B _ sin® vH %mﬁsmy —sinBsin y0
O sin® GEIEI sin® GEI O sin’a a

[from the first and second relations]
O (sin®a —sin?B)(sin o —sin® y)
=sin? Bsin® y (1 —sin® o)’
O sin* a(1 —sin® B sin? y)
—sin® a(sin® B + sin® y —2 sin® Bsin® y) =0

sin® B —sin® y —2 sin® Bsin® y

O sin®a= — [-sina # 0]
1 —sin” Bsin” y
deos’a _1-sin’ B —sin® y +sin® Bsin® y
and cos” O =
1 —sin? Bsin® y
0 tan® o sin® B —sin® B —sin® y +sin® y—sin® Psin® y
an“ a =

cos? B —sin’® y (1 —sin® B)

_sin® B cos® y + cos® Bsin® y

cos® B cos® y
=tan® B + tan® y
0 tan’a —tan®p —tan’y =0

n tan

36. tan =

1+ tan’ o —ntan’a
n tan o
_1+(1 -n) tan® a
n tan a
1+ (1 —n)tan®a
tana [h tanQ
1+(1 -n)tana

tana -

O tan(a —B) =

_tano + (1 —n) tan’ o —n tana
1+ (1 -n)tan’a +ntan’a

(l —n) tan o1 + tan®a) _
1+tan’a

=(1 —-n)tana

cosB) _ (SLG)
a b

a cos20 + bsin 20 =a(1 —2sin® 0) + 2b sin 6 cos O

=a -2ab’k* +2b [bk [dk

=a -2ab’k* +2ab** =a

37. Le t( =k, so that cos @ =ak and sin 8 = bk. Then

38. Lety =cos x cos(x +2) — cos’(x + 1)

1
= 5 [cos@x +2) + cos 2] —cos’(x +1)

1
= 5 [2 cos’(x +1) —1 + cos 2] — cos’(x +1)

1 1
——5(1 —cos2)= —E(ZSin2 1)= -sin®1

This shows that y = —sin® 1 is a straight line which is parallel

to X-axis and clearly passes through the point @g, —sin® IQ

39. f(0)=|sinB| +|cos 0], 8 O RClearly, f(6)>o0.
Also, f*®)=
=1+|sin20|
0<|sin20| <1
O 1< fA0)<201< fO)<~2

40. A = cos(cos x) + sin(cos x)

sin® @ + cos” B +| 2 sin B [Zos B

=\/EDOSCOSX COSE"‘SinCOSX Sinlﬂ:|
g: ( ) . ( ) 4%
:\/5 E{:os @:os X —EQE
0 ARg

Tt
—1<cos @:osx—1§51

0 - <a<2

41. We have, — Uy = tan nB

_ cosnBsec” B —cos(n —1)Bsec” '8

sin(n — 1)@ sec” 'O

_ cosnBsec B —cos(n —1)0
- sin(n —1)0
_cosnB — cos(n —1)0 cos O
- cos B sin(n —1)0
cos(n—1)0 cos  —sin(n —1)0sin 6
_ —cos(n —1)8 cos O
- cos Bsin(n —1)0

=-tan0
V,=-V, 1U
Tl S Ch - —tan @ +
Un—l nVn
42. Ifa, b>0

Using AM. = G M we get

tan n@

So, that £0

n

O f()\/

=]

H@

f
- oo
e

_ 2
\/ ) TT 3 1-cos2x
cos® — —sin® x _
6 4
_ 2
1 cos2x
—+
4 2



43.

44.

45.

46.

T -1
Now for0 < x<—, — <cos2x <1
3 2
0 0< l_'_costSi
4 2 2
4

Since ‘f’ is continuous range of “f” is Sﬁ, 00@
3

»0<sin?0<land0<cos’O <1

a 0 <sin® B <sin’? Band 0 < cos' B < cos® O
ad 0 <sin® O + cos' 0 <sin® O + cos® 0
Hence, 0<A<1

. T .
sin é’;——()@:—cosu,sm %+GQ= cosQ

sin(3TT + O) =—sin O
sin(5TT — ) = —sin O

o 3 %in4 E‘E —a§+ sin*(31 + O()E
g 2 O

D. 6 6 D
-2 sin +a g+ sin®(5TT — A)
B H
=3{cos* o +sin’ a} —2{cosa +sin‘a}

=3{1 —2sin* a cos’a}- 2{1 - 3sin’ a cos*a}=1

sin@x+§@+ cos@x+£@
:ﬁéin@+g+£§§

5TT
= Zsin§><+E S«/E

Equality holds when x + m_T ie, x = I
12 2 12
Therefore, maximum value of given expression is attained at
_n
12

cot? x = cot(x — y) [kot(x —z)
kot x cot y + 10Ckot x [tot z + 10

2 —
oot X_Bcoty—cothB cot z — cot x

O cot® x [kot y [kot z — cot® x kot y — cot® x cot z + cot* x
= cot?® x [kot y kot z + cot x [Eot y + cot x [Eot z + 1
0 cot x cot y(1 + cot? x) + cot x cot z(1 + cot? x)
+1-cot* x=0

O cot x(cot y + cot z) (1 + cot? x)

+(1 —cot? x) (1 +cot? x) =0
O cot x(cot y + cot z) + (1 —cot® x) =0

cot? x -1

1
a ———  =—(cot y + cot z)
2 cot x 2

1
a 5(c0t y + cot z) = cot 2x
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47. Giventhat,a +B +y =T

48.

49.

Taking O :—g;B:—gandy =2Tt

0 sina +sinf3 +siny=-1 -1 +0 = -2
butsina +sinf3 +siny = —3foranyd,f,y
Hence, minimum value of sin o + sin 3 + sin Y is negative.

cos x —sin 0 cot 3 sin x =cos
O sin 3 cos x —sin O cos 3sin x = cos O sin 3

O sinB@—tan2 g@—sinu cosBDBtang

. x
=cosd sinf3 Q + tan® EQ

X . . . X
0 tan® E(—sm B—cos asinB)-sind cosP [2 tang

+sin (1 —cosa) =0

4 [sin® o cos’B
—2sina cosP * |+sin® B(1 + cos Q)
(1 = cosa)]
2sin B (1 + cos Q)
—sina cosf
_* \/sin2 a(sin® B + cos®B)
- sin (1 + cos Q)
_—sind cosP £sina _sina(l —cosf £ 1)
~ sin B(1 + cos0) "~ sin B + cosa)

g, «a a B

= tan — tan — or — tan — cot —
2 2 2 2

x
a tan — =
2

1 . .
-~ cos? Osect a,~ and sin® 0 cosec? o are in AP
2
= cos® O sec’ o +sin’ O cosec? a
x 1_cos“e_'_sin49
- 2 .2
cos’d sin“d
4 .4
. cos® B  sin® O
O (sin® B + cos® ) =t —
cos“d sin“a
.01 o ., 01 U
O cos 9B72—1[I+sm GDT—H:I
[kos” a a [4in“ a a
-2sin*0 cos’ B8 =0
a sin® o cos® B +sin* O cos* a
- 25sin” 0 cos® Bsin® a cos’ o =0
(sin o cos?® — cos® a sin®0)* =0
O tan® 0 = tan’® a
0 =m o ,n0]
8 60 — .8 6 — 2
Now, cos® B sec’ 0 =cos® A sec’ 0 =cos” A
and sin® 8 cosec® o =sin® o Ctosec® a =sin’a

1 .
Hence, cos® 0 sec® , -, sin® 8 cosec® a
2

. 2 1 . 2 .
ie, cos” O, —, sin“ A are in AP.
2
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50. Given,(cot a,) [(tota,)...(cota,)=1 =tan 40 (1 +sec 80)... (1 +sec 2" 0)
n n _ _ n
o M cosa, 1 sina, =..=tan2" 0
i=1 i=1
TT TT| Tt
" n n o sin 200 1 Now, fzgrgztangz —@2 tan — =1
O M cos’a, 1 sina, cosa, =T L<— 6 16 4
=1 i=1 i=1 2 2" T T
. 1 ﬁ@f@ztan @3 —Q:
g M cosa, <— 2 32
i=1 n
22

TU I
fu %QZ tan @4 —QZ
. n 1 4 64
Hence, maximum value of 1 cos Q is —

i=1 n Tt T
2 and %—Q =tan — =
2 f5 28 4

51. sin x [tos® x > cos x 8in® x -
54. cosx=00 x=(@2n+ 1)5

a sin x [tos x(cos® x —sin® x) >0
i Tt 1
O sin x [tos x [tos 2x >0 0 COS@ZH +) s z§=f
a cos x [tos2x >0 2 2
- - 1 1
I i I I hi I I a sinz =— or sinz = ——
0 s I 3n m 2 2
4 2 MS5TM7MmM11 T
0 PELELEAIE
- 3 6 6 6 6
. x D@ Q % T@ 55. f,(0) = cosB —cos20 +cos20 —cos30+ ... +
52. v’ =a® +b* cos(n)® — cos(n +1)0

£,8) = cosB —cos(n +1)0

2 2 2 . 2 2 . 2 2 2
+2\/a cos“ 0 + b“sin“ 0 X\/a sin“ O +b° cos” O Now, check options.

=q’ +b% + 2\/sin2 0 cos® Ba* +b*) +a*b*(sin* O +cos* 0) 56. P =sin25°sin35°sin60° sin85°

=a? +p? +2\/a2b2(1 -25sin’0 cos?0) +(a* +b*)sin®O cos’ O =sin25°sin(60° =25°) sin60°sin (60° +25°)
=sin60° sin25°sin(60° —25°) sin (60 ° + 25 °)

=(a® + b?) +2\/azb2 +(a® —-b*)?sin® O cos® O

1
O P =sin60° X — sin75°
=(a® +b?) + 2b2+(az_bz)z inZ 28 4
=(a ) t24/a T, 2 Q =5sin20°sin40°sin75° sin80°
mpeY =sin20° sin (60°—20°) sin75 ° sin (60 ° + 20 °)

2
Max. u? =(a* + b?) +2,|a’b* +(af =sin75°sin20° sin(60° — 20 °) sin (60 ° + 20 °)

. ol o . o
Min. u? = (a® + b®) + 2ab o Q =sin75° X 1 X $in60

2 12\2 Hence, P =
O Difference 2, a’h? + w - 2ab 1 Q 1 1
4 57. x= = =

= Y = s
1-cos’® sin’6 cos’0
:\/4a2b2 +a* +b* —2a%* -2ab
1

(@® +b*)* —2ab 1 —sin0 cos?0

=a’ +b* ~2ab =(a -b)*
a ab =(a —b) ¥ l+l:1
0 Ui + cos 60 x Yy
53. - %an @(1 + sec 9)—tan%§ 17
2 COSe O xy:x+y O l:l—i
9 z xy
sin — 2 cos’ 2sin — [tos —
- 2 0 2 _ 2 2 O xyz =xy +z=x+y +z

8 " cosH cos O +t + tan? x0
cos Py 58. Given P(x) = cot®x MD +

01 + cotx + cot®x0

_sin@® _ 0 0
= =tan
cos 0 Ceos x — cos3x + sin3x —sinxl
OBy repeated use of Eq. (i), we have 2(sin2x + cos2x)
£,(6) = tan B (1 + sec 20)(1 + sec 46)... (1 + sec 2" 0) _cot® + cotx +1 . [P sin x (sin2x + cost)D2

=tan 20 (1 + sec 40)...(1 +sec 2" 0) 1+ cotx cot’x 2(sin2x + cos2x)



=1 +sin’x
O P(18°)=P(72°) =(1 +sin’18°) +(1 +sin®72°)
=1+1 +(sin®18° + cos*18°) =3
3sin(0 + ) —4cos(@ +B)

59. E=
/3 sina
_ 3(sina cosP + cosa sinfB) — 4(cosd cosP + sina sinf3)
/3 sina
5 T
=—for0<fB<—
NG 2
3 (7 + 24 cota Tt
and E :M for—<B<T1
15 2
3
60. cotA ==
4
-3
g cotC =—
4
5
4
3
O Cis obtuse angle.
. 4 3
0 sinC = g, cosC = ——
13
12
O (N
5
-12
tanB = —
12
a tanD = —
5
0 Dis an acute angle
12 5
g sinD=— cosD =—
13 13

Hence, sin(C + D) =sinC [dosD + cosC [sin D

= EiH s H s

_20-36 _-16
65 65

Also, sin(A + B) =sin(211 —(C + D))
= —sin(C + D) =E.

65
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0 8a+1 DE)’QD
16 16H

O 8a +1 0[0, 25]
o1 0

0 al=,3
Hs " °H

62. A =sin44° + cos44°
=c0s46° +sin46° =C

B =sin45° + cos45° =\/5[sin90 °]

1 1
A= «/ED— sin44° + —cos44°|:|

B2 V2 H

=2 [sin44°[tos45° + cos44°[din45°]
=+/2 sin89°

U B>A

63. tan(20 +B) =x
tan(a + 2B) =y
O  tan@3(@a +P)). tan(@ —PB)
= tan[@a +B) +(@ +2B)].

tan[2(a +B) —@ +2B)]
_ tan(0 +pB) + tan(@ +2B)
1 —tan(2a +B).tan(@ +23)

109

tan(2a + ) —tan(@ +2B)

1+ tan(2a +B).tan(@ + 2B)

2 2
- x+y Dx—y _X "y
1-xy 1+xy 1—xzy2
1-sin@® _1+cos@®
cos(p’ sin @
(1 —sin @)(1 + cos @)
cos @sin @
1 —sin @ + cos @—sin @cos @

+ sin @ cos @

64. We have x =

Multiplying, we get xy =

O xy+1=

cos @sin @
_1-=sin@+cos @
"~ cos @sin @
_ (1 —sin @)sin @—cos @( + cos @)

and x
~ cos @Psin @

_sin@-— sin® (p—cos @— cos? [0}

cos @Psin @

_sin@—cos -1 _ +
=2 r PV =-- 1
cos @sin @ (xy )

Thus, xy + x -y +1 =0.
. _y-1 1+x

andy = .
y+1 Y 1-x

65. The given relation can be written as

.2 2
1-sin”" x _cos” x

tan = - =—
sin x sin x
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O

2 Bff= fow B o B
2an B - B B

O 2ya+y)=@1-y)

O

O 2 x[O
here y = tan® —
greeY 2H

d yi+4y -1=0
—4x,16+4
0 =Tt e

Since y > 0, we get
2+5

. _ G527
y=vs-2= 2 ++5

5 +2
=9 -445) @2 +5)

\(cos 2A —sin 24)* +1

66. y=
\(cos 2A + sin 24)% —1
0 _ *(cos2A —sin2A) +1

Y- + (cos 2A +sin2A) -1
which gives us four values of y, say y;, y, , y; and y, We have,
_cos2A —sin2A +1 _ (1 + cos2A) —sin2A

cos2A +sin2A -1 (cos2A —1) +sin2A

1

_ 2cos® A-2sinA cos A
h -2sin® A +2sin A cos A
cos A(cos A —sin A
- sin AEcos A- sinA)) =cot 4
_ —(cos2A —sin2A) +1
Ve~ —(cos2A +sin2A) —1

_ (1 —cos2A) +sin2A
- —(1 + cos2A) —sin2A

_ 2sin® A+2sinAcos A _

= 5 - =—tan A
—2cos” A —2sin A cos A

_ (cos2A —sin2A) +1

—(cos2A +sin2A) -1

(1 + cos2A) —sin2A

—(1 +cos2A) —sin2A

2 cos® A —2sin A cos A
-2 cos’ A —2sin A cos A
_cos A —sin A

cos A +sin A

1—tan A
=—$=—tan§E—A§=—cot §E+AQ
1+ tan A 4 4

_ —(cos2A —sin2A) +1
- (cos2A +sin2A) —1
(1 —cos2A) +sin2A
—(1 —cos2A) +sin2A
2sin® A —2sin A cos A
—2sinA +2sin A cos A

67. -; 3sin B =sin2a + )

68.

69.

0 2sin B =sin2a +f) —sin
=2 cos(0 +B)sina
g sin 3 = cos(a +B)sina (1)

[0 Alternate (b) is correct
Also, sinf =sin(a +B) —a)
=sin(@ +f) cosa —cos@ +f)sina
From Egs. (i) and (ii)
sin B =sin(0 + ) cosa —sinf3
O 2 sin 3 =sin(a + ) cos A
@ Alternate (c) is correct)

(i)

Alternate (a)

LHS =(cot a + cos(@ +f))(cot B =3 cot2a +3))
_ U sin@a +B) OlkosP 3 cos2a +p)U
- Esin o Gin@ + B)HE&m B sin(a +B) H
_ o 3sin 3 Olcos B 3 cos(2a + )0
_aind Gin(@ +B)HE€inB 3sin 3

(3 sin B =sin(2a + P))
os B — cos(2a + ()1
sin 3

3sin 3 OCc
Bin( +B)HB
>
5

_ o
_aina

_ 0 3sin 3 O sin(a +B) sina 0
Esin o Gin@ + B)H sin B

=6
Alternate (d)
v tan(a +B) =2 tana
T sin(@ +f) _2sina

cos(@ +B) cosa

O sin(@ +3) cosa =2 cos(@ +f) sina

O sin(@ +PB) cosa —cos(@ +f)sin0 =cos(@ +f)sina
sin 3 = cos(0 +B) sina
[Alternate (b)]
P (u) be a polynomial in u of degree n.
0 sin 2nx =2 sin nx cos nx

=sin x P,, _,(cos x) or cos x P,, _;(sinx)
sin 0 —cosd

tan 6 = —
sina + cosO
_tana -1
tana +1
Tt
tan9=tan§l ——@
4
T
O O=nn+a-—n0I
4
a
or 20 =2nTi+ 20 _E

. . Il
sin 20 =sin @G _EQZ - cos 20

Tt
and cos 20 = cos @0( - E@ =sin2a



and  sind —cosd =\Esin@( _EQ
=2sin {6 —nm}=++2sin O
andsin 0 + cosO :\/Esin@ +g§
Zsin%+9 —n]‘[%
2 0
2 cos (8 —nm)=+ 2 cos @

70. cos 560 = cos(40 + 0)=cos 46 cos O —sin 40sin O

=(2 cos® 20 —1) cos © —2 sin 20 cos 20 sin O
=[2@2cos*8-1)*—1]cos® -2 2 cos O

sin® 0 (2 cos® B —1)

=[2(4 cos*® —4cos’B +1) —1] cos O

—4cosB(2cos®B—1)(1 - cos® B)

=cos 0O (8cos* O —8 cos? B +1)

—4cosB(3 cos’ O —2cos* B-1)

= cos 0 (16 cos® B —20 cos® B +5)

71. x =\/a2 cos’a + b%sin‘a + \/a2 sin® o + b? cos’a

2 (a® cos® a + b? sin® )
O x*=a’ +b% +
(a* sin® a + b? cos® )

a’ + b + 2k,

x (a®sin® a + b? cos® o)

O x=a® +b* +24(a* +b*)p —p°

where p=a’sin®a + b® cos’ o

where f= \/[(az + b?%) —(a® sin® a + b* cos® a)]

a* b*
:?(1 —cos20) +?(l + cos 20)

72 Ceos A + cos B . Osin A +sinB O
’ HsinA—sinB H os A —cos B

-B -A
= cos" §L§+ cot” %LQ
2 2
If neven, 2 cot” EAZ;BQ if nodd, O

73. P(k)zg+COS%§§+COS%‘%%§+COS%+4—Z%

%"'COSQ‘[—TTL%

o B o0 2o T -

= Q - cos? EQQ - sin® n
4k 4k

Tt Tt
4sin® — [tos® —
— 4k 4k

4
P(k) = i sin? EZ%Q

Chap 01 Trigonometric Functions and Identities
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0 pey=tt =1
4 4 16
O P(4) = E 2—T[leinzE
4 2k 4 8
_1@ n@_z—«ﬁ
=— [ —cos —[=
8 4 16
O P(5) =lsin2 L @sm2 EQ=1(1 —¢0s36°)
4 10 8 10 8
_1%_«/§+1H_3—\E
8 [ 4 0O 32
a P(6) lemz L @s'nz —H@Zf Q - cos —@
4 12 8 12 8
_1H_ g 24
8 [ 2 0 16

2, 2 _ 2 . 4 4
. x“+y“=a"sin” O cos” O

xy =a’sin® O cos® O
(x* + y*P _ a®(sin B cos B)*F
(xy)? - a*(sin B cos B)¥
which is independent of 8 if 4p =5¢
ie. p=54g-=4

O

. LHS
=tana +2tan20 + 4 tan 40 + 8 tan 80 + 16 cot 16 O

=cota —(cota —tana) +2 tan 2

+ 4 tan 40 +8 tan 80 + 16 cot 160

=cot 0 —2(cot 20 —tan2) + 4 tan 4 O

+ 8 tan 80 + 16 cot 160
(. cota —tana =2 cot 1)

=cot 0 —4(cot 40 —tan 40) + 8 tan 84 + 16 cot 160

(. cot 200 —tan 200 =2 cot 40)

= cot 0 —8§(cot 8o —tan &) + 16 cot 160
=cota —16 cot 160 + 16 cot 160

(" cot 800 — tan 80 =2 cot 160)

=cota =RHS

76. Let x =cot A,y =cot B,z =cot C

[0 cot A cot B+ cot BcotC + cot Ccot A =1
A+ B+C=180°
s x _s cotA

(1+x%) 1+ cot? A)

1 2 tan A 1

Ly 2tmA 1o,

2 (1+tan" A) 2

1

E (sin 2A +sin 2B +sin 2C)

1

E (4 sin Asin BsinC)=2sin A sin Bsin C
_ 2

\/(1 + cot? A) (1 + cot® B) (1 + cot® C)

2 2

CJar S aeyha -+t Jnae
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and sin 2A + sin 2B —sin 2C
=2sin(A + B) cos(A —B) —2sin Ccos C
=2 sin C{cos(A — B) —cos C}
=2sin C{cos(A —C) + cos(A +B)}
=2sin C(2 cos A cos B)
=4 cos A cos BsinC

acosx+bsinx=c

Al - tan’ %Qa I 2 tan %Q 5.
+tan %QD + tan® %QD

a (a + c) tan® %Q—% tan%§+ (c—a)=0
g tan §§+ tan %Q

(a + c)
and tan @@ tan %@2 c-a
2 atc
tan §§+ tan %Q
+
Now, tan Ep B = 2
2 1 —tan g@ tan %@
2
2b
+
= 47¢ - b = independent of ¢
e—ald a
E+ CH
Also, (@® + b*)<a cos x + bsin x < +/(a® + b?)
0 — @ + %) <c < J@® +b?)
A+B+C=180°
d A =180°—-(B +C)
a tan A =tan(180° —(B + C))
t + 0
= —tan(B +C) = - tan B + tanC

57
- tan B tanC%
_OtanB+tanC O

anBtan C —1
Now, " A is obtuse
0 tan A <0,
then tan B + tan C >0
a tan BtanC =1 <0
a tan B tan C <1

Let S =sin gjg+ sin %4_ sin gﬂg
7 7 7

and C =cos gjg+ cos @4—“@+ cos gﬂg
7 7 7
O C+iS=a +a? +a’ ()
TU
Where 0 = cos %@ +isin g%@is complex 7th root of unity.
Then, C-iS =0 +a” +a*

=0f +a° +0?

(i)

80.

81.

82.

Adding Egs. (i) and (11) then
20=a +a’+a’ +a +a > 4 ’=-1

(- sum of 7, 7th roots of unity is zero)

0 c=-=

Also, multiplying Egs. (i) and (ii), then C* +5% =2
(- a” =1and sum of 7, 7th roots of unity)

0 52:2—%@2:1
4

O S=—
2
.2 2
We observe thaty =81%" * +81°° ¥ —=30 =0
0 81sin2 x4 811—sin2 x -30 =0
0 g12sin’ ¥ _3081° x 4 g1 =¢
.2 .
a 81" * =3) (81Sm ¥ =27) =
1 3
a sin? x==or>
4
1 3
O sinx=x—-orsinx =% —
2 2
Tt 5Tt Tt 2T
u x=*—+ —orx=*+—* —
6 6 3 3

0 The graphy = 815" ¥ 481" * _39

Intersects the X-axis at eight points in (— Tt < x < TT)

U Statement-1 is true.

Statement-2 is correct, using it we have cos 3x =sin 2x
O 4 cos® x =3 cos x =2sin x cos x

Similarly 4 cos® y =3 cos y =2siny cos y

So, 4(1 —sin® x) =3 =2sin x
O 4sin® x +2sin x =1 =0
and 4sin®y +2siny =1 =0
Hence, sin x =sin 18° and sin y =sin(—54°) = —sin 54 are the

roots of a quadratic equation with integer coefficients.
The minimum value of the sum can be — 3 provided
sind =sinf3 =siny = -1

0 a:Ml—ng,B:Mm-ﬂ)g,y=Mn—ng

Now a+B+y=n[]MU+m+m—ﬂ§=n

O 4( + m + n) =5 which is not possible as [, m, n are integers.
1. minimum value can not be — 3.

31 3T
But fora =7,B:?,y=—2na +B+y=T

sina +sinf +siny =2
So,sin O + sin 3 + sin y can have negative values and thus the
minimum value of the sum is negative proving that

statement-1 is correct. But the statement-2 is false as

o +B+y=mfora = B—3—ny——2ﬁwhlcharen0tthe

and

angles of a triangle.
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Tt
83. We have 2 sin %Q 85. -A+B-= 3
. H| . 0 tan(A + B) =tan Q.EQ:«B
=,|cos %§+sm % + gos %@—sm % 3
0 tan A + tanB -3
=| cos %§+ sin %@ + | cos %Q —sin %Q 1 -tanA tan B
1
O tan A tanB =1 — — (tan A + tan B)
00 cos %§+ sin §§>0 and cos %Q—sin%@<0 V3
[Jtan A tan B will be maximum if tan A + tan B is minimum.
0 sin % + EQ> 0 and cos % + EQ <0 But the minimum value of tan A + tan B is obtained when
4 4 tanA =tan B
I
0 TULLPL L SR O A=B=—
2 2 4 6
m 0 37T Hence, the maximum value of tan A tan B
0 2nTm + — <— <2nT + — n o1 1 1
4 4 =tan — fan —=—=0O==—
So statement-1 is true but does not follow from statement-2 6 6 V3 V3 3
which is also true. 86. Let3® = A and 3V "¢ =B
84. 2 cosO+sinB=1 0 AT —2A B+ B =0
g
Zg—tanzgg Ztan%Q O A=B
+ =1 O a® =b* +¢*

1+ tan’ %@ 1+ tan’ %Q 87.
O 3tan2%§—2tan%9—120
O tan%@z—laseiE
3 2

Now 7 cos 0 + 6 sin 6 From figure, it is clear that a = b secC =c¢ cosec C
a 2 3
7 El - tan %Q 62 tan %@ O Equilateral triangle [1 Area= %az
= +
1+ tan® %Q 1+ tan® %Q Sol. (Q. Nos. 88 to 90)

70=2n+1)TLn=0to 6

7 —7 tan® %@+12tan%@ 7 =17 w1 +12 @—EQ 40 =@2n+1)m-36
— _ 9 34
= = =2
1

cos40 = — cos30
1+ tan® %@ 1+ 5 O 2cos?20 —1 = —(4cos’® —3cosH)
0 22x*-1) -1 = —(4x® —3x), where x = cos®

Showing that statement-1 is true.

4 3 il _ -
In statement-2 0 8x" +4x° —8x" —3x +1 =0

1 +1)@x® —4x? —4x —1) =0
cos 20 —sin O :5 (x +1)@8x x x —1)

88. P, =mlog,., (sin x)+ nlog, . (cot x)

H 21 ~25in"6) ~sin 6 =1 2 n(log .o ,(sin x) + log . . (cot x)) O n= n
O 4sin’0+2sinB-1=0 = n(log..,, , (sin x kot x))
0 Sin9:—211/4+16:—li«/§ =nlog s, COS X=n

8 4 Thus, P, 2n U n= n

N s B 1
o sin @ = : ue= 1 89. Clearly, P49§g§: 4log @\/—5§+ 9log, (1)=4
V2 V2
a cos 60 =cos 108° =co0s(90° + 18 °)
= —sin 18° Similarly P, :QEQ =9

O sin @ + cos 60 =0
So statement-2 is also true but does not lead to statement-1. Mean proportional of P, ?Qand Py, Qggis {9 X4 =6
4 4
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90. Py (x) = Pyy(x)
s 1Ogcos x (Sinx) +4 logcos x (COt x)
= 2(log g x (sin x) + log s . (cot X))

|:| S(IOgcos X (Sin x) + logCOS X (COt x)) + logCOS X (Cot x) :2
g 3+ log, s (cot x) =2
d log .os 5 (cot x) = -1
- 1
a cot x =(cos x) ' [ C.Oﬁ=
sin x  cos x
a cos’ x =sin x
1-sinx=sinx 0 sin®x+sinx—1=0
-1x
a sin x = 7\6
2
5-1
a sinx=f (ssinx £-1))
Thus, ptq=7

Sol. (Q. Nos. 91 to 93)
70 =@2n +1)TLn =0to 6
40 =(@2n +1)TT 38
cos40 = — cos30
0 2cos’20 —1=—(4cos° 8 —3cosB)
0 22x%—1) -1 = —(4x> —3x), where x = cos8
0 8x* +4x® —8x* -3x +1 =0

(x +1)Bx® —4x* —4x —1) =0

T 2T 1311
91. The roots are cos;, COS— ..., COS——
Tt 131 3T 111 5T 9 M
where cos— = cos——, cos— =cos——, COS— = COS—
7 7 7 7 7 7
Il 31 5T
0 The roots of 8x* — 4x? —4x +1 =0 are cos;, cos7, 0037.
Tt 3T 5T 8 4 4
92. sec—, sec—, sec — are roots of —~ 5 - —*t1=0
7 7 7 X X x
O x®—4x% —4x +8 =0
T 3n 51t
0 sec— +sec— +sec— =4
7 7 7

T 3 51
93. sec? 7 sec? - sec? - are roots of f(\/;) =0

0 Wx)? = 4(/x)? —4/x +8 =0
O x> —24x% +80x —64 =0

2 ST

T 3n
a sec? B + sec? - + sec =24

Sol. (Q. Nos. 94 to 96)
Let $=1+2sinx +3sin’x +4sin®x + ...

0 sinx. S =sinx + 2sin’x +3sin®x + ...

a (1 -sinx)S =1 sinx +sin’x + ...
. 1
(1-sinx)S =———
1 —sinx
1
O S=

(1 - sinx)?

Given S=40 ;z =4
(1 —sinx)
1 3
O sinx = 5 or 5 (rejected)

Number of solutions in Dﬂ 41‘[%3 k =5.
H2

94. k=5
95 ‘cost—l‘:‘ 2sin®x ‘:‘tanx‘ :L
) ‘ sin2x ‘ ‘2 cosx sinx‘ V3

96. Sum of interior angles = (k —2)Tt =3 Tt
97. Now, (2 sin x — cos x) (1 + cos x) =sin® x

0 (1+cosx)[2sinx —cosx —1+cosx] =0

a (1+ cos x)(2sin x —1) =0
1
a cosx=—lorsinx=§
1 Tt
So, sind = — Easosa S—D
2 28

V3

O cosQ = —
2

3cos’ x =10 cos x +3 =0

1
O Cosx=g,c0sx¢3
1 22
O cosB==sinf=—-
3 3
and 1 —sin2x =cos x —sin x

.2 2 . - .
0  sin® x + cos” x —2sin x cos x =cos x —sin x
0 (cos x —sin x) (cos x —sinx —1)=0

. 1
O sin x = cos x =—

V2

or cos x —sin x =1

OJ cosx =1,sinx =0

a cosy =1,siny =0

0 cos(x+cos|3+cosy:?+§+l

98. sin(0 —f) =sin0 cosf3 —cosq sinf3

_3/3+38
6

L RC RN et
2 3 2 3 6
+ @ sin O+si
99. (A)If M is mid point of PQ, then M = ép ; ¢ sin 92 sin ‘@
y
(8, sin ©) N
Q (@ sin @
P - |
y=sinx
0 L X




100.

_B+o . B+
Also, N = ET sin ET(%

It is clear from the figure.
ML < NL
sin O + sin (p

sm B
O sine+sin(p525mg%0§
=2sin %Q:ﬁ

O sin9+sin(psx/§

and (sin @ + sin @) sing <1(p,q, 1,5, t)

(B) " a* + b? =(sin © —sin @)* +(cosB +cos (\0)2
=2 +2cos(® + @)

= 4 cos® g;§< 4 (s, t)

(C)-3sinB +5cosB =5
ad 3sin B =5(1 — cos 6)
Squaring both sides, then

9sin® B =25(1 — cos 0)°
O 91 - cos 0) (1 + cos B) =25(1 —cos 0)*

ad 9(1 + cos 0) =25(1 —cos B)(1 — cos B #0)
ad 34 cosB =16
cos O :i, then sin 0 :1—5
24
ad 551n9-30059=—5 =3(1)
17 17

Hence,5sin© —3 cos 0 =3
7 + 6 tan® — tan® O

A)Lety =
(A) Lty (1 + tan® 0)
=7 cos’ 0 + 6sin Ocos O —sin® O
+ cos O . - cos 20
S Bt Pmcos
2 2
=35in20 + 4 cos20 +3
(3% +4%) +3<3sin20 + 4 cos20 +3
<B%+ 4% +3
o - X K 80A= 8u=-2
ad A+ = 6A-U=10(R,S)

Tt
(B) Lety :5c059+3cos@+gg+3

0
=5c059+3%c036—§sin9|]+3
2 2 O

13 343
— cos e—isme+3
2 2

e NCIgy
0 5= [P+ E 20 <D coso-ino s
EI 2 2 2

Chap 01 Trigonometric Functions and Identities
0-330F
<3+ Qgg + [J—B\ED
2 o2 0
O sy <
0 -« ;g 10
O = 10,p=-4
0 )\+u= 6,A -l =14(R,T)

101.

(C)Lety=1+sin?+9@+2cos§g—€@
4 4
& Fy ver 2 cos ] -of
=1+ -0 +00+2 -0
cosEz» ) cos "
=l+cos%—9@+2cos?—9@
4 4
=1+3cos?—9@
4
0 —1SC05§E—9§S1
4

O —353c05%—9@53

O 1_3S1+3COS§§_BQSl+3
0 - X K 4

O A= 4u=-2

O A+pu= 2A-u=6(P, Q)

(A)| cot x| =cot x +—
sin x

T
If0<x<5|:| cot x>0

1

So cot x =cot x + O =0, no solution

sin x  sin x

Tt
If5<cotx<Tr,—cotx=cotx+

sin x
2 cos x 1
O - + — =0
sin x  sin x
. 2TT
g l+2cosx=Oandsmx¢0|:|x=?.
. . . 1
(B) since sin @ + sin 9:5
and cosB + cos p=2

(i) is true only if ® =@ =0 or2Tbut® =@ =0 or 271 do not

satisfy (i)
Hence given system of equation has no solution.

@&m%m@

3
=sin’ o +sin®? — —sm o =—.
3 4

(C)sin®a + sm

(D) tan B =3 tan @
tan® —tan @ _
1+ tan O tan (p_
_ 2

" cot @+ 3tan @

2tan @

tan® ~¢) = 1+3tan @

[Max if tan @ >0

115
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+
MZ\@ (Using AM = GM) =—1 +4Sin§“1A§sin QT[Z BQCOSQT:CQ

O (cot @+ 3 tan @f 212 O Eﬁgzlz (C) cos EZA»§+ cos %Q—cos %@
ad tan’@ - @ S%. = %:os %§+ cos %%— %os %§+ cos @g%

102. (A)sin %Q+ sin @IZE§+ sin %@ =2 cos QAZBQCOSQA;Bg— cos QHZCQCOS @n;cg
=1+ %in %@+ sin @g%— @in; —sin %@ =2 cos g—%cggpos QAz;;BQ_ cos g‘%cgé
:1+Zsin@A§:§Dcos§A4__Z§—ZCos gl%:%sin anl;cg e Qr%cg (mA+B+C =1
:1+Zsin§r[4 QE{:OS@A4 Q—cos@ﬁ4 QE 0 . §n+C+A—B§, @T{+C+B—A§D

CAEBAC =T %sm s sin s E
=1+2sin Q‘%CQ :4cos§n;cgsin EH;BESing{;AE
%sin@r“-c;-A _Bgsin EH+C;B—A§§ =4 cos Qr%cgcos %21[— T:Bgcos%— T[;A
=1+ 4sin @n;cgsin En;Bgsin @ﬂ;A@ =4 cos EHZAQCOS @nz Bgcos Qﬂ;cg
1 1

-A - B -C !
=1 +4sin@n @sin@ Qsin@n @ 103. A+ B + C
4 4 4 1+tan®*= 1+tan®*= 1+ tan’—
m-A - B[] . -C 2 2 2
:1+4cos§5— QCOSQE— @sm@LQ . A . B . CO
2 4 2 4 4 =ké +sm?smzsmga
+ A T+ B[] . -C
:1+4cos§n Qcos@ Qsm@n @ 2 A , B , C
4 4 4 Dcos;+cosz+cosg

(B)sin %Q *sin %Q ~sin %Q =2 é + Sin? Sing sin%é [by using identity]
=—1+ %in %@F sin %%+ %in %@—sin %% 104. sind _ cosy

sinf3 " cosd

_ [A+B -B ina - si -
=-1+2sin @A Qcos QA Q O sind - sinf = o8y cosd (using dividendo)
4 4 sinf3 cosd

+ 2 cos @T%Cgsm @ﬂ;icg 2cos %ﬁgsin éuzig
g

:—1+2sin@n_cg%os@A_B§+ cos gu@% sin _
4 Op 4 é,qfl+cr:m :zgngigégangéglg

_CQ cosd
=-1+2sin %L
4 105. Let * =0 O 109="

0 +C+A -B nm+C +B —A[J 20 2
%cos@n . Qcos@ s QB O 20 =18°0r6 =9°
c 5 A Now, tan® — tan30 + tan50 —tan70 + tan90
=—1+4sin @l‘[ Qcos @T[4 Qcos @T[ " @ tan® — tan36 + tan56 — cot30 + cot O
4

(tan® + cotB) —(tan36 + cot36) + tan45°

=-1+4cos @T[ - AQCOS Qn_ Bgsin @T[ _CQ [using tan56 = tan45°]
4 4 4

2 2
E= - +1

=—1+4sin QE - T[_Agsin QE - H_BQCOS %E - "_CQ sin20  sin60
2 4 2 4 2 4




= R =
Zinze cos4GB

R s I S U= T
tinlSo cosSG"H

E—Zjii4 L H+1—5
V5 -1 5 +10

. in60 —sin20
Aliter E=1+2
sin20 [4in60
cos40 [$in20
=1+20-
sin20 [¢os 40
=1+4=5
_cos1°+ cos2° + ... + cos44°
sin1® +sin2° + ... +sin44°
sin22°
_ sin(1/2)°
sin22°
sin(1/2)°
[using the formula of sum of cos series]
_sin(n@/2) (n+1)0
= cos
sin(0/2) 2

106. x

[t0s225°
= cot225°
[83in225°

>

sin(nB/2) sin (n+1)0
sin(0/2) 2

cot %@= V2 +1=2414..

O x =2.414...
Greatest integer = 2.

107. LHS = tan15°[tan(30° —5°) {an(30° +5°)

Let t = tan30°and m = tan5°

for sine series, S =

t- e+ 2 - m?
OLHS = tan15° O~ 0— = tan(3(°)) B
1+tm 1—-tm 1-t'm
_3m—m31—3mz
1-3m? 3 -m?
3 -m®) (1 -3m?
= m)E{ m):mZtanS"

2

(1-3m%) 3-m
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109. We have, cos50 = cos’d
cos500 = cos (30 + 2 ) =cos30 cos20 —sin30 sinXX
=(4cos’a —3cosa ) (2cos’a —1) —
(3sin0 — 4sin’0 )2 sind cosat
=(4cos’a —3cosa) (2cos’a —1) —(1 cos’a ) (3 —
4 + 4cos’a) 2 cosa
=(4cos’a —3cosat) (2cos’a —1) —(2 cos’a —
2cos’a) (4cos’a — 1)
=8 cos’d —4cos’d —6cos’d + 3 cosdl —
[8 cos®a —2 cosa —8cos’a +2cos’d ]
=16 cos’0 —20cos’d +5 costl
0 16 cos’a —20 cos’a +5 cosdl =cos’d
15 cos’a — 20 cos’a +5cosd =0
5 cosl [3 cos*a — 4 cos’a +1]=0
Also cosa =0
3 cos*a —3cos’a —cos’a +1 =0
3cos’a(cos’a —1) —(cos’a —1) =0

(3cos’a —1) (1 —cos’a) =0

cos’a =1

1

cos’a = —

3

3 1

O sec’d = 3; cosec’d = 5; cot?a = 5

3 1
O (sec’a + cosec™ + cot’a) =3 +5 +5 =5

110. We have,

5 T 22T 23T 27 T
tan®— + tan”— + tan E+...+tan —

2 2
= %&mzE +cot? T+ 2§+ %anz—n+ cot?2 2Q+
16 16 16 16

T O
Hence, tanB =tan5° gf A+ B= g then tanB =tan§2» —AQZ cotAD

O 0= 5. 0 0
U So, tanﬂ—n = tan® gﬂ - —T[Q: cot?Lete, O
B 16 16 16 16

1 1
108. We have, — - -— g
sin10°  sin50°  sin70°
_ 1 4 1 1 = %anl + cot—n@2 + Qang+ cotz—rg2
- - 16 16 16 16
c0s80°  cos40° cos20°

_ €0s40° cos20° + c0s80° c0s20° — cos40° cos80° + %an:ﬂ[ + Cotﬂg -5
c0s20°. cos40° . cos80° 16 1

O O

=8 [c0s20°(cos40° + cos80°) — cos40° cos80 °] 4 4 O 4 O

=8[2c0s20° cos60° c0s20° — cos40° cos80°] = , , 3T +0 , T —>d

200 o o sin sin® — %in — 4

= 4[2¢0s220° —2c0s40° c0s80°] 8 4 U
=4[1 + cos40° —(cos120° + cos40 °)] 4§in2£ + sinzlﬁ 6

:4|ﬁ:6 = 8 +3= +3=32+3 =35

5 .o TU 237T .2

sin“— sin“~— sin®—
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+ o
111. We have, 4+ sec20”
cosec 20°
_ sin20° o
(4 cos20° + 1)
cosZO
_ 2sin40° + sin20°
c0s20°
_ sin40° + (sin40° + sin20°)
c0s20°
_ sin40° + 2sin30° cos10°
c0s20°
_ sin40° + sin80°
c0s20°
- 2sin60° cos20 =9 xﬁzﬁ
c0s20° 2
Hence, square of the value of expression =3
112. A+ B+C=T ..(i)
sinA _cosB _ tanC ..
= = ..(id)
3 3 2
Tt
a sinA=cosB [0 A+ B =E (rejected)
Tt
Or A-B=— ...(iii)
2
3Tt . ..
a 2A+C = o [from Egs. (i) and (ii)]
sinA _3
Now == from Eq. (ii
tanC 2 [ o (@)
A 3
0 sin 2 [from Eq. (iii)]
tan% ZAQ 2
a 2sin A =3 cot2A
24 _
g 2sinA = 73@(:08 A1)
2sin A cos A
a 4cosA(l — cos*A) =3(2cos’ A —1)
O 4cos®A+6cos’A —4cosA -3 =0
1
Put cosA = ——
2
a (2cosA +1)(2cos’A +2cosA —3) =0
1
0 cosA=--,
2
-2t ,/4+24
COsA = B =-1+47 (rejected)
0 A==l c=T
6 6
sin A cosB tanC _1 1
O + + =—+=-+1 =2
cos2A  cot2B cot2C 2 2
1
113. f(0) = L
0= 0
Given, 2 f(0) — g@B) =1
2fl@)=1+g@) = [from Eq. (i)]
f(B)
2fl) f@) =1 ..(i)

Now, 2f(B) - gla) =2fB)+1 -1 +g(a))

1
=2f@) +1-——
f@)
_2@ f@) -1 +1=1 [from Eq. (ii)]
f@)
114. As we know that ~—>2% = cos.x
cosx 1+sinx
1+sinx
logl—sinx — =1
|| cosx
Now, series is
x
x x° P
LetS=1-=-=— - =1 —2
2 4 X
l -
2
X _2-x-x_21-x) _k(1-x)
2—-x 2—-x 2-x) @-x)
Thus, k =2
115. From the second relation 9x sin® 8 =5y cos® 8.
3 .3
x cos” O _sin 0 _i (say)
9x 5y
1 1
O cos B =k(9x)3 and sin 8 =k(5y)?
Squaring and adding, we get
o 2 Ean|
1=cos’ 0 +sin® B =k*[Px)3 +(5y)*0
= =
9x 5 _ .
and -+ - =56 (From Ist relation)
kox)3  k(y)3
2 2
O (9x)3 + (5y)3® =56k
R 2] )
0 Bx)? +(59)°0 =66k =—00
. . 93)° + (5y)*
0 2 2]
O ox)® + (5y)*0 =(56)* =3136.
= =

116.A>g[| B+C <§

tan B + tan C
>0

a tanB+C)>00 ———
1 —tan B tan C
O tan Btan C <lastan B>0,tanC >0
0 [x]=2635 —1 =2634
1° 1+ 15°
117.-. cot@ @ €os
sin15°
1+7‘/§+1
_ a2 _22+3+1
V3-1 V3 -1
22

_@V2+V3+1) (3 +1)
2




26 + 242 +3 +4/3 +4/3 +1

2
=6 +/2 +2 +43
=2+ +J4 +6

05

+10
and 4 cos 36° = 4 E%E:\/§+1 =5 +41

10
Hence, 4 cos 36° + cot QEQ
=J1 +4/2 +3 +/4 +5 +6
a m =1n,=2n,=3,n, =4,n, =5andn, =6
6
0 S e e el e
i=1
=12 +92 +32 442 452 442
=91
118. -

r

[N

sin(rA) =sin Asin 2Asin 3A sin 4A
1

=sinA [2sin A cos A [3sinA — 4sin® A [2sin 24 cos 2A)
=2sin® A cos A Bin A3 — 4sin® A)
(i sin A cos A (1 — 2 sin® A)
=8x*(1 - x) (3 —4x) (1 —2x)
=24x" —104x> +144x* —64x°

On comparing, we geta =24,b = —104,c =144,d = —64
10a —7b + 15¢ —5d
=10 xX24 =7 X =104 +15 X144-5X%X —64
=240 + 728 +2160 +320 =3448
119. Let x +5 =14 cosBandy —12 =14sin 6

Ox® + y? =(14 cos @ —5)% +(14sin O +12)°

=196 + 25 +144 +28(12sin O =5 cos 0)
=365 +28(12sin B =5 cos 0)

= /365 =28 x13 =,/365 —364 =1
in

O x*+ y2

120. .- 12° x5 =60°

m

Let 12°=0

0 50 =60°

0 30 +20 =60°

O cos(30 + 20) = cos 60°

0 cos30 cos 20 —sin30sin 20 = %

O (4 cos® 0 —3 cos 8)(2 cos? B —1) —=(3sin ® —4 sin® B)
2sin 0 cos 6 :é

Let cosB =x

O (4x® -3x)2x% —1) —2x(3 —4(1 —x%)(1 - x%) =

D= D=

O (8x® —10x> +3x) -2x —2x°)(4x% —-1) =

O (16x° —20x° +6x) —(4x —4x)(4x* —=1) =1 =0
O 32x° — 40x® +10x =1 =0
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1

0 @x - g§(32x4 +16x° —32x% —16x+2) =0
1

but x # —,
2

0 16x* +8x® —16x* —8x +1 =0

U Degree is 4.

121. From conditional identities, we have
sin 2A + sin 2B + sin 2C

sin A +sinB + sin C

4 sin A sinBsin C

e o e
=8sin %@sin %Qsin %@ O k=8

and3k® + 2k? + k +1 =1536 +128 +8 +1 =1673

11Tt 31T 3T
122.x:c0t7 =c0t§1 +?§=cot? =2 -1

0 (x+1)2 =2
0 x> +2x-1=0
Now, f(x)=x* +4x® +2x% —4x +7

=x¥(x? +2x —1)+2x +3x% —4x +7
=0 +2x° +3x% —dx +7
:2X(XZ+2x—l)—x2—2x+7=—x2 —2x +7
=—(x? +2x —1) +6=0+6 =6
2. (sin A) _ Ja
\(sin B) +/(sinC) —/(sin A) Jb + e —a
b ++c —+a b ++c +a
:(\/E+\/E)2—a:(b+c—a)+2\/ﬁ>0
Wb ++Jc +Ja) (b + e +a)
Vb +4e =va >0
Now, letv/b ++c =+a =x,\c ++/a =/b =y
and Ja +yb —Je =z
O \/m =y+z
\/sinB+M—\/m 2x

1

Hence,

(sinA)
z \/(sin B) + \/(sin C) - \/(sin A)
LR ZH L L XE LB 2
2x xO 2y yo 2Lk z 0
:lﬂmx%lggﬂgggg
ZB; xB 2 yH 2x  z

21+1+1 (- AM=2GM)
(sinA)
2020 z \/(sin B) + \/(sin C) —\/(sin A)

[0 Minimum value is 6060.

<6060
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124. We have, sin 8(1 + sin® 8)=1 —sin” 8
ad sin B(2 — cos? ) = cos” 0
Squaring both sides, we get
sin® (2 — cos? B)* =cos* 0
ad (1 - cos®0) (4 —4 cos? O + cos* B)=cos* B
- cos’® 5cos*6 8cos’O+4 =cos’ O
cos® @ — 4 cos* B +8 cos’ B =4

125. 16 %os 6 - cos EQ%OS 6 - cos —Q%os 8 - cos %Q
Q:ose - cos %I@
=16 Q:ose —cos—@@:ose—cos?n

x Q:ose - cos 3—“@ Q:ose - cos 5—“@
8 8

=16 Q:ose - cos EQ Q:ose + cos E@
8 8

31T 3T
x Q:os 0 - cos ?Q Q:os 0 + cos ?Q

I 3T
=16 Q:os2 0 - cos® —Q%osz 0 - cos’ —Q
8 8
I T
=16 Q:os2 0 - cos® —Q Q:os2 0 - sin® —Q
8 8
I
=16 Q:os4 0 — cos® O +sin? — cos® —n@
8 8
1
=16 Q:os4 0 —cos’ O +g§

O ad
—16Q~cos Bsin® 0 + @ 16 s1n 120 1D
80
-2sin?200 1 4
=16%1 S e[l= 6 cos 9=200549
d
ad A= 2
1 1
126. 2k cos cos 40° = +
sin20° /3 cos 20°

_ /3 cos 20° + sin 20°
/3 sin 20° cos 20°

3 1
— c0s 20° + —sin 20°
2 2

3
— sin 40°
4

sin 60° cos 20° + cos 60° sin 20°

O
I%\/—gDsin 40°
04 0

4 o
= QTQZ cos 40
3

O 2k? =16
so 18k* +162k* +369 =1745

l o
cos7—
=cot7-°= 2

127. tanSZé °

sin7—

1
On multiplying numerator and denominator by 2 cos75 °,weg
2cos?7 e
1, cos o 1+ cos15°
tan82-° = 1 1 = - 5
2sin7—°cos7—"° sin1s
2
V3 +1
+
_ 1+ cos(45°=30°) _ 22
sin(45° —30°) V3 -1
2V2
22 +43 +1 y 3 +1
V3 -1 3 +1
_2N23 1)+ (3 1 202(/3 +1) +(4 +243)
2 2

=23 +1) +(2 +43) =6 +2 +/4 +43
=2 +43 +4 +6 =(\3 +V2)(2 +1)
128. LHS = 2 — m(sin20 + sin2f3)
m(sin2a + sin2B) + m?sin20 sin2B
2 =2msin(@ +B)cos(@ —fB)
1 —2msin(0 +B).cos(@ —B) + 4m?sinat cosa sinf cosP
2{1 — cos’(a@ —B)}
1 - 2msin(@ +PB).cos@ —B) + 4m*sina costt sinfcosP
[using m sin(a + ) =cos(@ —B)]
2sin’(a —B)

1_

et

1-2cos’(a —B) + m*[sin (@ +B) +sin@ —B)][sin(@ + B) - sin(@
2sin’( —B)
" 1-2cos Yo —B) + misin®@ +B) —m®sin’@ —P)
_ 2sin’(a —B)
1 - cos’(a —B) —m*sin*@ —B)
_ 2sin(0 —B) _ 2
sin®(a —[3 ) —m?sin®( —B) 1-m?

129. leentan B+y 2d).tan— (y+cx [3)tan (O( +B -y =1,

where 0 +[3 +y =T

tan@n _42 a@tangn;z gétangﬂ;z §= 1
g Q - tan%@@ - tan%@@ - tan%@
= @ + tan%@@ + tan%@@ + tan%@

. a, By .o By

tan— + tan— + tan— + tan—tan—tan— =0
2 2 2 2 2 2

a a
a tan— + tang + tanX = —tan—tangtanx
2 2 2 2 2 2

B



B B, Y y

a
Also, tan tan— + tan—tan— + tan—tan— =1
2 2 2 2

On squaring Eq. (i) and using Eq. (ii); D —+ % +
zB zE

+ tan + tan?L

y_nm
2

.|

o O
+ 2 =tan’—tan’"tan

tan®— 2 X
2

The equation to be prove is
1+ cosO + cosB + cosy =0

a

1-tan’— 1- taan 1- tanzx

O 1+ é + E 2=
1+tan’=— 1+ tanzf 1+ tanzg

2@ - tan2 B Q
2 2 _
Q + tan® EQQ + tan® X@
0 a _ 2B 2Y 2 B 2Y
+ tan® % tan 5 —tan Q El + tan % + tan @ 0

O Q+tan——tan2B f—tan ZB @
2 2 2 2

+ Q + taan + tanzx +tanZEtansz§= 0
2 2 2
B 2Y zB

1+tan

a
0 2+ tan®*—

+tan®" + tan®L =tan®— ..(iv)
From Eq. (iii) and (iv)
1+ cosO + cosP + cosy =0
130. We have, sin* x + cos* x <sin’x + cos’x,
as |sinx| <1and|cosx| <1
ad a<1 ..(i)
Next, sin® x + cos* x =a
g (sin® x + cos® x)* —2sin’ xcos’ x =a
1
a 1 -=sin’2x =a
2
1.,
g —sin“2x=1-a
2
1 1 1
g 1-a<- |:'J‘fsinzxsfl:|
2 H 2 2H
1
a az- ..(id)
2

131.

From Egs. (i) and (ii),

Let asecO — btanB = x

So, a’sec?0 =(x + btanB)?
ad a’(1 + tan®0) = x* + 2bx tan® + b*tan’0
a tan®6(a® — b%) —2bxtan® + (a* —x%) =0
. 0 o bx 0 _a’( +b* - d?)
O a® - b*0 (a® = b?)?
Thus, x2+(*-d%) 20

Chap 01
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a xza® -b*

Thus, the minimum value of x is+/a’ — b%, which is attained at

8 =sin"’ %@

. We can write

(btany — ctanP)® + (ctand —atany)® +(atan B —btan a)?

=(a* + b* +¢*)(tan’a + tan’P +tan’y) —(atana +btanf +ctany)?

The minimum value of the LHS being zero, that of
(@® + b? + ¢ (tan’a + tan®P + tan’y) —k% 20

K2

O tan’a + tan’ + tan’y = ——— ——

g Y a®+b*+c?

Hence, minimum value of tan®a + tan®B + tany is
O k2 g

22, 2o
Ch®+b° +c°0

x _tan(® + a)

Here, — = . By componendo and dividendo
y tan(® + )
x+y _ tan(® + a) + tan(® + ) _ sin(20 + a +3)
x—y tan® + a) —tan® + ) sin(@ =)
d sm Ya -B) =sin(20 +a +B) Einl@ —B)
J Gin%a -P) = 5{cosz(e +B) —cos2(8 +a)} ()
-y
Similarly,
Y2 inl@ - y) = Lcos2B + ) —cos2(0+ B} ...(i)
y -z 2
and “ X GinX(y - ) =%{c052(9 +a) —cos20 +y)} ...
z-x

From Egs. (i), (ii) and (iii), we get
¥ Qin¥a -p) =

f(x) may be written as f(x) = Z 2 - — =y cos(a + x)

L |
= kglzk —(cosa, cosx —sinasinx)

= az = lﬂtosakHU:ost— IEmakHIme

1
where, A = Z ——cosq, B= Z ——7sing. Now, A and B
=12¢

both cannot be zero, for if they were then f(x)would vanish
identically.

Now,
f(x) =Acosx; —Bsinx; =0
f(x,) = Acosx, — Bsinx, =0
O tanx; = A and tanx, =
B
O tanx; =tanx, [ x, —x =mTt
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135. x =tan(nb + a) —tan(nb +B)

_sin(nb + a) _ sin(nb + f3)

- cos(n® + a) cos(nb + B)

_ sin(n® + a —nB —pB) 2sin(a — )

- cos(nB + a)cos(nB + B) B cos(2nB@ + a +B) + cos(@ —P)
_2sin(0 —PB)

0 cos(2nB + a +B) + cos(a —B) = ..(i)

Again y = cot(n@ + a) —cot(n + )

_ cos(nB +a) cos(nb + P) _ sin(n® + B —nb —a)

sin(n@ +a)  sin(n@ + B) sin(nB + o)sin(n® + B)
0 )= sin( —a)

cos(@ —B) —cos(2nB +a +p)
O cos(@ —B) —cos(2nB +a +B)= 2sin@ ~a) ...(id)
On adding Egs. (i) and (ii), we get

2cos(a ~P) = 2sin(a — ) Zsin(B -a)
y
O cot(O(—B)Zl—l
Xy

136. {sin(a —B) + cos(@ +2P) EinB}* =4cosa EinP Ein@ +pB)
0 {sind cosP —sinfcosd + (cosO cos2B —sindt sin2B )sinf}?
= 4 cos0 sinfsin(@ +f3)
0 {tano - tanB + cos2 B ManP —sin2 B Mana tan B}
= 4tanf(tana + tanf3) {. dividing by cos’d. cos*B}
O
{tana [¢os2 B — tanf + cos2 B HanP}® =4tanf{tana + tanp}
0 {(tano + tanP)[¢os2 B — tanB}? =4tanP(tana + tanpP) ...(i)

If (tana + tanf) :@ ...(ii)

Eq. (i) becomes;
DanB O— [tos2P - tan|3EF = 4tanBIﬁ—
(c032[3 -x)? =4x
cos?2PB + x? —2xcos2pB = 4x
x? = 2x(cos2 B +2) + cos’2B =0
x =(cos2 B +2) £2,/1 +cos2 3
x=cos2P +2 *2¢2cos’P
x =2cos’B -1 +2 iZ\/EcosB
= (2 cosp £ 1)°
tanf _ tan3
x («/EcosB - 1)

sin B

O 0O 0Ooo0oogo

0 tano + tanf} = [since, x <1]

sin A sinC

137. Let =| cosA cosB cosC

3 3 3
cos”A cos"B cos’C

tanA tanB tanC
=cosAcosBcosC| 1 1 1
2
cos“C

2 2
cos“A cos’B

=cosAcosBcosC
tanA tanB —tanA tanC —tan A
1 0 0
cos’A cos?B —cos’A cos’A - cos*A
[since, tanB — tan A = —M,
cosAcosB
cos’B — cos’ A =sin(A — B)sin(A + B)]
0 A=- cosAcosBcosC
_sin(A - B) _sin(A - C)
cosAcosB cosAcosC
sin(A — B)sin(A + B) sin(A — C)sin(A + C)
=cosAcosBcosCl
sin(A — B).sin(A = C)| cosC cosB
cosAcosBcosC  |[sin(A + B) sin(A +C)

= —sin(B —C)sin(C —A)sin(A —B) =0
IfB=CorC=AorA=B8B
Hence, AABC is an isosceles.

\/sinA _ Ja

138. Here, JsinB + VsinC - JonA _\/E_F\/’_\/i
. _(b + Ve =Va)Wb + e +a)
Now, b ++/c-+a = \/E+\/E+\/7)
_bre-arabe
Vb +c +4a

Hence, Vb ++c —+a =0
Let b ++Jc =va =x, e +a —b =y, va + Vb - =z
/sin A

_ytz

O =
VsinB ++/sinC —+/sin A 2x
0 s= +/sin A

\sinB + +/sinC —+/sin A
1%+ZD 1Dz x%
xI:I 2k

1%+
Yo ZD’C yo

which is greater than or equal to 3, as each term

o 0O
%% + XHetC.I:Iis greater than or equal to 1.
2 x a

(using AM = GM)
Now, equality hold if and only if,
X_yy_z
y ¥z y
z _x

and

O a =b =cie. triangle is equilateral.
139. 2(cos(@ —B) + cos(B —y) +cos(y —a)) +3 =0
O 2(cos(a +8 —(B +0)) +cos(B +6 —(y +0)
+ cos(y + 6 —(a +0))) +3 =0
O  2(cos(a +0).cos@ +0) +sin(a +0).sin(B +06) +... +...))
+ {(sin®(@ +8) + cos’(@ +0)) +(sin’B +6) +cos’(P +0))
+ (sin’(y + ) + cos’(y + 9)} =0
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141.

O (sin(y + 0) +sin(B + 6) +sin(a + 6))> +(cos(a +6)
+ cos(B + 0) + cos(y + 6)* =0

which is only possible if;

sin(@ +8) + cos( +6) +sin(y +6) =0 ..()

cos(@ +0) + cos(B +6) +cos(y +6) =0 ...(id)
From Eq. (ii), we get

d(cos(@ +0) + cos(B +0) +cos(y +6)) =0

O sin(@ +0)Mda +sin@ +0) [dB +sin(y +6) [dy =0

da + dp

sin(B + 0) [din(y + 6) sin(a +0) [Hin(y + 6)
+ dy =0
sin(@ +0) Ein + 06)

The quadratic equation,

2 1
457 Ox% oy + @32 -B+ EQ: 0 have real roots

2 1
0 Discriminant = 4 — 4 [4%° © @2 -B+ 5@2 0

O 4“02“@32 -B +%§51

g
|j)ut4seczu24’BZ_B+l :Q}+lg+lz
0 2 2 4

.0
-0
40

2
i.e. the equation will be satisfied only when 4°° * =4 and

, 11
R+ ==
B -B 7.
2 1
a secGZland@—ggZO
) 1
d cos (x=land[3=5
1
d o = andBZE

cost + cos ' = cosnTl + cos ™" %Q
Tt . .
=1+ g when n is an even integer.
I . .
= -1+ —, when nis an odd integer.
3

) . TU T
i.e. values of cosal + cos "B is 3 -1, 3 + 1

f(©) =1 —(acos® + bsinB) —(Acos26 + Bsin26)

O f(®)=1-+a® +b%cos(® —a) —\/A? +B?cos(26 —P)
Now,f@x + ;Qzl —7‘1612\/;# - JA? + B? cos@?+2ﬂ —BQ
=1 —szgbz + A2 + BZsin@a —B)  ...(0)

and f@x _ggzl —\/ai/gibz—\/mcos@d -B —EQ

2

=1 —L\/;:b - JA? + B¥sin@a -B)  ...(ii)

Chap 01

142.

143.

123

Trigonometric Functions and Identities

On adding Egs. (i) and (ii),

f%} +g@+ f@} —%sz —zi“ai/g v =20
0 Jat +b? <\l

i a+bi<2

Similarly putting® = and 3 + 1T We have,

F@) + f@+m) =2 —2,/A* +B? 20
0 \/mg O A’+B?<1

Clearly 8,, 6, are roots of ; cos® + s.1n9 =1
cosB, sinB,
x cos® _  sinB cos0 —14 sin”@ _ 2sinB
cosB, sin@,  cos’@, sin’@, sin®,
g1 1 O 2si 0 1
0 sinfeg——+ L pg-2m0 .5 L o
Gin“0, cos“0,0 sinB, O cos“6,0
The roots of the equation are 8, and 6,.
1- 7129
0 sinB, §in6, = 1 cos i
B S
sin’@,  cos’@,
=(cos’0, —1) Ein*0, = —sin* 0,
O sin, $in6, Emel = —sin’0, (1)
sin“0,

Similarly, taking a quadratic in cos6, we get

0 %stel = —cos’0, ..(ii)
sin“0,
On adding Egs. (i) and (ii), we get
sinB,sinB, cosB,cos6, _
sin”@, cos’8,

Let the given expression be E, then E can be written as,

n-1
E=3 "G,
k=1

n-1
coskx [¢os(n + k)x + kZ "C.sin(n —k)x.sin(2n —k)x
=1

n-1
or E = X "C,coskx
k=1

n-1
cos(n + k)x + kZ "C, sin(k)x [Sin(n + k)x
=1
[replacing k by (n — k) in the second]
Sum and using "C, ="C, _;.

n—1
E= kZ "Ci(coskxcos(n + k)x + sinkx [Sin(n +k)x)
=1

n-1
= X "C cosnx

k=1
=cosnx{("C, + "C; +... +"C,) -"C, —="C,}
= cosnx{2" —2}

0 E=(" —-2)cosnx
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144. 1t is evident from the inequality that,
\\/1 + sin2x —\/l —sin2x| <+2 Ox0 [0, 21]

as |\/1 + sin2x —\/1 —sin2x]| S\/l +sin2x <42

Now,

2cosx < |\/1 + sin2x — \/1 —sin2x| holds for all x for which

cosx < 0.
3T

ot 370
0 x< a2
B 2H

Now, if cosx >0

Then, 4cos’x <1 +sin2x +1 —sin2x —4/1 —sin?2x
ad 2+ 2cos2x <2 —2| cosx|
g | cos2x| < —cos2x
O cos2x <0
3T Tt
O P [EARELLE AL

3m 71
Be’ 4B Ha 4B
Hence, from Eqs. (i) and (ii)

< 0J 7T

B 4 H

...(id)

145. The given equation can be rewritten as, x* -3 = 3§in§( - EQE

Here, right hand side can take only the values -3, 0, 3.
CaseIWhenx?-3=-3 0 x=0

0. ] . .
At x =0, sin[x — —4—= —1, so x = 0 is a solution.
B e
Case I When x* =3=00 x =+ 3

Nowatx:\/g, Ein@x—%@é=0lﬂ x=«/§

a N
But at x = —«/g, Eingx - g§5= —1, hence x = —+/3 isnot a

solution.
Case Il When x? =3 =30 x =+ /6

But Ein%‘:[ - ggg# 10 x = £ /6 is not a solution.

Hence, the given equation has only two solutions x = 0 and 3.

146. g "C,a"b" " "cos(rB —(n —r)A)
r=0

n .
=real part of I "C,a'b" el ~ N4
r=0

n .
Now, rgoncrarbn —rel{rB —(n —-r)A}

n . . . .
=3 ncr(aeLB )r(be—LA)n -r :(aezB + be—tA)n
r=0

=(acosB + iasinB + bcosA —bisinA)"
={(acosB + bcosA) +i(asinB —bsin A)}"
={C+il}" =C"

147. Letz’ +1 =00 2° = -1 =(cos@r +1) +isin@r +1)m)

[2r+1
0 Lo e h

,r=0,1,23,4

. LetO =

k — imt/5 i3T/5 it i71/5  i9Tt/5
[1 Roots of 25 + 1 = 0 are ™7, &35 ™ 75 ol /,Clearly
i7Tys ioTys i3T5 i7TS - .
™3 &M% and €%, "™ are pairwise conjugate.

0 ZS +1 :(Z _eiT[ (Z _eiTI/S)(Z _e—iTYS)(z _e—i3 TIS)(Z _ei7 VIS)
Tt 3T

O 22+1=(z + 1)%2 —22005; +1§%2 —ZZCOS? + 1@ (1)

It is required factorisation of z° + 1.

22 +1

z+1

Now, =1-z +z%> -z% +z* ..(i)

O 1-z+z°-2>+z* =

%2 —chosE + 1%2 —chosg—n+ IQ
5 5

[using Egs. (i) and (ii)}
On dividing both side by z*

H B
+ —0- +—O+1
z* z
1 T 1 3
= + — —2cos— + — —2cos—
z 5 4 5

Letz =¢€®

1 1
O zz+—2:200529,z+f:2cose
z z

I 3T
0 2cos20 —2cosO +1 =4 %059 —cos;@@:ose - cos?g

Putting 8 =0, we get

1 _Q m 3
— =0 —cos— - cOS—
4 5 5
1 Tt 3T
a ~ =2sin®*— [@sin®*=—
4 10 10
T 31
a sin— [din— = —
10 10 4

O
S
1]
5
=3
N
2
S
|
3|
D]IJE'I'

Tt Tt
a 4sin— [tos— =1
10 5

2n + 1)1
—g, where n =0, 1, 2, 3, 4, 5, 6.

Then, 46 =(2n + 1)TT -3
cos4 0 = —cos36
2c0s?20 -1 = —(4cos’B —3cos6)
2(2cos?’0 —1)* =1 = —4cos’0 +3 cos0
2(2x% —1) -1 = —-4x +3x [put x = cos0]

8x* + 4x® —8x% —=3x +1 =0

I I |

(x + 1)Bx —4x® —4x +1) =0
The roots of this equation are,
Tt 3T 5Tt 7T ITt 111 131T
€OS—, COS—, COS—, COS——, COS—, COS——, COS——
O The roots of 8x° —4x* —4x +1 =0

Tt 3T 5T .
are COS—, COS—, COS— (1)
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1
Put x = —in Eq. (i) (i.e. y =secB), then
y

Tt 31 5T .
sec —, sec—, sec— are the roots of the equation.
7 7

8 4 4
- -2 +1=0
y y y
O y? —4y® —4y +8 =0
Tt 3T 5Tt
d sec— + sec— +sec— =4
7 7 7
1
Again putting? =y in Eq. (i)

(ie.y =sec’6)
8 4 4

0 g — 4y1/z -4y +y3/2 =0
O Yy -4) =4y -2)
0 y(y —4)* =16(y —2)°

y? —24y® +80y —64 =0

Hence, the roots are

o TU 23‘” 25T[

sec”—, sec”’—, sec

Now, puttingy =1 + z, (l.e.z = tan29)

We have,

(1+2)*—24(1 +2)* +80(1 +z) —64 =0
O z® —212% +352 =7 =0
whose roots are ’[an2 g, tan2 S—T[, tanzs—r.[

We have, 2 (cosP — cos@) + cosd cosp =1

or 4 (cosf — cosa) +2cos0 cosP =2
ad 1 — cosO + cos —cosO cosf3
=3 +3cosd —3cosB —3cosa cosP
(1 = cosa) (1 + cosP) =3(1 +cosa) (1 —cosP)

(1 = cosa) _3(1 — cosP)
(1+cosa) 1+ cosP
a
d tan®— =3 taan
2 2
a
u tan—i\/gtanEZO
2 2
Here, x* —2xsec® +1 =0 has roots a, and 3,.
_2secB/4sec’®—4 _ 2sec B £ 2|tanb)|
D Cx1’ Bl - -
2x1 2
m T
Since, 0 D% — —
6 12
2sec O F 2tan@
ie. 0 01V quadrant = %
Oo ;=s8 —tal andf, =sec 6 + tan®
[asa, >B,]

and x”+2x tan® —1=0has roots o, and 3, .
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. —2tan® = v4tan®0 + 4
ie. a,pB,= 5
0 o ,=-—tal+ sed
and B, = —tan® —secB [asa, >f,]
Thus, o, +p,=-2tanB
13
151. Here, o — :TI] —
k=1 SinEk'F!Dsin +7YE
[14 6 O 4 6

Converting into differences, by multiplying and dividing by

. %ﬁ k IZIH (k—l) yany %@
sin + —0O-O + 1e sin
4 6 [4
. am
sin +klﬁ— +(k -1)—
B %} 6 Eq ( )6%

-, . md. [ . [gm O
k=1 sin— +(k—1)— §»+k—@
sm6 Es;mgz ( )égsm " . E
0. %E k“@ gm m U
in + —[]cos +(k —-1)—
ﬁ 4 6 B )6EE
D i %1[ k
sin +(k-1) 0s +
zlg g o ( DC (f%
. [ .
k=1 sin +k—1—sm§5+kﬂ§
EZ ( )6E 4 6
13
o [t L T O
=2 ot B + (k =1) “H- cot % + k—'@
2 EH 60 4 "6
—2mot?@—cot§3+—ﬂg
%‘: 4 4 60O
ot B + 78- ot B+ 2
+ [rot + —[—cot + —
0o b4 4 6 O
ot +2 o e s
+ ...+ ot +12—[]— cot + 13—
0 4 6 4 6 Eﬂ
o m T |
=2 [rot — —cot @» +13—T§[|
o 4 4 60
0 omJ
:Zé—cot 12—@%:2
12

ad

510
=2 1 -cot — t— @ -+3)"
E co 2B * co )E
=2(1 -2 +43)
=2(\3-1)
152. 40)= —"—
f(cos 46) > —vec’B @)
1 ) 1
At cos40 == [0 2cos“20 —-1=-
3 3
0 cos®20 =2 0 cos20 == \P ...(ii)
3 3
2
0 F(cos 46) = ZBZZ)S 0 :l+c0529
2 cos“0 -1 cos 20
3
O =1+.,|> from Eq. (ii
B \g [from Eq. (i)]
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153. Given equations can be written as
cos38 cos30 _
y z
2c0s30 2sin30 _
y z
2 1
and xsin30 ——co0s36 ——(cos30 +sin30) =0
y z
Egs. (ii) and (iii), implies
2sin30 = cos30 +sin30 O sin30 = cos30
ad tan30 =1

xsin30 —

xsin30 —

...(ii)
..(iii)

ook

a 39—E5—n,9—nor9=£,5—n,9—n
4 4 4 12 12 12
154, F0r0<6<5
6 —
2cosec@+M§cosec@+m—n§: 42
m=1 4 4
6
1
O =
Z . @ (m—l)T[@g. @ mn@
m=lgin[® +-——{kin[H + —
@ mT % (m 1)1 @E
6 sin
a
Z_l .. @ (m—1)n§i, @ Q
m=l gsin— 3in (B + ——[in N
40 4
6 cot@+wg—cot@
O
Z 1/42
0 ot@ (m Q cot@ mn@é 4
ﬁ 4
ad cot(@)—cot@ Q t@+ﬂg cot@+2—n§
4 4
@ 5T @ 61‘[@_
+...+cot + — + =4
4 4
a cote—cotgg+9§:4
a cotO+tan B =4
a tan’0—4tan O +1 =0
0 (tan @ —2)* =3 =0
O (tan @ —2 ++/3)(tan B -2 —+/3) =0
ad tanB =2 -3
or tanB® =2 ++/3
O p=".9=""
12 12
155 sin4x+cos4x_1
’ 5
.4 2 N2
O sin x+(1 sin® x) _1
2 3 5
sin*x  1+sin® x-2sinx 1
a + ==
2 3 5

156.

157.

158.

6
a 5sin x —4sin®x +2 =g
O 25sin* x —20sin®x +4 =0
a (5sinx-2)2 =0
2
a sin®x =2
5
2. _3 2 2
cos“x =— tan"x =—
5 3
.8 3
0 sin x+ cos” x :L
8 27 125

As when 6 0 Q), EQ, tan O < cot O

Since, tan® <1 and cot© >1

O (tan 0)°*® <1 and (cot 8)"*"® >1
O t, >t which only holds in (b).
Therefore, (b) is the answer.

Since, cos(@ —-P)=1

O O B =

But =21 <a-B<2m [asa,B ¢ m, ]
O a-B=0 ..()
Given, cos (0 +B) = 1

o

1 L.
[0 cos20 = = <1, which is true for four values of 0 .
e

[as—2m <20 <2717
Given, 5 (tan2 x — cos’ x) =2cos2x +9

_ 1+ cos2x0]
HZZCOSZX +9

— C0S2X

. Bl + cos2x 2

Put cos2x =y, we have

+
5H" y ! yH 2y +9
O 5(2—2y—1—y —2y)=2(1 +y)2y +9)
0 5(1 =4y —y%) =22y +9 +2y° +9y)
0 5-20y —5y° =22y +18 + 4y°
O 9y + 42y +13 =0
0 9y +3y +39y +13 =0
0 3y(3y +1) + 133y +1) =0
a By +1)@3y +13) =0
. L
33
O costZ—l, 1B
33
1 0 130
O cos2x = —— T COS2X  ——
3 g 38
Now, cosdx =2cos’2x —1=2 Q»ig—l
2 7
=—=1=-
9 9



159. f, (x) = % (sin® x + cos® x), where x DR and k > 1

160.

161.

162.

Now, f, (x) = fs (x)

1. 1,.
= 1 (sin® x + cos* x) —g (sin® x + cos® x)
1 .2 2 1 22 2
:Z(l —2sin” x [tos” x) —g(l —3sin“ x [¢os” x)
_1 11
4 6 12
Given expression is
tan A cotA _sinA y sin A
1-cotA 1-tanA <cosA sinA —-cosA
cos A cos A
+ X
sin A cos A—sin A
1 Gin®A - cos® A0

_sinA—cosA [ cosAsin A [
_sin® A +sin A cos A + cos® A
sin A cos A
_1l+sinAcos A
sin A cos A

=1 +sec A cosec A
Given A APQR such that

3sin P+ 4cosQ =6
4sinQ+3cosP =1

..(i)
...(if)
On squaring and adding Eqs. (i) and (ii) both sides we get

(3sin P + 4 cos Q)? + (4sin Q +3 cos P)? =36 +1

0 9(sin” P + cos® P) +16(sin® Q + cos® Q)

+2 %3 x4 (sin P cos Q +sin Q cos P) =37
0 24[sin(P + Q)] =37 —25

0 sin (P + Q) :é
Since, Pand Q are angles of APQR, hence 0° < P, Q <180°.
g P+ Q=30° or 150°
a R =150° or 30°
Hence, two cases arise here.
Casel R =150°

R=150° 0 P+Q=30°

0<P, Q<30°

1
sinP<5,cosQ<1
. 3
g 3smP+4cosQ<5+4

11
a 3sinP+4cosQ<?<6

O 3sin P + 4 cos Q U 6is not possible.
Case Il R=30°
Hence, R =30°is the only possibility.

A =sin’x + cos* x

O A=1-cos’x +cos* x

Chap 01
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165.

166.
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= cos® x —cos®x +l +§
4 4
2 1g 3 .
=[ros"x ——[] +— (L
Hostx ~ 1 + 2 ()
where, 0 < [Fos’x — lg < 1 ..(ii)
2 4
0 E <A<1
4
4
cos(a +B):§ 0O ot [ Ist quadrant
and sin(@ —p) 215—3 O o [(J Ist quadrant
Now, 200 =@ +B) +@ PB)
3423
0 tan2Q = tan(0 +) + tan(@ —B) _ 4 12 _56
1-tan(a +B)tan(@ —B) 1—EE5F 33
4 12

cosB-y) +cos(y—a) +cos(a —-p) =-

N | W

O 2[cos(B-Y) +cos(y—0a) +cos(a—-P)] +3 =0
O 2[cos(B-Y)+cos(y—a) +cos(a —P)]
+sin‘a + cos’0 +sin’P + cos’P +sin’y
+ cos® y=0
O (sina +sinp +siny)? + (cos o + cosB + cos y)> =0
It is possible when,
sind + sinf} +siny =0
cosO + cosB + cosy =0
Hence, both statements A and B are true.

and

1
Area = 5 x Base x Altitude

<
Xxsin 6
<

e 1 1

T T
X cos 6 X cos 6

1 1
:E X (2x cos B) X (x sin 0) 25 x% sin 20
[since, maximum value of sin 20 is 1]

. 1 5
[0 Maximum area = — x
2

1
Given, cosx+sinx25
x x
1-tan® = 2 tan —
0 2, 2 -1
X x
1+tan? X 1+tan?> 2
2 2
2
1-t 2t 1
Let tan£=t 0 5 S ==
2 1+¢ 1+t 2
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O 20-t*+2t) =1 +t* 0 3t —4t—-1=0
2+ 47
0 t= ;f

Tt

As 0<x<m 0O 0<£<7
2 2

X . .
So, tan — is positive.
2

+
0 l‘Ztamf:2 V7
2 3
x
2 tan —
Now, tnx=— 2 = th
1-tan? > 171
2
+4/70
ZMD
O 3 0O
O tanx=7|:|2
+ 7
I—MD
0o 3 0O
g tanx:_3(2+ﬁ)xl_2ﬁ
14247 1-247
+ 470
0 taan—MD
0o 3 0O

P
167. Since, tan — and tan % are the roots of equation

ax* +bx +¢ =0

g tan—+tang=—é ()
2 a
and tan—tanQZE
2 a
Also, PO R_T [+ P+Q+R=T]
2 2 2 2
O P+Q:E—B
2 2 2
P+Q _T1 T, .
0 =— - R —(given
. . [ Z(g )]

O
I
=]
S
+

2
tan—+tang
O 2Q:1
1 —tan — tan =
2
_b
0 a =1
c
1—7
a
O —é:l—g
a a
O -k a c
O c=a+b
Alternate Solution
Tt
Since, Or —
2
Tt
O om0 9 5
aop _m 0O
0 bp_m 0o
2 4 2
P
0O tan — = tan —QQ
2 4 2
Tt
tan——tang
_ 4 2
Tt
1+ tan — tan =
4
a tan +tan—tanQ:1—tan9
2 2
O tan—+tang—l—tan—tan—
b
O —7:1—2
a a
a -k a c
a c=a+b

[from Eq. (i)]
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Session 1

Trigonometric Equations, Principal Solution
and General Solution

Trigonometric Equations

cos0=0 (:)9=i£,i3—n,i5—n,...
The equations involving trigonometric functions of 2 2 2
unknown angles are known as Trigonometric equations. = 0=02n+1) g, nel
2
e.g. cos0=0,cos“" 0 —4cosB=1, Thus, cos0=0
sin® @ +sin@=2,cos* @ —4sinf =1 i
& 0=02n+1)—nel
A solution of a trigonometric equation is the value of the 2
unknown angle that satisfies the equation. Result 3tan® =0 &0 =nm,ne L.
eg. §in0 = r —g="1 We know that tan 6 =0 for all integral multiple of 7.
V2 4 tan0 =00 =0,+ 7, +27, +3m, ...
or 9=E’377C,977'C,g’m = O=nm,nel
4 4 4 4 Thus, tan0=0 < O=nmnel
Thus, the trigonometric equation may have infinite Result 4s5in0 =sina. ©0 =n7 +(-1)" o, where ne I and
number of solutions and can be classified as T
(i) Principal solution (ii) General solution e {_ 2’ 2}

o . . . T T
Pr'nC|pa| Solutlon We have, sin 0 =sin o, where oL € {— 5 2}
The solutions lying in the interval [0, 21t ] are called Now, sin® —sinot =0
principal solutions. (6 +OL) (6 _ (x)

& 2 cos sin =0
. 2 2
General Solution 0o 6-a
. . . . R . & cos =0 or sin =0
Since, trigonometric functions are periodic, a solution ( j [ )
generalised by means of periodicity of the trigonometrical 0+a -
functions. The solution consisting of all possible solutions e () =@2m+1) —mel
of a trigonometric equation is called its general solution. 2 2
We use following results for solving the trigonometric or (9 — 0‘) =mm,mel
equations. 2
Result1 sin6=0&<0=nm,ne L S O+o)=Cm+1)m,me [
We know that sin 6 =0 for all integral multiples of 7. or O-ay=2mmn,mel
sin0=0<0=0,*tm, 27, £37, ... = 0=Cm+1)m—a,mel
= O=nm,nel or 0=0Cmmn)+a,mel
Thus, sin@=0 = 0 = (any odd multiple of ) — &
= O=nn,nel or 0 = (any even multiple of ) + a

_ _\n
Result2 cos0=0<0=2n+1) % ne L © O=nm+(-1)" a wherenel
2

Thus, sin O =sin o

We know that cos 0 =0 for all odd multiples ofg. & 0=nm+(—1)"a, wherene Iand o € {_ n n}
2 2



Note  inp- 1 sing =sing S 0=nn+ (—1)”%

= 6:(4n+1)g,neN.

Result 5cosO =cosa < 0=2nnto,ne land o€ [0, ]
We have,

cos 0 =cos 0, where o € [0, 7]

Now, cosO—coso=0
& —2sin +a - sin 6_70( =0
2 2
+ —
= sin(e OLJzOorsin(e O‘jzo
2
0+a -
RS ——=nmor =nm,nel

& O0+oa=2nmorO—a=2nm,nel

= O=2nt—oor0=2nmt+a,nel

s 0=2nnto,nel

Thus, cosO=cosa

& 0=2nm o, ne I, wherea € [0, ]
Note
(i) cosb=1ecosb=cos0 ©0=2n1+0=0=2nn
(i) cosf=-1ecosh=cosn < 0=2nt+n

©0=02ntn=0=@n+n
(iii) sin® =sina.and cos@ = cosou:»sin(%) -0

2%=ﬂn=>9=2/’m+ot

Result 6 tanO =tano < 0 =nmw + o, n € I where

T
ael-=,=1
( 2 2)

m T
We have, tan 6 = tan o, where o€ (— -, )
2 2

sin® sino
Py =

cosO coso

< sinBcosa —cosBsina =0

= sin(@ —o) =0

= 0-a=nm,nel

S O=nmn+o,nel

Thus, tanO =tan o

= 0 =nm + oo where Oce(—;c,nj
2

Result 7 sin® 0 = sin® o, cos? 0 =cos® o, tan’ 0 = tan® o0 =
O=nmto
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(i) sin® @ =sin” o
o 1-cos20 _1-—cos 20
2 2
= cos 20 =cos 200
= 20 =2nm 20, ne I
S O=nnto,nel

(i) cos® @O =cos® a
1+cos20 1+cos2a
2 2

= cos 20 =cos 20
= 20=2nmw *20,nel
S O=nnto,nel

(iii) tan® © = tan® o

1-tan’® 1-tan’

=
1+tan’®0® 1+tan®
[applying componendo and dividendo]
= cos 20 =cos 20
= 20=2nmn t20,nel
& O=nnto,nel

Summary of Above Results
1.sinf=0=0=nn

2.cos0=0 <:>9=(2n+1)E
2
3.tan0=0=060=nn

. . T T
.sin@=sina < 0=nw+(-1)" a, where(xe{—z,
2

5. cosB=cos o < 0=2nm +a, where o € [0, 7]

6. tanO =tano <6 =nm + o, wherea € (—g,nj
2

7. sin? O =sin? Q, cos? B =cos? a, tan® 0 = tan® o0 &

O=nmto

8. sin0=10=(4n+1) "
2

9.cos0=1<0=2nm

10. cos0=-1<0=2n+ )7
11. sin O =sin o and cos 6 =cos . <0 =2nm +
Note
(i) In this chapter ‘n' is taken as an integer, if not stated
otherwise.

(i) The general solution should be given unless the solution is
required in a specified interval or range.
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Example 1. If sino, 1, cos 2o are in GP, then find the

general solution for o.
Sol. Since, sin 0., 1, cos 200 are in GP.

1 =sin O, cos 20t

= 1=sin o,(1 —2sin? o)
= 2sin® o —sino. +1=0
= (sino +1)(2sina —2sina +1)=0
= sinot +1=0 (as2sin® o —2sino +1#0)
sino =—1
. . b
= sino =sin | — —
( 2)
. i
= oa=nm+(-1)"|-=|neZ
2
n+1 T
= o=nm+(—1) (Zj,neZ

1
Example 2. If gsin 0, cos © and tan 6 are in GP, then

find the general solution for 6.

Sol. Since, %sin 0, cos 0, tan O are in GP.
cos® 0 =%sin6 -tan O
= 6cos’ 0 +cos’0—1=0
Note that cos 0 = é satisfies the equation (by trial),

(2cos® —1)(3cos? O +2cosB +1)=0

1 . .
= cos O = 5 (other values of cos 0 are imaginary)
b
= cos O = cos —
3
i
= 0=2nm + g neZzZ

1
Example 3. Solve sin® § —cos 6 = " for 6 and write

the values of 0 in the interval 0 <0 <2m.

Sol. The given equation can be written as;

1
l—cosze—cosezl

3
= c0529+cose—z=0
= 4c0s’0+4cos6—-3=0
= (2cos® —1)(2cosO+3)=0

1 3
= cosf=—,——

2 2

3
Since, cos 0 = - 5 is not possible as; =1 < cos 0 <1
1
cos 0=—
2
o
= cos 0 = cos —
3
i
= 0=2nmw + —
3
For the given interval, n =0andn = 1.
T 57
= =—,—
3 3

Example 4. Solve cos 6 + cos 30 + cos 50 + cos 76 = 0.

Sol. We have,
cos 0 + cos 30 + cos 50 + cos 70 =0
= (cos O + cos 70) +(cos 30 + cos 50) =0
=  2c0s40-cos30 +2cos40-cos0=0
= cos 40 (cos 30 + cos 0) =0
= cos 40 (2 cos 20 cos 0) =0
Either cos 6=0

= 0=(n+1) "
2
i
or c0529=O:>6=(2n+1)Z
s
or cos46=0:>6=(2n+1)§

T T T
0=2n+1)—(2n+1)—(2n+1)—
(@n+ 1) @n 1) @n+1)
Example 5. Find the number of solutions for,
sin 50 - cos 38 =sin 90 - cos 76 in {O, ﬂ

Sol. Here, 2sin 50 - cos 30 = 2sin 90 - cos 70

= sin 80 + sin 20 = sin 160 + sin 20

= sin 80 = sin 160 or sin 160 = sin 80
160 = nm + (— 1)" 80 ()
when n is even Eq. (i) becomes;
8 =n =0="" ... (i)
when n is odd Eq. (i) becomes;
240 =nm = 0="" ... (iii)
24

..For the given interval {0, 121 Eq. (ii) and (iii) gives the

solution as,
T T T T 5T 77T 3m 117
0=0,—, — and — — — —, —,
4 24 8 24 24 8 24
.. Number of solutions is 9.



Sin X+1iCos x
Example 6. Solve 0 i=,/—1when it is
+i

purely imaginary.
sin x+icos x _ (1—i)(sin x + i cos x)
1+i (1-i)(1+1)
_sin x + cos x + i(cos x —sin x)
2

Sol. Here,

which will be purely imaginary, if
sin x + cos x =0

T
= tan x=—-1=tan| — —
4
T . .
= X =nm— Z, is the general solution.

Example 7. Find the general solutions of

2 3
21+\cosx\+\cosx\ +|cosx|” +..toeo —y

Sol 21+‘cosx‘+‘cosx‘2+‘cosx‘3+.,.t0w
.

1 1
= =2 5 - =2
21‘\“’5"\ l—‘cosx‘
1 1
= ‘cosx‘=f = cosx =+t —
2 2
T T
x=2nmt—2nmt|T——
3 3
T
=2nmt— (2ntl)WwF —
3
T
= x=nmt—
3

Example 8. If x # %n and (cos x)*" ¥ T3SNxA2 g
then find the general solutions of x.

T
Sol.Asxi% = cosx#0,1,—1

So (Cosx)sinzxf’jsinerZ:l

= sin? x-3sin x +2=0
(sin x —2)(sin x —=1)=0

= sin x=1,2

where, sin x = 2 is not possible and sin x =1 does not satisfy
the equation.

~.No general solution is possible.

Some Important Results

1. While solving a trigonometric equation, squaring the
equation at any step should be avoided as far as possible.
If squaring is necessary, check the solution for
extraneous values.

Sol. We have,
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2. Never cancel terms containing unknown terms on the
two sides, which are in product. It may cause loss of the
genuine solution.

3. The answer should not contain such values of angles
which make any of the terms undefined or infinite.

4. Domain should not change. If it changes, necessary
corrections must be made.

5. Check that denominator is not zero at any stage while
solving equations.

Example 9. Find the set of values of x for which
tan 3x — tan 2x

1+ tan 3x-tan2x

tan 3x — tan 2x

=1 = tan(3x -2x)=1
1+ tan 3x - tan 2x

b
= tan x=1 = tan x=tanZ

T .
= x=nm+— [usingtan® =tan o ©0=nn + o]
4
But for this value of x,

T . .
tan 2x = tan (Zrm + 2) = oo, which does not satisfy the

given equation as it reduces to indeterminate form.
Hence, the solution set for x is ¢.
. sin x
Example 10. Solve sin x =0 and — 30
COS — COS —
2 2

and show their solutions are different.

Sol. We have, sin x=0 = x = nm,

ie. x=0, T, 27, 3m, ... ()
Where as,
i 3
s X =0, where cos il # 0 and cos X #0
X 3x 2 2
COS — COS —

2 2
. x T 3| 5T 3x T 31 5T
ie. —#— — —, ... and —_— =, —,

2 2 2 2 2 2 2 2
T 51
ie. x # T, 3m, 51, ...and —, T, —, ... ...(ii)
3 3
But _smx 0 = sinx=0
X 3x
COS — CcOS —
2 2
= X =T, 27, 37, 47, ... ...(iii)
From Eqs. (ii) and (iii),
X =2m, 4T, 6T, ... (iv)

From Egs. (i) and (iv);
The two equations are not equivalent. Since, some solutions
of the first do not satisfy the second equation.
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Example 11. Find number of solutions of
tan x + sec x=2cos x in [0, 27].

Sol. Here, tan x +sec x =2 cosx = sin x +1=2cos® x

. . . 1
= 2sin’x+sinx—-1=0 = sin x =—,—1
2

37
But sinx=-1 = x= o which does not satisfy

tan x +sec x=2 cos x.

_ W 5|

. 1
Thus, sin x=- = x =
2

6 6
Number of solutions of tan x+ sec x = 2 cos x is 2.
Example 12. Solve sec x —1=(~2 = 1) tan x.
Sol. We have, sec x — 1 =(\/5 —1)tan x
= l—cosxz(\/E—l)sinx

=  2sin® —(ﬁ—l)o2s1n5c0s§=0

x
2

= 2sin g {sin g —(\6 —1) cos ;} =0

= sin = sini—(\ﬁ—l)cosi =0
2 2 2
. Y
= sin ~ =0 or tan£=(\/5—1)=tan—
2 2 8
X X T
= —=nmor—=nm+—
2 2 8

T
X = 2nm, 2nT + Z

Note

0#(2n+ T)g, otherwise the equation will be meaningless.

Example 13. Solve tan0 + tan20 + tan 6 - tan 20 = 1.

Sol. We can re-write the given equation as;
tan O + tan 20 =1 — tan O - tan 20

tan O + tan 20 T
u:l = tan30 =1=tan —
1—tan O tan 20 4

T T T
= B=mm+’ = 0="4 "
4 3 12

Example 14. Find the number of solutions of
| cos x| =sin x, 0< x <4m.

T 3n 51 7T
Sol. Casel If cos x>20,ie. x€({0,—|U|—,— |U| —, 4T
2 2 2 2
then, cos x =sin x.
m T 5T 9m 13m
= tanx=1=>x=nn+—=—, —, —,
4 4 4

-~ If cos x 2 0, the possible values of x are

Case Il If cos x <0,i.e. x € (7; 3“) U (571’ 7:) then

— cos x =sin x
7T 111 157
4’ 4 4
3n 117
.~ If cos x< 0, the possible values of x are VR

T 3n
= tan x=—1=>x=nm——=—,
4 4

Thus, the possible number of solutions are 4.

Example 15. Solve cot® =sin 20 by substituting

2tan6
———— and again by substituting
1+tan“ 6
sin20 =2sin 0 -cos 8 and check whether the two
answer are same or not.

Sol. Method 1

sin20 =

2t
Put sin 20 = L?
1+ tan”“ 0
2tan O
cot 0 =sin 20 = cot O =L2
1+ tan“ 0
1 2tan O
= = 5
tan® 1+ tan®0
= 2tan’0=1+tan’ 0
b
= tan? ® = 1= tan’ 0 =(1)* = tan® n
= 0=mmt " ()
4
Method I  Putsin 20 =2sin 0 cos 0
cot O =sin 20
0
= C.OS =2sin 0 cos 0
sin 6
= cos 0 =2sin® O cos O
=  cosB(1-2sin”0) =0
2
1 1 T
= cosO =0orsin0=-=|——| =sin® =
2 P 4
= 0=Cn+1) or® =nnt™ (i)
2

From Eqgs. (i) and (ii), it is clear, first method gives less
number of roots then the second method.

Note As far as possible, avoid the use of following

formulae
. 2 tan x 1-tan® x
sin 2x = ——— > ¢Cos 2x = —
1+ tan® x 1+ tan® x
2 tan x 3tan x — tan® x
tan 2x = — and tan 3x = —_—
1—-tan® x 1-3tan” x

As these formulae are not defined for some real values of x.
Hence, in many cases the solution obtained with use of
these formulae may not be the complete solutions set of the
given equation.
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Exercise for Session 1

w

© N O 0 KA

10.

11.
12.

13.

14.
15.

Solve sin5x =cos 2x.
Find the number of values of x in [0,57] satisfying the equation 3cos? x —10cos x + 7 =O0.

If 2 tan® x —5sec x is equal to 1 for exactly 7 distinct values of x e[o,%ﬂ, n eN, then find the greatest value

of n.

Find the general solution of equation sec? x =~/2 (1-tan? x).
Solve 7cos? 6+ 3sin? 6=4.
Find the general solution of the equation tan? 0.+ 2+/3 tan o.=1.

Find the number of solutions of sin® x —sin x —1=0.

Find the general values of 6 satisfying tan 6+ tan (%T + e) =2.

Find the general solution of sin x +sin5x =sin2x + sin4x.

Solve cos 6cos 20cos 30 = %

Solve 2cot2x —3cot3x =tan2x.

Find the roots of the equation cot x —cos x = 1—cot x cos x.

If the equation x 2 +4x sin B+ tan 6=0 (0 < e<g) has repeated roots, then find the value of 6.

Find the number of solutions of the equation 2sin® x + 6sin? x —sin x ~3=0in (0,27).

Find the number of roots of the equation 16sec® 0—12tan? 6—4sec6=9 in interval (-, ).

Session 2

Equation of the Form acos 6 + b sin 6 = ¢ and
Some Particular Equations

Equation of the Form

cos(G—(I))zE = cos(0—-9¢) = ¢

acosO+bsind=c r \laz"'bz

To solve the equation acos0 +bcos® =c, puta=rcos ¢ If‘ ¢ ‘ >1/a® +b?, then the equation a cos 0 + bsin § = ¢ has

and b =rsin ¢, where

no solution.

= Ja? +5% and p=tan"? &
r Wand) an . If‘c‘SW,thenputL=Cosa,SOthat

Substituting these values in the equation, we get, a”+b

2 2

rcos ¢cosO +rsin ¢psinB =c cos(B — ¢) =cos o
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= O-¢)=2nn+a = 1+sin x = /3 cos x
= 9=2n7'£i0(+¢, WherenEI or \/gcosx—sinx:]
Working Rule On dividing both sides by Ja® + b? ie. V4 = 2, we get
Step I Check whether |¢|<+Va® +b* or not. If it is N é oS x — Lsin x =+
satisfied, no real solution exists. 2 2 21
T . T
Step II If the above condition is satisfied, divide both = cos o €Os X — sin o sin x = >

sides of the equation by va® +b°. o n
cos (x +)= cos (3}

Example 16. Prove that the equation

T T
. _ . . . = x+—=2nmt—
p cos x —qsin x =r admits solution for x only if p 3
2 2 2 2
—\p +q- <r<4yp°+q-. or x=2nm+ " omm - =
6 2

Sol. Here, pcosx—gqgsinx=r

On dividing both sides by 1/p® + ¢*, we get

T .
Now, when x = 2nT + g, there are solution for n =0, 1 and

T .
q . r . when x = 2nm — —, there are solution for n = 1.
cos x ————sin x = ——— ..>i) 2

B
2 2 2 2 2 2
VP g P tq P tq Thus, total number of solutions are 3.

P q .
Put, I cos ¢, g sin ¢ in Eq. (i), we get Example 19. Prove that the equation
k cos x — 3sin x=k+1is solvable only if k € (— oo, 4].

cos ¢ cos x —sin ¢ sin x = T Sol. Here,
P tq k cos x —3sin x = k + 1, could be re-written as;
= (x+¢) ! k cos x 5 sin x kil
cos (x = - =
PP +q* JEk® +9 k*+9 k> +9
- k+1
As we know, 1<cos(x+¢)<1 or cos(x + 0) =
.. The above equation posses solution only if, k% +9

r [ 2 2 [.2 2
_1SWS1 or —NpTHg Sr=ptHq which posses solutiononlyif,—ls\/k;ilﬁl
k“+9

Example 17. Solve sin x++/3 cos x =+/2. . k+1
ie. <1
Sol. Given, /3 cos x +sin x =+/2, dividing both sides by k2 +9
Jat + b7 = J(\3)2 +12 =2, we get ie. (k+1)? <k?+9
. V21 ie. k> +2k+1<k*+9
— COS X+ —SIn x = — =
2 or k<4

Thus, the interval in which, k cos x — 3sin x = k + 1 admits
solution for k is (— o, 4].

}
o
2
T/
=
|
N
I
o
2
I+ /—\‘ 3
S

T Y .
= X - o=tk Example 20. Let [.] denotes the greatest integer
- less than or equal to x and f(x)=sin x+cos x. Then,
= x =2nm + Z + E
. . T
- T find the most general solution of f(x)= f() .
= x =2nm + —, 2nm— —, wheren € I 10
12 12
Sol. Here,
Example 18. Find the number of distinct solutions of f(“) —sin18 + cos 18° = /2 [sin (45° + 18°)] =+/2 sin 63°.
sec x +tan x =+/3, where 0< x < 3. 10
Sol. Here, we have sec x + tan x= \/g Assin 63° > sin 45° = 1 and sin 63° < 1

72



)5 =[a]l

So, the equation is sin x + cos x = 1.

b 1 T T
cos | X —— |=—F=orx——=2nm + —
4 4

2 4

b
= x=2nm + E 2nm

Example 21. Find the number of solutions of

cosx=\1+sinx ,0<x<3m
Sol. As we know, 1+sin x >0, for all x

So,cos x =1+sin x,forallx = cosx—sinx=1

On dividing both sides by y/a* + b* i.e. by 2, we get
1

— COS X ———=S8in x = —
V2 V2 V2
T . T T
= CcOS — €OS x — sin — sin x = cos —
4 4 4
T T T T
= cos|x+—|=cos— = x+—=2nwt—
4 4 4 4
T
= X = 2nm, 2nT— —, where 0 < x <371
2
3n .
= x =0, > 27 are the only solution.

Thus, number of solutions are 3.

Some Particular Equations
Equation of the Form

. . n—-1 . n-2
a, sin” x +a, sin" " xcosx +a,sin" “x
2
cos® x +...+a, cos" x =0,
where a, a;, ..., a, are real number and the sum of the
exponents of sin x and cos x in each term is equal to n, are
said to be homogeneous with respect to sin x and cos x.

For cos x #0, above equation can be written as,

1

a, tan” x +a, tan" " x+...+a, =0

Example 22. Solve 3cos*6-2y/3
sinB cosO —3sin’ 0 =0.

Sol. The given equation can be written as:
3tan’0 +2+/3 tan® —3=0

_—23xf12436 1 5

= tan®
6 V3
1 T
Either, tanO=—==tan—
NE) 6
= (1)

T
O=nm+—
6
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or

tan© z—ﬁztan(?)

0=nn-"
3

...(i)

i i
O=nn+—orO=nn——
6 3

Example 23. Solve the equation
5sin% x —7sin X coS X+ 16 cos? x = 4.

Sol. To solve this equation, we use the fundamental
trigonometric identity, sin® x + cos® x =1
Given equation can be written as
4(sin® x + cos? x) +sin? x —7sin x cos x + 12cos’ x = 4
= sin® x —7sin x cos x + 12 cos® x =0
On dividing by cos® x both sides, we get
tan® x —7 tan x + 12=0

Now, it can be factorised as;
(tan x —3)(tan x — 4) =0

= tan x =3,4

ie. tan x = tan (tan~ ' 3)
or tan x = tan (tan” ' 4)
= x=nmw+tan '3
or x=nm+tan” ' 4

Equation of the Form

R (sin kx, cos nx, tan mx, cot Ix) =0,

where R is a rational function of the indicated arguments
and k, [,m, n are natural numbers, can be reduced to a
rational equation with respect to the arguments sin x,

cos x, tan x and cot x by means of the formulae for
trigonometric functions of the sum of angles (in particular,
the formulas for double and triple angle) and then reduce
the obtained equation to a rational equation with respect

to the unknown, t=tan i, by means of following
2

formulae;
2 tan * 1- tan® *
sinxziz,cos X =72,
X X
1+tan® = 1+tan® =
2 2
X X
2 tan — 1—tan® =
tan x =72,cot X "
1-tan® * 2 tan *
2 2
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Example 24. Solve the equation

(cos x —sin x)| 2 tan x + +2=0

COS X
Sol. Using above formulae, we get

1 — tan® X 2tanf 4tanf 1 + tan? il

i B : x : x " ?c *2=0
1+tan® = 14tan® =||1-tan® = 1-tan® =
2 2 2 2
2

1-t> 2t 4t 1+t
[1+t2_1+t2](1—t2 +1—t2j+2:0

(Taking tang =t)

3t +61° +8t2 -2t -3
= 3 3 =
T+ -17)

i andt., = — i

3 EENCY

Thus, the solution of the equation reduces to that of two
elementary euqations,

Its roots are t; =

1 1
tanX = and tan X =— — ﬁ£=m'ciE
2 3 2 32 6
T . . .
= x =2nm + —, is required solution.
3

Example 25. Solve the equation
. 29
sin'® x+cos'™ ><=Ecos4 2x

Sol. Using half-angle formulae, we can represent the given
equation in the form;

1—c052x5 l+cost5 29 4
+ = —cos 2x
2 2 16

Put cos 2x =1t,

1-t) (1+t) 29 ,

S N B

2 2 16
= 24t* —10t2 -1=0

. 1
whose only real root is, t? = 3

1
cos? 2x=5:>1+cos 4x =1

b
= cos4x=0:>4x=(2n+1)5
nmwom
= x=—+—nel
4 8
Note

Some trigonometric equations can sometimes be simplified
by lowering their degrees. If the exponent of the sines and
cosines occurring into an equation are even, the lowering of
the degree can be done by half angle formulas as in above
example.

Equation of the Form

R (sin x + cos x,sin x - cos x) =0,
where R is a rational function of the arguments in brackets.
To solve such equations, putsin x +cos x =t ...(i)

and use the following identity
(sin x +cos x)% =sin® x +cos? x +2sin x cos x
=1+2sin x cos x
t* -1

(i)

= sin x cos x =
Taking (i) and (ii) into account, we can reduce given

equation into;
2
t° -1
Rit,—— =0
2

Similarly, by the substitution (sin x —cos x) =t, we can
reduce the equation of the form;

R (sin x —cos x,sin x cos x) =0

. 1-¢2
to an equation; R|t, 5 =0

Example 26. Solve the equation
Sin X+ €0 X —2+/2 sin X cos x =0

Sol. Let (sin x + cos x) =t and using the equation
2

sin x - cos x = , we get

t—zﬁ(tz_lJzo

2
= Nat-t-2=0
1 . .
The numbers t; = V2, t,=— T are roots of this quadratic
2
equation.

Thus, the solution of the given equation reduces to the
solution of two trigonometric equations

i = . 1
sin x + cos x =~/2 and sin x + cos x = — L
N
or isinx+icosx=1 and isinx+icosx=—l
NP V2 V2 N
. n, . T . T . T 1
OT " sin x - cos = + sin — cos x =1 and sin x cos — + sin — cos x = — =
4 4 4 4 2
= sin x+E =1 and sin x+E :—l
4 4 2
T I
= x+Z=@n+1Z= and x+£=nn+(—l)”- L
4 2 4 6
=

T
x =2nm+ = and x=m'c+(—1)"“E— K
4 6 4
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Exercise for Session 2

. Solve the equationsin x + cos x =1
. Solve +/3 cos 6-3sin 6 =4 sin20cos 36.

. Solve cot 0+ cosec 0=+/3.

. Find the general solution of (+/3 —1)sin 8+ (/3 + 1)cos 0=2.

1
2
3
4. Solve2secH+tan6=1
5
6

. Find the number of integral values of k for which equation 7 cos x + 5sin x =2k + 1has at least one solution.

[Hint : acos 6+ b sin 6=c has solution only when \c\ < Ja%+ bz].

7. Solve 2sin? x —5sin x cos x —8cos? x =—2.

8. Solve the equation (1-tan ©)(1+sin26) =1+ tan 6.

Session 3

Solution of Simultaneous Trigonometric Equations
and Problems Based on Extreme Values of

sin x and cos x

Solution of Simultaneous
Trigonometric Equations

Here, we discuss problems related to the solution of two
equations satisfied simultaneously.

We may divide the problem into two categories :

(i) Two equations in one ‘unknown’ satisfied
simultaneously.

(ii) Two equations in two ‘unknowns’ satisfied
simultaneously.

Example 27. Find the most general values of 6 which
1 1
satisfies the equations sin® = ——and tan0 = —.
2 V3

Sol. First, find the values of 0 lying between 0 and 21 and
satisfying the two given equations separately. Select the
value of 6 which satisfies both the equations, then gener-
alise it.

7T 11w

1
sin0=--=0=—or—
2 6 6

1 T 7T
tan O = T = 0="or o [value between 0 and 27]
3

77
Common value of 6 = o

. .. 7T
The required solution is, 0 = 2nT + —

Example 28. If tan(A-B)=1and sec (A+B)= 2

NG
then find the smallest positive values of A and B and
their most general values.

Sol. For the smallest positive values, find A + Band A —B

between 0 and 27 from the given equations.
Since, A and B are positive angles, A + B> A — B. Solve the
two to get A and B.

For the most general values, find the general values of
A — Band A + Bby solving the given equations separately.
Solve two to get A and B

tan(A—B):l:A—B:%orsjn (1)
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2 11
Also, sec(A+B)=—:>A+B=E0r—Tc
V3 6 6
Since, A+B>A-B,
A+p=1T
6
On solving Egs. (i) and (ii), we get
2
4B 1n
24 24
or A= —37n, = m
24 24

Solve for the most general values

tan(A - B)=1 = A—B=n1'c+%

V3

sec (A +B)=—=cos (A +B)=7

V3

= A+B=2mm+ %
On solving Eqs. (iii) and (iv), we get,

A=l (2m+n)7‘c+£iE
2 4 6

1
B=- (2m—n)7'c—£iE where m,ne [
2 4 6

Example 29. Solve the system of equations

21 sin x
X+y=—and — =2
3 siny
Sol. Let us reduce the second equation of the system to the
form,
sin x =2sin y
. 21 . . [2m
Using x +y=?we get,sin x = 2sin 5 x
. . 2T 2n .
= sin x=2 sm?~cosx—cos?~smx
V3 1
=2|—-cos x+—-sin x
2 2
= sin x=+/3 cos x +sin x
= cos x=0
i1
= x=02n+1)—
2
i
= X = E + nt

P 21
Substituting in x + y = < we get
y=—nm+ T
6

T T
X =—+nm,y=——nn wherenel.
2 6

(i)

Example 30. If r >0, —n <6 <m and r, 0 satisfy
rsin®=3and r =4 (1+sin0), then find the possible
solutions of the pair (r, ).

Sol. Here, r=4(1+sin0) and rsinf =3

3
On eliminating 0 from above equations; r = 4 (1 + j
’

= rP—4r-12=0
= (r-6)(r+2)=0
= r=6orr=-—2
. . 1 . 3
rsin =3=sin =—orsin0 = - —
2
...(iif)
3 T 5T
Neglecting sin 0 = ~3 we get 0 :g,?

(r,0) = (6, 2) and (6, 5:) are the required pairs.

(iv)

Problems Based on Extreme
Values of sin x and cos x

X 1
Example 31. Solve 2 cos? E~SII’]2 x=x*+—,
X

O<XSE.
2

Sol. In this problem, terms on the two sides of the equation are
different in nature.
LHS is in trigonometric form, whereas RHS is in algebraic
form. Hence, we will used inequality method.

()

Here, LHS =2 cos? g -sin? x

=(1+ cos x)sin® x <2
[-1+ cos x <2,sin® x <1]

and RHS=x2+LZ22
x

Hence, LHS is never equal to RHS

[+ AM. > GM]

.. The given equation has no solution.

Example 32. Solve sin® x=1+cos" 3x.
Sol. LHS =sin® x <1
RHS =1+ cos*3x>1

Hence, sin® x =1+ cos* 3x is possible only when.

LHS=RHS =1

= sin® x =1 and 1+ cos?3x=1
= sin® x =1 and cos*3x =0

= cos? x=0 and cos3x =0

= cosx=0 and cos3x =0
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N x=(2m+1)§ Now, sin x +cos x = /2
T = cos|x——|=1
and 3x =(2n + I)E, where m,ne I 4
i m =3 x=2mm+ " (1)
= x=@2m+ 1)5 and x =(@2n + 1)Z’ 4
where m.ne I and sin x + cos x = —/2
T m
= x=@2m+1)— cos(x —) =-1
2 4
(L 4
and x:@n+ng x:(znil)mZ ..(ii)
Common values of x is 2n + l)g, where n € I. The required and 1 +sin2x =2
b
solution, = sin 2x =1 =sin 5
i
- m
x—(2n+1)5,nel = 2x:n1‘c+(—l)n5
.y 8 _nn n T
Example 33. Solvesin® x =1+ tan® x. = e (i)
Sol. LHS =sin* x <1 The value in [— 7, 7] satisfying Eqs. (i), (ii) and (iii) is
RHS =1+ tan® x > 1 x:E,ﬂ(whenn:O,—l).
= LHS = RHS only when 44
sin® x =1and1+tan® x =1 Example 36. Find the most general solutions for
= sin’ x=1andtan® x =0 QeI X 4 prosx =21_1/‘/5.
which in never possible, since sin x and tan x vanish Sol. As we know, AM > GM
simultaneously. gsin x | pcos x .
Therefore, the given equation has no solution. T, 227 T2 (1)
Example 34. Solve sin” x+cos” y =2sec” z. Now, Eq. (i) admits minimum value when
Sol. LHS =sin® x + cos® y <2 sin x + cos x is (= \/5)

RHS = 2sec?z > 2 {using — \/a® + b* <acos x + bsin x < y/a® + b*}

Hence LHS = RHS only when,

zsinx+2cosx >2. 2—\/5
sin® x =1, cos’ y=1 andsec’ z=1

Jz
= c052x=0,sin2y=0:mdcos2 z=1 or o8N X | gcosx 5 9.9 2
= cos x =0,sin y =0,sinz=0 1- L

p or 2sinx 4 0008X > 9 J2
> x=C2m+1)—y=nn,z=tm, .
2 Thus, the equation holds only when,
where m, n, t are integer. sin x + cos x = —/2
. T
Example 35. Solve the equation = COS(x—J =-1
(sin x+cos x)' "2 =2 when —n < x <.

T
~Z=onm+
Sol. We know, — +/a® + b* Sasin9+bcoses\/mand = X 4 nrET

-1<sinf <1 N @ +1)7T,+Tc
x=02nt —
~.(sin x + cos x) admits the maximum value as 2 and 4
minimum value as —\/5, .
- >
(1 +sin 2x) admits the maximum value as 2. Also, Example 37. Solve ‘ \/g €0S X=sIn X‘ >2 for

(£72)? =2, x € [0,4m].
.. The equation could hold only when, Sol. We know,

\Ecosx—sinx‘ﬁ 3+1=2 ..(1)
sin x + cos x = x+/2and 1+ sin 2x =2
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and \/g cos x —sin x | = 2 (given LW
g

Thus, from Eqgs. (i) and (ii), we must have

‘\/gcos x—sinx‘=2

V3 1.
= — CcoOs X ——sin x |[=1
2
T . T,
= COS — CcOs X —sin —-sin x |[=1
6 6
=

T
cos|x+—||=1
6
T T
= cos[x+)=10rcos(x+)=—1
6 6

= x+ ki =0,27, 4T, ... or T, 3T, 5T, ...
6
11t 231w 5 177
= x=—"—,—,—,—, forx e [0, 4m]
6 6 6 6
11m 231w 5m 177
Hence, xe{—— —/ —,——
6 6 6 6

Example 38. Show that the equation,

sin x = [1+sin x1+ [1—cos x] has no solution for x € R.

(where [] represents greatest integers function).

Sol

As we know that the period of sin x is 21, we need to
check the solution for x € [0, 27].
Let us first check at those points on which sin x and cos x
are integer and then for the values lying between them.
Casel (a) Atx=0

[1+sinx]=1and[1-cosx]=0

sinx =1+0=1orsin0=1(as x =0)
= 0 =1 (absurd)

T
b Atx =—;
(b) x=

[1+sin x]=2and[1 - cos x]=1
sin x =2+ 1 =3 (absurd)
(c) Atx=m
[1+sin x]=1and[1— cos x]=2
sin x =1+ 2 =3 (absurd)
d Atx=>F
2
[1+sin x]=0and[1 - cos x]=1

. . 371
sinx=0+1 or sm7=l as x=—

= —1=1(absurd)
(e) Atx=2m
[1+sin x]=1and[1 - cos x]=0
sin x=1+0
or sin0=1(asx =0)
= 0 =1 (absurd)

Atx = O,E,n,3—n,2n
2 2

we do not have any solution.
Now, to check for the values lying between them.

Case IT (a) When x € (0, gj

[1+sin x]=1,[1—-cos x]=0
= sinx=1+0

. T .
But since x € (O, ), sin x #1
2
. . m
sin x = 11is absurd when x € (0, 2}

(b) When x € (72‘ nj

[1+sin x]=1[1—-cos x]=1
= sin x =1+ 1 =2 (absurd)
(c) When x € (n, 3;)

[1+sinx]=0,[1-cos x]=1=
sin x=0+1=1

3n
But x € (Tr,, 2) in which sin x # 1
. . 37
*. sin x = 1is absurd, when x €| m, ?

(d) When x € [3::, an
[1+sin x]=0,[1-cos x]=0
sinx=0+0=0
Butsin x # 0 when x € (32“, 271‘,)
Thus, the given equation does not posses any solution for

x € [0,2n] or in general, sin x =[1 +sin x]+ [1 — cos x]
does not posses any solution for x € R.
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Exercise for Session 3

=

<
©

© © N OO a A W N

Find the general values of 6 which satisfies the equations tan 6=-1and cos e=i.

V2
Find the most general solution of cosec x =—2 and cot x =~/3.
Find the common roots of the equations 2sin® x +sin?2x =2 and sin2x + cos 2x =tan x.

Solve the equations, +/3 sin2A=sin2B and /3 sin? A+sin’ B =%(«5 -1).

Find the number of solutions of sin? x cos? x =1+ cos? x sin* x in the interval [0, 7].

Solve: 1+ sin x sin? g =0.

Solve: cos®® x —sin® x =1
Find the number of real solutions of the equation (cos x)° + (sin x ) =1in the interval [0,27]
Find the number of solutions of the equation

14 %t X _ 2sin x| 1 +ﬂforx €(0,5m).

1+sin” x

Find the number of solutions as ordered pair (x, y) of the equation 2see” x | peosec’y _p g2 x(1-cos?2y)in

143

[0,27].

Session 4

Trigonometric Inequality

Trigonometric Inequality

An inequality involving trigonometric function of an
unknown angle is called a trigonometric inequality.

Solution of Trigonometric Inequality

To solve the trigonometric inequation of type f(x) <a, or
f(x) = a where f(x) is some trigonometric ratio, the
following steps should be taken:

1. Draw the graph of f(x) is an interval length equal to
the fundamental period of f(x).

2. Draw the line y =a.

3. Take the portion of the graph for which the
inequalities satisfied.

4. To generalize, add nT(ne I) and take union over the
set of integers, where T, is the fundamental period of

J(x).

Example 39. Find the solution set of inequality

anx>—
2

1
Sol. When sin x= 5, the two values of x between 0 and 27 are

b 51
o and ? From the graph of y =sin x , it is obvious that

T 51
sin x> — for—<x<—
2 6
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b 5T
= 2nn+g<x<2nn+—

. . . T 5T
The required solution set is U (th +—,2nm + )
nel 6 6

Note
We added 2nm to find the general solution as period of sin x is 2m.

Example 40. Find the solution set of inequality

COS X =2 — —.
2
1
Sol. From the graph of y = cos x, it is obvious that cos x = — —.
2

For —-—<x<—

Hence, CcoS X = —
27 27
= 2nm — — < x<2nm + —
3 3
The required solution set is
27 27
U (Znﬂ: - —,2nT + )
nel 3 3

Example 41. Find the solution set for,
4sin? x — 8 sin x + 3 <0 where x € [0, 27].

Sol. Here, 4sin® x —8sin x +3<0

= (2sin x —1)(2sin x =3)<0
Here, 2 sin x — 3 is always negative.

1

2sin x —12>0ie.sin x = —

2

1 1 1

2 2

0 0

-1

T 5T
. From the figure, — < x <—
6 6

Example 42. Solve 2cos” 0 +sin@ <2,

3
where  /2<6 S%

Sol. 2cos?0 +sinB <2

or 2(1-sin’0)+sin <2
or —2sin®0 +sin6 <0
or 2sin®@ —sin® >0
or sinB(2sinB—1)=0
or sin@(sin®-1/2)=0

which is possible if sin® <0 or sin6 >1/2

From the graph
sin021/2 =

T/2<0<51/6
sin0<0 = m<O<3m/2

Hence, the required values of 6 are given by
0e[n/25m/6]U[m,3m/2]

Example 43. Solve sin”0>cos”0

Sol. We have, sin®@ > cos’® = cos20 <0
= (m/2)<20 <(3m/2) or (m/4)<0O <(3m/4)
Taking general values i.e., adding 2nm, we get
2nm+m/2<20<2nm+3n/2, neZ
or nm+mn/4<0 <nn+3m/4

tan x <1

Example 44. Find the solution set for,
when x e [- &, 7t].

Sol. Here, | tan x ‘ <1

= — 1< tan x < 1, the value scheme for this is shown below.

From the figure,

_Tex<

4

A~ a

-1 1

-1




or

or

Example 45. Solve sin2x>~/2sin? x+(2—+/2)cos? x
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Example 46. Solve tan® x+ 3> 3tan x+ tan* x

—11:Sx£—3—1t
4 3 2
3 Sol. tan” x—tan® x +3—-3tan x>0
l< x<T
4 =7 = tan® x(tan x —1)—3(tan x —1)>0

3n T n
— n, _—— U — —,

Sol. sin2x>+/2sin? x+(2—\/5)cos2 x

=

Le v

[ -

(tan x —1)(tan? x —3)>0

Sign-scheme of above inequality is as follows:
) *) ) *)

Zsinxcosx>ﬁsin2x+(2—\6)cos2x _\/%,, 1 \/'*3
2
tan” x \/Etanx+(\/5 1)<0 B 3<y<10ry>\/§
(tanx—l)(tanx—(\/g—l))<0 = - 3<tanx<10rtanx>\/§

(\2-1)<tan x<1

m/8<x<m/4

For—m/2<x<m/2
—m/3<x<x/4orm/3<x<m/2

T T . : :
xe(nn +=, nm +j where neZ. .. General solution is
8 4

T T T T
X €| n+—,nM+— |U| nT——,nm+—
N G

where neZ.

Exercise for Session 4

o a0 A W Ddh R

If 2cos x <+/3 and x €[-m, ], then find the solution set for x.

Find the set of all x in the interval [0, ] for which 2sin? x —3sin x + 1>0.

If cos x —sin x >1and 0 < x <2, then find the solution set for x.

Solve sin 0+ +/3cos 0>1, - <0<m.

Find the set of values of x, which satisfy sin x -cos

3 x >cos x-sin® x, 0< x <27.

Find the set of all x in (%g) which satisfy | 4sin x 1] <+/5.

Solve sin“(i) + 0034(5) .
3 3) 2

Solve tan x —tan® x >0 and |2sin x|<1.
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(tan x —1)(tan x + \/g)(tanx - \E) >0
= (y—l)(y+\/§)(y—\/§)>0, where tan x=y



JEE Type Solved Examples :
Single Option Correct Type Questions

Ex. 1. The number of solutions of equation
8[x*> — x] +4[x] =13 +12[sin x],[.] denotes GIF is
()0 (b) 2
(c)4 (de6
Sol. (a) 8[x* — x]+ 4[x] =13 + 12[sin x]

LHS is always even and RHS is always odd. Hence, no
solution.

EXx. 2. The number of ordered pairs (x, y) satisfying

2
|x|+|y|=2andsin(nx ]=1is/are
(a) 1 (b)2
(c)3 (d) 4
Sol. (d) |x| +|y|=2
= |x].|yl€[0,2]
2
Also sin(nx )=l
3
nx’ T
= =(4n+1)—
2
2 3
= x :(4n+1)5

3
"+ |x| € [0,2], then only possible value of x* is 2

3 3
x|=./-, =2— |-
[x= 5171 V3

Hence, total number of ordered pairs is 4.

Ex. 3. Number of solutions of
cos’ {Z(sin x +~/2 cos? x)}

T .
—tan2|:x+tan2 x}z],xe[—Zn,ZTE] is
4

(a) 1 (b) 2
(c)4 (d) 8
Sol. (b) The solution is only possible, when
cos’ (Z(sin x + /2 cos’ x)) =1 ...(i)
2 T 2 ..
and tan (x + Ztan x] =0 ...(id)

Let’s solved Eq. (i)
g(sinx ++2cos’x) = ki

= sin x ++/2 cos’® x = 4k

Now as \sinx+\6c052x| < |sinx|+\6 |cos® x| < 1+4/2 <4
. k =01is only possible value.

= sinx ++/2cos’x =0

= V2sin®x —sinx — /2 =0

-1
= sinx = —, V2
2

1
= sinx = _T (osinx # \E)
2
T 5T
= X =2nm—— or 2nm+ —
4 4

From Eq. (ii) we can say that the only solution possible is

T
X =2nm— —
4

Hence, for x € [— 27, 2] we have 2 solutions.

EXx. 4. The general solution of
sin? @ secO++/3 tanH=0 is

(a)6=m'c+(—1)"”§,6=nﬂ:;nel
(b)0=nm,nel

ntm
c)0=—,nel
(c) "
(d)6zm‘c+(—1)”“§,nel

Sol. (b) sin*OsecO +/3tan@ =0

= sinB(sin® +\E)sec9=0
= sin® =0
= O=nm, nel (. sin@i—\/g,sece #0)

Ex. 5. The number of solutions of the equation
[ mx 2 .
sinf — |=x —2\/§x+4 is
( 243 )
(@)o (b) 2
(c) more than 2 (d) 1

Sol. (d) We know that —1<sin <1,

3~

therefore, we must have
—1<x?—23x+4<1

~1<(x—3)?+1<1
—2<(x—4/3)*<0

U

U



But, square of a real number cannot be negative, therefore,
we must have (x—+/3)?=0

= x=+3

Note that x=+/3 satisfies the given equation.

Ex. 6. x, and x, are two solutions of the equation
e” cos x =1. The minimum number of the solutions of the
equation e sin x =1, lying between x, and x, can be
(2) 0 (b) 1
(c)3 (d) None of these

Sol. (b) We have e” cosx =1or cosx =e”

x

Consider the function, f(x)=cosx —e”

= f(x)=0 = f(x,).
Clearly, f(x)is continuous in [x,, x,] and differentiable in
(%1, %,).

Hence, by Rolle’s theorem, there is atleast one x € (x,,x,)
such that f’(x)=—-sinx +e =0

= sin xe™ =1 has atleast one solution € (x;, x,).

Ex. 7. The product of common differences of all possible
AP which are made from values of x’ satisfying

cos’ (1 Xxj +cos’ (”.ij =1
2 2

an’ 4m
—_— b
(a))f—uz ()7\—“
21’
22— 12
1+ cos(Ax) + 1+ cos(ux)
2

= cos(Ax) + cos(ux) =0

= 2cos ((}H—ZM)XJ cos((}h_zu)x) =0

()

(d) None of these

1

Sol. (a)

(A +wx
2

A -wx
2

- =(2n+ 1)%

or =(2n+ 1)%

x=(2n+l)ﬂ:
A+U

Thus, common difference can be

21 21
r

(6)
A+u A-u

4m’

}\’Z 2

-

Now, product =
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Ex. 8. Number of solutions of the equation
cos® 2x +2sin’ 2x =17 (cos x +sin x)*,0 < x <27 is
(a) 4 (b)8
() 10 (d) 16
Sol. (a) Let sin2x = y, then 1+ y* =17(1 + y)*

Clearly, y=sin2x=- %is the only possibility
x =105°,165°, 285°, 345°.
. . T 7T
Ex. 9. The number of values of © in the lnterval(—, )
2 2

satisfying the equation (\/g) 0 —tan* 0 +2tan’0 is
(a) 2 (b) 4
(c)0 (d) 1
Sol. (a) tan’ 0 + 2tan’0 = (tan’0 + 1)° — 1
=(sec’®)’ —1=sec'0 — 1
Put sec’d =t
= (3) =12 -1
=t =2 is only solution as t > 1
.. There will be 2 values of 6 in given interval.

Ex. 10. Number of solutions of the equation
cot(0) +cot (6 + Z) + cot (6 - ;E) +cot(30) =0, where

0e (O,nj
2

(a) Infinite (b) 0
()1 (d) None of these

Sol. (c) cot(0) + cot(e + T;) + cot(e - :) + cot(30) =0
Put6 = T_ o
2
T n
tano + tan(oc - 3) + tan(oc + 3) + tan3a =0

b T
tano — tan — tano + tan—

tano + 31t +
1+ tano tang

+ tan3o =0

T
1 - tano tang

3 tano — tan’ o
3| ———— | ttan30. =0
1-3tan"a
4tan30 =0

= tan3o =0
= 300 = nm

T
= o=—

3
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JEE Type Solved Examples :
More than One Correct Option Type Questions

=1y . 2
Ex. 11.0 <a <2m,sin"(sina) <x* —2x forall xe | Ex. 13. The value of x in [0, Z) satisfying equation

thena e
(@) (0,1 +1) (b)(n+1,32n) Vs-1 104245
sin x cos x
(c) (3“ 21 — 1) (d)(2m -1, 2m) () n (b) 3n
2 10 10
Sol. (b,c) sin”'(sina) < x* — 2x for all x ©) o (d) m
sin”! (sina) < min (x* — 2x) = -1 10 10
5-1_ 1 J10+245 1
Forae(O,n),a<—1:> ae o SOI.(a,b)\f X — + X =2
2 4 sin x 4 COS X
T 3m) . . - 110 + 2+/5
Forae (2, 2), sin"'(sina)=T —a \/54 ! cos x + 4\f X sin x = 2sin x . cos x

— — . Y .
T-a<-1 sin| x + — | =sin2x
31 10
a>n+1 = ae|n+1—
2

T b
X+ —=2x,x=—

10 10
Forae (3“ 211), sin”! (sina) = a — 21 .
2 or sin(x + ) = sin(T — 2x)
a-2m<-1 10
a<2m-—1 = x+ =m-2x
37 10
a<2n—-1= ae|—,2n—-1| T on
2 = 3x=m—-—="—
10 10
Ex. 12. If = x = Sl
10
(cos2 X+ j(1+tan2 2y) (3 +sin3z) =4, then
cos” x 2
. . 1—2x +5x
(a) x may be a multiple of 1 Ex. 14. Given2sint =m the real values of
(b) x cannot be an even multiple of
. T T . . PP .
(c) z can be a multiple of te [—, } satisfying this lie in the interval
2 2
i
(d) y can be a multiple of —
2 (a){_ﬁ ﬂ} (b) [3“ n}
272 102
Sol. (a,d) (cos2 x + 5 j(l + tan®2y) (3 +sin3z) = 4
cos“x
©) [—“, “} U F“ "} (d) All of these
Since, cos® x + 5 >2,1+tan22y21,2S3+sin3zS4 210 102
Cos" X Sol. (a,b,c,d) Given
so, the only possibility is x*(6sint —5) + x(2 — 4sint) — (1 + 2sint) = 0, since
1
cos’x + 5 =2,1+tan22y=1,3+sin3z=2 XERA>0
cos” x . 1- \/g
= sint <
= cosx=11= x=nn 4
mm 1++/5
tan2y=0:>y=7 or sint >
4
sin3z =—1
T T 3n w
s tEr—*, 7—|U|—7’7—|
= 2= (4= D) Timn ke | 72710 10 2]



Ex. 15. The system of equations
tan x =a cot x, tan 2x = bcos y
(a) Cannot have a solution if a =0
(b) Cannot have a solution ifa =1
(c) Cannot have a solution if na > ‘b (1- a)‘

(d) has a solution for all a and b

Sol. (b,c) If a =0, then tanx =0 = x = nn and then for any
value of y such that cosy = 0 the second equation satisfies

option (a) is false.
Ifa=1thentanx = cotx = tan’x =1

= tan2x is not defined.
= option (b) is true

Now from the first equation tan x = Ja

= a must be positive
‘cosy‘=‘ Z_tanx2 ‘:‘ 2\/_5 ‘Sl
‘b(l tan x)‘ ‘b(l a)‘
= 2Ja <|b(1 - a)|
Ex. 16. If Y*3 _sin? X +2cos x +1, then the value of y

2y +5

lie in the interval

8
(a) [—oo’ —3:|
8 12
(C){_{_ 5 }

12
(b) l:_ €> “]
8 12
@ (“”"J U[‘s’ -]

+3
Sol. (a,b,d) cos’x —2cosx +1=3— Yo
2y +5
5y + 12
(cosx —1)' =2
2y +5
Also, —1<cosx<1 = —2<cosx—-150
= 0<(cosx —1)*< 4
5
= o< H12 oy
2y +5
5y + 12 -3y -8
Now, YT _4<0= Y <
2y +5 2y +5
3y+38
- VT 50 = (By+8)(2y+5)20
2y +5
5y +12
and VT2 50 = (59+12)(2y+5) 20
2y +5
8 5
= —oo,— — |U| =2, 00
( 3} { 2 j
5 1
and (—oo— Ur—— oo
2) 71 s
12
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Ex. 17. Which of the following set of values of ‘x’
satisfies the equation

(ZSinzx —3sin x + IJ (2725in2x+ 3sinx)

+2

(a)x=rmig,nel (b)x=m‘ci§,nel

(c)x=nmm,nel (d)x=2nﬂ+§,n€/

(Zsinzx—Ssinx+1) 3—[25in2x—3sinx+1J

Sol. (a,d) 2 =
Zsinzxfiisin)m&l
Let2( )=t
8 2
= t+-=9 =>1t"-9t+8=0=1t=18
t
= 2sin®x —3sinx +1=3
or 2sin®x —3sinx +1=0
. 1
= sinx = ——,

. 1 .
sinx =—, sinx =1
2

Ex. 18. For0 <6 < g, the solution(s) of
6 —
Zcosec [6 + (m41)nj cosec (6 + nztj =4~/2 is (are)
m=1

Y T
() Z (b) g

b
o) —
(©) -
Sol. (c, d) We have,

6 —
ZCosec{G + (m41)1r1 cosec {9 + T} = 4\/5

m=1

51
4=

=

+(m—l)n

=),
e
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0 m 2n B

= | cotO —cot|O+—||+]|cot|O+—|—cot|O+— o 1+ tan—

{ ( 4)} { ( 4) ( 4)} (an3+1) o 2
(—tan3°® + 1)

B
1—tan—
+...+{cot(9+5::)—c0t(6+6fﬂ= 2

an tan(45° +3°)=tan A = tan(45° + B)
= cotO —cot(G +)=4 2
2 - A =48 and B =6°

= cotO + tanB = 4
2 2 g s A
- cos'0 +sin "0 = 4 sinf cosd Ex. 20. If\/1 +sin A —\/1 —sin A =2cos —, then value of
= sin20 =1 = 20 = T or o 2
2 6 6 A can be
= 9= o T (a) 110 (b) 260
12 12 (c) 300° (d)190°
1+ sin6° 1+sinB Sol. (a,b,d) \/1+sinA —\/l—sinA =2cos§
Ex. 19. IfsimO =tan A = &; where A and A N N N N
cos6 1-sin8 sin— + cos—| — |[sin— — cos—| = 2cos
B€(0.90°), then 2 2 2 2 2
(a) A=8B (b)8A=B 135° 45°

() A-7B=6° (d) A + B = 54°

(sin3° + cos3°)?

Sol. (a,cd) ————=tanA =
(acd) (cos?3° —sin”3°)
. B B
sin3° + cos3° _ DA Smg + COSE So, sin% + cos% >0 and cosg < sin%
cos3° —sin3° cosP —sinl A
= 450<E<1350 = 90° < A <270°
JEE Type Solved Examples :
Passage Based Questions
Passage I Sol. (a) (PA) (PB) = (PC) (PD)
(Ex. Nos. 21 to 23) 4 X3=x(2r — x)
Consider a circle, in which a point P is lying inside the circle = 12=x(8 - x)
such that (PA) (PB) = (PC) (PD) (as shown in figure). x'-8x+12=0 = x=6,2
D A PC_6_,
& w7
‘ 22. IfPA=‘cosG+sin6‘and PBz‘cose—sinB,then
B C
maximum value of (PC) (PD), is equal to
On the basis of above information, answer the following (a) 1 (b) 242
questions : © 2 (d) 2
21. Let PA =4, PB=3and CD is diameter of the circle Sol. (a) PC- PD = (PA) (PB)
having the length 8. If PC > PD, then rc is equal to =lcos 6+ sin 6] |cos 6 — sin 6]
PD =|cos® 0 —sin® 0] =cos 20
(a)3 (b) 4 Maximum value = 1

(©5 (d)6



23. Iflog,, x =2,log,; x =3,log, PC =4, thenlog,, x is

equal to
7 12
() E (b) 7
7 6
(c) _E (d) - 5

Sol. (d) (PA) (PB) = (PC)(PD)
log ((PA)(PB)) = log ((PC)(PD))
log PA +log, PB = log PC + log, PD
l+1=4+logxPD
2 3

logXPD=§—4=—E
6 6
Passage 11
(Ex. Nos. 24 to 26)

PA and PB are two tangents drawn from point P to circle of

radius 5. A line is drawn from point P which cuts circle at C and

D such that PC =5and PD =15and LZAPB = 0.

On the basis of above information, answer the following
questions :

24. Area of AAPBis

() zsf (b) 25¢/3
( )ﬂ (d)ﬂ
25. Value of sin 20 +cos 40 + sin50 + tan 70 +cot 80 is
equal to
4\@ -1 4-43
b
(@) (b) )
4+ f 4f 341
d
(c) o (d)

26. Number of solution(s) of the equation
l0g (9 (X +2) =2+3log,, . , sin(?j is

(@o
()2
Sol. (Ex. Nos. 24 to 26)

(b) 1
(d) 3

OD =O0C =5,PD = DC + CP
= CP=15-10=50P =10

Chap 02 Trigonometric Equations and Inequations

6 0A 5 1 0 o
= sin— = —=- = —=30
2 OP 10 2 2
= 0 =60°
24. (d) . APB is an equilateral triangle.

¥ (5v3)" = 7526

Area = —
4

25. (b) sin20 + cos40 +sin50 + tan760 + cot80
=sin120° + c0s240° + sin300° + tan 420° + cot 480°

\Elf V3
TR i el

26. (c) Given log,, (x +2)=2+ 3log(er2> (;)

Letlog,, (x +2)=t

3
t=2+>
t
= t*—2t—3=0
= t=3or—1
= log,, (x +2)=3
or log,, (x +2)=—-1
15
= x=——or x=0
8

= two solutions.
Passage III
(Ex. Nos. 27 and 28)
If3sinx —7sinx +2=0, x € {0, T;} and f,(0) =sin"0 + cos"0.

On the basis of above information, answer the following
questions :

27. The value of f,(x) is

97 57 65 73
(a) g (b) E (0 E (d) E

sin5x + sin4x i
1+ 2cos3x

28. The value of

151

3+2f

(a)
4f 2-2
(©) 5

3+4f

(b)

(d)4\f 3

Sol. (Ex. Nos. 27 to 28) 3sin’x — 7sinx +2 =0

. 1 . .
= sinx = 3 orsin x = 2 (reject)



152 Textbook of Trigonometry

27. (c) f,(x)=sin* x + cos* x =1—2(sin x cos x)’

:1_2(1%}2:65

3 3 81

i +sin4
28. (b) sin5x + sin4x
1+ 2cos3x

_ (sin5x +sin4x)sin3x _ (sin5x + sin4x)sin3x

(14 2cos3x)sin3x

sin3x + sin6x

JEE Type Solved Examples :
Single Integer Answer Type Questions

Ex. 29. Number of integral solutions of the equation

log,, . Vsin® x +log ., Vcos’ x =2, where x €[0,61] is
Sol. (4) log,,, . Vsin’x + log,,, Vcos’x =2

sinx >0andsinx # 1

cosx >0and cosx # 1

Domain x € 0,E U Zn,m)u(Mz, %)
2 2 2

= Number of integers =1+1+2=4

1

1 1
Ex. 30. If x, =(sec6)2k +(tan6)2k andy, =(sec6)2k

1

—(tan 9)27, then value of 3y , H(xk) is equal to
k=0

1 1

Sol. (3) x, -y, =(sec 6)21{7_1 - (talne)zki_1

= Xk Yk = Vi
n

NOW, YV, .ka :yn.Hh
k=0 k=0 Yk
:ynxbx&x ...... ><h:y_1
yo yl yn

=(secO)’ — (tan0)* =1

Ex. 31. The number of ordered pairs (o, 3), where
a, B € [0, 21t] satisfyinglog, ... (B* — 6B +10) =log, ‘cos OL‘ is
Sol. (2) log, ... (B*— 6B +10) = logs‘cosoc‘
it is only possible when
B* - 6B +10=1and cosa =1

= =3 and o =027
.~ Two ordered pairs (0, 3) and (2, 3).

. 9x X . X . 3x 3x
2sin— cos—sin3x cos—.2sin—cos—
2 2 2 2 2

3x

. 9x 3x
2sin—cos— cos—
2 2

=sin2x + sin x

_42 1 4243

9 3 9
Ex. 32. If cos’B sin” @ =1+ cos0, then number
(1-sinB) (1+cosB)
of possible values of 0 is(where® € [0, 21 ]).
Sol. (0) cosOcos’®  sinB sin’0 — cosO + 1
(1-sinB®) (1 + cosB)
Cose(l—sinZE)) (1 - cos?0)sin0 = cosO + 1
(1-sin0) (1+ cos0)

c0s0(1+sinB) + sinB(1 — cosO) = cos 6 + 1
sin® + cosO = cos® +1 = sinf =1

0= % which is not possible.

Ex. 33. If the sum of all values of x satisfying the system
of equations
tanx +tany +tanx - tany =5

sin(x +y) =4cos x - cosy

is %, where x € (O, th) then find the values of k.

Sol. (1) Given,
tanx + tany + tanx-tany =5 ..(d)
and sin(x + y) = 4cosx-cosy ..(ii)
Now, from Eq. (ii), we get
sin x cosy + cos x siny = 4 cos x cosy
On dividing by cos x-cosy, we get
tanx + tany = 4 ...(iii)
*. Egs. (i) and (iii), tan x(4 — tanx) =1

= tan’x — 4tanx +1=0
= tanx=2+\/§ or2—\@
5T T
= == fad
12 12
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JEE Type Solved Examples :
Statement | and Il Type Questions

= This section contains 2 questions. Each question contains
Statement I (Assertion) and Statement II (Reason).
Each question has 4 choices (a), (b), (¢) and (d) out of
which only one is correct. The choices are

(a) Statement | is true, Statement Il is true; Statement Il is
a correct explanation for Statement I.

(b) Statement I is true, Statement Il is true; Statement Il is
not a correct explanation for Statement II.

(c) Statement | is true, Statement Il is false.
(d) Statement I is false, Statement Il true.

Ex. 34. Statement | xzﬁ,ke I does not represent the
13

general solution of trigonometric equation.

sin13x —sin13xcos2x =0
km .
Statement Il Both x=rm, re | and x=— ke | satisfies the
13

trigonometric equation.
sin13x—sin13xcos2x=0
Sol. (d) sin13x(1—cos2x)=0
= sin13x=0 or cos2x=1
13x=km or cos2x=1

JEE Type Solved Examples :
Matching Type Questions

Ex. 36. Match the statement of Column | with the value
of Column II.

Column I Column II
A The number of solutions of the equation p 1
‘tan Zx‘:sinx; x €[0,m]
B The value of 4 tan ™ 4 tan® = q 4
16 16
+6tan? = —tan* T~ +1
16 16
C If'the equation tan(pcotx)=cot p(tanx)has r 3
a solution in (0,x) — {E}, then iPmX is
2 b
D 2

The value ofg in[0,2m ] if s
b

"3 -2 2 a2
Su)s 2x+ 2sin x+ 52005 X+ sin” 2x — 126hasa

solution

Sol. (A) =(q); B) = (s); (C) — (p); (D) — (p.r)

153
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km
x=—, ke Integer.
13

= 2x=2nm = x=nT, n€ Integer
= Statement I is false and Statement II is true.

Ex. 35. Statement | Common value(s) of ‘x’ satisfying
the equations.

log ;. . (secx+8)>0and log,  cosx+log, . sinx=2in
(0,4m) does not exist.

Statement Il On solving above trigonometric equations we
have to take intersection of trigonometric chains given by

T
secx>land x=nm+—,nel
4

Sol. (c) log . cosx+log,  sinx=2 only
When sin x =cos x

i .
= x=rm+Z (1)

Also, log,  (secx+8)>0
= secx+8<1 = secx<7

...(if)
Clearly, x= % +nm satisfy Eq.(ii)

.. Statement I is true and Statement II is false.

(A) Clearly, number of solutions of ‘taan‘zsinx in [0,7t]

are 4.
y=|tan 2x|7]
O iy LS 3n n
4 2 2
y=sinx
4tan A
2tan2A 1-tan’ A
(B)tan4 A= an = tan 5
1-tan“2A - 2tan A
1-tan® A
4tan A(1-tan’ A
= tan4A= an A( an” A)

1+tan* A—6tan® A
=4tanA—4tan’ A+(6tan’ A—tan’ A—1)tan4A =0
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IfAZE (D) 5c0522x+ Zsin2x+52coszx+sin22x=126
16

2

2 2 2 5
cos“ 2x+ 2sin” x 2—2sin” x+1—cos” 2x
5 +5

T T T I
= 4tan——4tan’ —+6tan’ ——tan' ——1=0 2 2 2 2
16 6 16 16 Scos 2x+ 2sin x+537cos 2x+2sin” x

~.Required value is 2.

Put cos®2x +2sin” x = y, we get
(C) tan(p cot x)=cot(p tan x)

57 +5°7Y =126
b
tan(pcotx)=tan| ——ptanx 125
» : (2 P j 5 +—-=126 = 5" =1251 =y=30
5

i
=4 —— ) T 37
pcotx=nn 2 ptanx cos’2x+2sin’ x=3 = x=*2 T

2
b
T+ — . X
n 2 T . cos’2x+2sin’ x#0 ; —=1,3
=% ="sinxcosx (wxelo,m]) n
tanx+cotx 2
TE 4Pmax
max =3 —=1
4 T

Subjective Type Examples

Ex. 37. If0 < x <3m,0<y <3m andcos x - siny =1, then N e:E,Sj and r=+1

find the possible number of values of the ordered pair (x, y). 2 2

Sol. Clearly, cos x -sin y =1 .. Required ordered pairs are
= cos x =1siny=1 (75 1)(“_1)(575 1)(57'5_1)
or cosx=—1siny=-1 2’ 2’ 2’ 2’
Now, cosx=1; siny=1 i.e. 4 ordered pairs.
= x =0, 2mand y =E, n (1) . Lo .
2 2 Ex. 39. Find all the values of 0 satisfying the equation,
and,cos x =—1Lsiny=-1 sin 70 = sin O + sin 30 such that0 <0 <.
- x=m3m and y = 3 (i) Sol. Given, sin 70 =sin 0 + sin 30
= sin 70 —sin © —sin 30 =0
From Egs. (i) and (ii), 25sin 30 - cos 40 —sin30 =0
the required of ordered pairs are sin 30 (2 cos 40 — 1) =0
0. "o 51 o T 1
Yy n’E = sin 30 =0 or cos49=5
51 31 3n -
2m, — || m, — || 3™, — ie. V=nm,nel or 40 =2nt+ —nel
2 2 2 3
i.e. 6 solutions. N = nn or 0= nm + ki
2 12
Ex. 38. If6 e € R. Then, find the pai
38. Ifo [0,3Tt]an4dr 2 en, find the pairs of putn =00 =0 or 0=+ [~ rejected
(r,0) satisfying 2 sin® =r" —2r° +3. 12\ 12
Sol. Here, 2sin@ =r*-2r’+3 put n=10 _T
= 2sin@ =(r* —1)" +2 3
T M T T
= 2sin@=(r’—17+22>2 () or =t T o
But max (sin 0) =1 _7m 51
= max (2 sin 0) =2 ..(ii) 12’12
. From Egs. (i) and (ii) ; 2m

ut n=20=—
sinf=1 and r’-1=0 P 3



T i
or 0=mnt—|m+— rejected
12 12

putn=30=m
T T 5T 7T 27t 117w

..Solutions are 0, —, —, —, —, —, — and .
12 3 12 12 3 12

Ex. 40. Solve sin 3x +cos 2x =— 2.

Sol. Since, sin 3x > — 1 and cos 2x = — 1. We have,
sin3x + cos 2x = — 2.

Thus, the equality holds true if and only if;

sin3x =—1andcos2x =—1
n
= 3x=nm+(-1) (—z)and2x:2nni’n.
. i A m n
ie. x=n—+(—1) ——landx=nnt —nel
3 6 2

*. Solution set is,

{xx=nn+(—l)" (— nj} m{x|x=nnin}
3 6 2
Note

Here unlike all other problems the solution set consists of
the intersection of two solution sets and not the union of
the solution sets.

Ex. 41. Find all values of © which satisfy,
sin(30 + ) + sin(30 — ) +sin(ot —0) — sin(at +6) =cos a
givencos o # 0.
Sol. Given, sin(30 + a) + sin(30 —o) + sin(a — 6)
—sin(o +0) = cos a

= 2sin (30) - cos (o) + 2 sin (— 0) cos(at) = cos o

= 2(sin 30 —sin 0) cos oL = cos O

= 2(sin 30 —sin B) = 1(as cos o # 0 given)

= 2-2sin@-cos20 =1

= 4sin0 (1-2sin*0) =1

= 4sin® —8sin’ 0 =1

= 8sin’0—-4sinB+1=0

= (2sin® —1)(4sin® O +2sinO —1) =0

= sin6=lorsin9=_2i“4-’-162_1i\/g
2 8 4

- 0 =nm+(—1) %,nn +(=1)" sin”! [‘E— 1}

or nm + (= 1) sin'l[_l;\g]

T T
=  O=nn+(-1)"— now+(-1)" —
6 10

-3n
or nmt+ (-1 |——\|nel
10
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5 -1

o sin LA sin 18° =
10

, sin (— 3711:) =sin (—54°) = —1—\/3}
10 4

*. General solution set

={e|e =+ (= 1) :} u{e|e = +(— 1) 17:)}
u{9|6 = nm— (- 1)" 3;7;}

L R
sin” X +C0S X =—SIn X*COS X
2

Ex. 42. Solve the equation

7

. .4 4 :

Sol. Given, sin” x + cos” x = —sin x - cos x
2

. . 7 .
= (sin’x + cos’ x)’ —2sin’ x cos? x = = sin x cos x
2

1 7
= — = (sin 2x)* = = (sin 2x)
2 4
= 2sin’2x +7sin2x —4=0
= (2sin 2x —1)(sin 2x + 4) =0
1
= sin 2x = —
2
or sin2x=—4<-1 (Rejected)
T
= 2x =nn +(-1)" —
. nm . T
ie. x=—+(-1 —
2 12
Ex. 43. Find all the solutions of
4cos® x sin x —2sin” x =3 sin x
Sol. Given, 4 cos® x sin x — 2sin’ x =3sin x
= 4(1-sin® x)sin x —2sin’ x —3sin x =0
= 4sin x —4sin’ x —2sin”* x —3sin x =0
= —4sin® x —2sin® x +sin x =0
= —sin x(4sin® x +2sin x —1)=0
= sin x =0 or 4sin*x+2sinx-1=0
—2x/4 +16
= sin x=sin0 or sinx=——"——
2(4)
, —1+\5 . om ( 311)
= x=nT or sinx=————=sin-—sin|— —
4 10

T 3n
= x=nm,x=nn+(-1)" —x=nn+(-1)"|-—
10 10

.. General solution set

= {x|x = nm} u{x|x=m‘c +(—1)" ln—o}

u{x|x =nm +(- 1) (— 311(;]}
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) X
—sec” —
EXx. 44. Solve the equation1+ 2 cosec x = E—
2
x
—sec” =
Sol. Here, 1+ 2 cosec x = %
1+ tanzi
2 2
= 1+ =-
sin x 2
. . I x|
ie 2[2+sin x]=— 1+tan5 sin x
’7 2 tan (x) 2 tani
2‘72% =—{l+tan2x] 2
1+ tan® | X 1+tan® ©
| 2 2

x
Put tan — =1,
2

2t ) 2t
2 ;H2|=—(1+1¢) 5
1+t 1+t

4t° +4t+4+2t(1+tH)=0

267 +4t° +6t+4=0

ie. £ +2t" +3t+2=0
(t+D)(*+t+2)=0

= t=—1 [ot?+t+220]
X

or tan —=t=-1
x i1

= —=nn-—nel
2 4

m
Thus, x =2nm - P n € I is the required solution.

Ex. 45. Find all values of © lying between 0 and 2T, satis-
fying the equations
rsin® =+/3 (1)
r+4sin0=2(/3+1) (i)
Sol. We have to solve for 0,
. We shall eliminate r from Eqs. (i) and (ii),
From Eq. (i),
b

sin O

~.From Eq. (ii), ﬁ +4sin0 = 2(\/5 +1)
sin 0

\/§+4sin26=2(\/§+1)-sin9
45in*0-24/3sin 0 —2sinB +~/3=0
ZSine(Zsine—\/g)—l(ZSine—\/g)zo

(2sin6—1)(23in9—\/§)=0

Lu Ul

1 3
= sinezzorsinez\f
= O=nm+(-1) =

6
or 0 =nm +(- l)”g

= General solution set is,

{e|e =nm+(-1) 76‘} u{ew =nm+ (- 1) ’3‘}

T n
putn=0,0=—or—
6 3

T 51 21
putn=1,0=n—-—=—or T——=—
6 3

. T T 21 51

.. Solutions are —, —, — and —

6 3 3 6

Ex. 46. Solve the following system of equations.
sinx +cosy =1, cos 2x —cos 2y =1
Sol. Given, sin x + cos y =1 (1)
and  (1-2sin’ x)—(2cos’y —1)=1

(i)

. s 2 2 1
ie. sin® x + cos” y = 3
Putsin x = u and cos y = v in Egs. (i) and (ii),

u+v=1 and u’+vi=-
. . 1 1 . 1
Solving above equations; u = 5 and v =5 = sin x =5
LT 1
= x =nm +(—1) g,nel andcosy=5

Y
= y=2mni§,mel

.. The given equations have solutions,

T T
x =nm +(- 1) g,nelandy=2mni§, me I

Ex. 47. Find the coordinates of the points of intersection

Tex<®

of the curves y =cos x, y =sin 3x if —
2

Sol. The point of intersection is given by

. . T
sin 3x = cos x =sin ( —xj
2

Y
= 3x=nn+(—1)"(2—x)
(i) Letnbeevenie.n=2m
T
= 3x =2mmn +(—x)
2
T T .
= x="r T ()
2 8



(i) Letnbeoddie.n=2m+1

= 3x =2m+ 1)1 —(Z—x]

= 3x=2mn+§+x:>2x=2mn+§
= x=mn+= ..(i1)
Now,as—ESxSE
2 2
x=IL T _3m [From Eqgs. (i) and (ii)]
84 8 '

Thus, point of intersection are
i T\(T fi 37 37
—, €08 — || —, cos — |,| — —, cos —
8 8 4 4 8 8

Ex. 48. Find the range of y such that the equation in x,
y +cos x =sin x has a real solutions. Fory =1, find x such
that0 < x < 2.

1 1
Sol. We have, y =sin x— cos x =\/§ ( sin x — —= cos x)

NN

b
=A+2sin|x——
4

= —2<y<q2 ()
Now, fory =1
sin x — cos x =1
= Lsinx—icosx=i
V2 V2 2

. I . T
= sin| x — — | =sin| —
( 4) (4)

b LT
= x-——=nn+(-1)" —
4 4

T

= x=nnw+(—-1)"—+—

4 4

X =

T
7’71
2

Ex. 49. A triangle ABC is such that sin (2A + B) = % If A,

B, C are in AP, then find the value of A, B and C.
Sol. We have, sin(2A +B) = é = sin (:)

=

2A +B=nm +(~ 1) % ()
Also, we have, A+ B+ C =mand2B= A +C

- 3B=n = B= g (i)

From Eq. (i), forn =1
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2A+B=2"
6
- 2A = S m [from Eq. (ii)]
6 3
= 14:E —3 C:sl
4 12

Ex. 50. Find the number of values of © in the interval

T T . . .
(— -, j, satisfying the equation,
2 2

(1—tan®)(1+tan0)- sec’ O + 2" 0 —0_ Also, find

Be [— E, n} satisfying the given equation.
3 3

Sol. Given, (1 - tan 0) (1 + tan 0) sec* 0 +2m0°0 g
(1-tan®0) (1 + tan” 0) + gm0 _ ¢

=
2
= 1—-tan* O +2" % =0
2
= 1+2"°% = tan’ 0

By observation, we have tan® @ =3.

Gznni(n)
3

Moreover there will be values of 6, satisfying, 3 < tan® 0 < 4

=

and satisfying the given equation as if f(x)= x> -2* -1,
then f(3") f(47) <0.

So the number of values of 0 is 4.

And 6, lying in the interval [— g, Z} i

Ex. 51. Find the general solutions of the equation
[cosx—z sin xj sin x+(1 +sin X — 2 cos xj cos x =0.
4 4

Sol. Here,

(cosz—Zsin xjsinx+(l+sinz—2cos x)cosx=0

X . .2 . X 2
= cos —-sin x —2sin” x + cos x +sin —-cos x —2 cos” x =0
4 4

. X . X
= (smx . COS(Z) + SID(Z) - COs XJ + cosx—2

(sin® x + cos® x) =0

. x
= sm(x+4)+cosx=2

5
Since, the greatest value of sin (:) and cos(x)is 1.

Therefore their sum is equal to 2 only if,
5
sin (:) =1land cos(x) =1

5x

= =2nn+§andx=2kn(n,kel)
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Since, we have two choose those values of x which satisfy
both of these equations, we have

2km =8n—n + mn
5 5
4n +1 . .
=k= , where both k and n are integers. We write,
-1
(o, (-1
5
-1
for =m,wehaven=1+5mandk=1+4m (me )

x=2n+8mm, me I.

Ex. 52. Find all possible triplets (x, y, z) such that
(x+y)+(y +2z)cos 20 +(z —x) sin’ 0 =0, for all 6.
Sol. We have,

(x +y) +(y +22) cos 20 +(z _x)(l—czoszej =0

= (2x +2y) +(2y + 4z) cos 20 +(z — x) —(z —x) cos 20 =0
= 2x+2y+z-—x)+(2y+4z—z+x)cos20 =0
= (x+2y+z)+(x+2y+3z)cos20 =0
Which is zero for all values of 0, if

x+2y+z=0and x +2y+3z=0

= x+2y+z=0
and xX+2y+3z2=0
X _ Yy _ z _
6-2 1-3 2-2
= x=4k,y=—-2k,z=0
or x=2k,y=—k,z=0

ie.(2k,— k,0)for any k € R.
Hence, there are infinite number of triplets.

EXx. §3. For every real number find all the real solutions
to equation sin x +cos (a + x) +cos (a —x) = 2.
Sol. Given, sin x +cos (a+ x)+ cos(a— x)=2
= 1-sinx+2-cosa-cos x =2
Let 1=rsin ¢,2 cosa=r cos @
= r(cos x cos ¢ +sin x -sin ) =2

= rcos(x—¢)=2,{

where r’ =1+ 4 cos’ a
=r=+14+4cos’a
2
= cos(x— ¢)=—
-

2

cos(x — 0) = m (1)

This equation has real solution if,
2

w/l+4cosza
or 2Sﬂ1+4cos2a or 4cos’a>3

=

<1

3
or cosa==
4

3 3
—cos’a<-= = 1-cos’a<1-=
4

4
.2 1
= sin“a < —
4
= (sina+1/2)(sina-1/2)<0
1 . 1
= —-—<sina< -
2 2
T b
mn—-—<a<mn+— wheremel
6 6

2

\l1+4cosza
1 2
= x=0+2nwtcos | ———
\J1+4cos’a
2cosa _ 2cosa
———o0r ¢ =cos [ [t
J1+4 cos’a J1+4cos’a

Ex. 54. Find the solutions of the equation

Clearly, x — ¢ = 2n7 £ cos™ [ J [From Eq. (i)]

where cos ¢ =

. . . T
(sin x +cos x) sin2x =a (sin’ x +cos’ x) located between —
2

and Tt and for which values of ‘a’ does this equation have at

. . L. T
most one solution satisfying the condition — < x < .
2

Sol. (sin x + cos x)sin2x = a(sin x + cos x)

.2 2 .
[sin”x + cos® x — sin x cos x]

1
= (sinx + cos x) [sian -a (1 - 2sianH =0 ..(1)

. 3n
Now, sinx+cosx=0=tanx =—-1=tan—
4

31 T

Xx=— w—<x<T
4 2

. . . T
Hence, there is always at least one root lying in 5 and 1 for

any value of the parameter a.

Now, 2sin2x — 2a + asin2x =0 [from Eq. (i)]
2
= sin2x = 2 ...(i1)
2+a
. b4
Since, E<x<7‘cor7‘c<2x<2n
= -1<sin2x <0 ...(1i1)
Now, from Egs. (ii) and (iii), we have
2
1< 2 <0, wherea # -2
2+a
2 2
= 1< and % <o
2+a 2+a



2a

= OS2 +1landa(2+a)<0

+a

Using number line rules, we get
+

| — ,

a< -2 or az—g .(A)
+ - Lt
T T
-2 0
and -2<a<0 ...(B)
From (A) and (B) —2 <a<o (V)

[i.e. common to both (A) and (B)]

Hence, for every value of ‘a’ satisfying the condition
2a

+a

2
3 < a < 0 the equation, sin2x = has the roots lying

T
between — and 7.
2

Now, we have to find the solution of the equation

. 2 T
sin2x = a,where—7SaS0and—<x<n
24+a 3 2

Clearly, T <2x <21
371
Casel M<2x < —
2
T
0<2x—-—T<—
2
2a
sin(2x) =
2+a
2a n 1. 4 2a
sin(2x — 1) = — s x=———sin”
2+a 2 2 2+a
371
Casell — <2x<2m
2
T
——<2x =21 <0
2
2
Since, sin2x = a
2+4+a
. 2a
sin(2x — 2m) =
2+a
o 2a
2x —2m =sin™'
24+a
1. 4 2a
X =T + —sin
2 2+a
31
—, for a ¢ (—eo, o)
4
n 1. _ 2 -2
Thus, x={ = — =sin™" a , for —<a<0
2 2 2+a 3

-2
1. _ 2a “<a<
T+ Ysin 1( } for 3 <a<0
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Ex. 55. Solve the equation

2 .
(tan x)“* * =(cot x)™"".
) l sin x
Sol. (tanx)“* * =
tan x
2 .
= (tanx)cns X+ sin x — 1

Now, here two case arises,

159

Case I When tan x = 1, the power (cos’ x + sin x) can take

any value.
tanx =1

T
= X =nm+ —
4

CaseIl Whentanx #1,0 and cos’x +sinx =0

T
or X # nmw,nm + —
4
and 1—sin’x +sinx =0.
= sinx —sinx —1=0
, 1£1+4 5+11-45
sinx = = ,
2 2 2

V5 +1

Here, > 1 which is not possible.

&‘[\J

1-

sinx = =sinQ

"

1-
. x=nmn+(-1)"a, whereo = sinl(;/gj

Tc
Thus, x = nn+Zor x=nn+(-1)a,

1 —
where o, = sin‘l[;/gJ

Ex. 56. Solve the equation

acosx + cotx + 1 = cosec x.

0S X 1
+1=

c

Sol. acosx + — -
sin x sin x

= asin x cos x + cos x + sinx = 1(sin x # 0)

= sinx + cosx =1 — asin x cos x

On squaring both sides, we get

. 2 . 2 2 .
1+ 2sinxcosx =1+ a”sin” xcos” x — 2asin x-cos x

a’sin®x cos’x —2(a + 1)sinxcos x =0
sin x cos x[a’sin x cos x —2(a +1)] =0
sin2x[a’sin2x — 4(a +1)]=0

sin2x = 0 for any value of a.

2x=nm

nm
x:7forae(—oo,oo)

or a’sin2x — 4(a+1)=0
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4(a+1
= sin2x = #
a
»—1<sin2x < 1for all values of x.

edarn

a
-a*<4a+1)<d’
ie. —a’<4a+4orda+4<d
= a*+4a+420
or a®—4a-4>0
= (a+27%=0
or (a—2)-820
which is true for all ‘@’ or (a —2)* > 8
= a—222\/§
or a—ZS—Z\/g
= a<2-242 or a=2+242
or a € (—o0,2 = 221U [2 + 24/2,00)
= 2x =nn + (-1) sin_1(4(aa:— l)j
=" b sin1(4(a i 1))
2 2 a’

T
BT for ae (—oo, o)
2

nm (-1) sin_1(4(a + 1))
2 2 2

= x=

>

for ae (—o0,2 — 24/2] U [2 + 2v/2, o)

Ex. 57. Find the values of ‘a’ which the system of equa-

. . 2 . .
tions sin x - cosy =a” andsiny - cos x =a have a solution.

Sol. We have,
sinx-cosy = a’ and cos x -siny = a
adding above equations,
sin xcos y + cos xsiny =a’ + a
= sin(x +y)=a’ +a
As we know,
—-1<sin(x +y)<1
-1<a®*+a<1

ie. —-1<d*+aanda®*+a<1
= ad+a+120anda®*+a-1<0
1)y 3 1) 5
= a+-| +—20and|a+-| ——<0
2 4 2 4
NG

IN

< 5 1

= true for all real ‘@ and ——<a+ - < —
2 2 2

_[\/§+1J V5 -1
2

a<
2

IA

(i)

Again, on subtracting the two given equations,
sinxcosy — cosxsiny =a’ —a
= sin(x —y)=a’—a ...(iii)
As we know,
—-1<sin(x —y)<1

= —1<a*-a<1
= -1<a*-a and d*-a<1
= a—a+120and a*—a—-1<0

2
1 3
= a—-| +=20 and a—1 SE
2 4 2 4
\/’

= True for all real ‘a’ and —ﬁ <a- 1 < V5
2 2 2
= (1 _2\/3) <a< ! +2\/§ (V)

From Egs. (ii) and (iv) common solution is

Rl

ae{l—ﬁ 6—1}

or

>

2 2

Ex. 58. Find all the numbers a’ for which any root of the
equation
sin3x =asinx +(4 —2|a|)sin’ x is a root of the equation
sin3x +cos 2x =1+ 2 sin xcos 2x and any root of the latter
equation is a root of the former.
Sol. The first equation of the system can be written as;
3sin x — 4sin’ x = asinx + (4 — 2| a|)sin’ x
sin x{4sin’ x + (4 — 2| a|)sinx+(a—3)} =0 ..(0)
The second equation is,
sin3x + cos2x =1 + 2sin x cos2x
sin3x + cos2x =1 + sin3x — sinx
cos2x =1—-sinx
1-2sin’x=1-sinx
sinx(2sinx —1)=0 ...(ii)
- Both equations have a common solution, therefore
sinx =0

Also, second root of Eq. (ii) i.e.

1
sinx = 2 satisfy Eq. (i).

From Eq. (i), 4@ +(4—2|a|)§+(a—3)=0

= 1+2—-|al+(@-3)=0
1
= |a|=a or aZOforsinx=5 ...(iii)



Again from Eq. (i);

4sinx +(4—2|a|)sinx +(a-3)=0
For real x, (4-2]al)—44(a—-3)20
= 2-aP’-4(a-3)=0

= 4-4a+ada’-4a+1220
= a’*—8a+1620
= (a—4)" >0
. —(4-2]al)t2(a-4)
sinx =
2-4
al-2+%/(a-4)
= sinx=| | ( )
4
. la| —2+a—-4
= sinx = ——
4
. la|-2-a+4
or siny = ————
4
. - . 1
=  sinx = orsinx == [']| a| = a from Eq. (iii)]
2

. a . 1
= sinx = orsinx = —
2

For real x the values of ‘@’ will be suitable in the following
three cases ( also a > 0).

-3
@ %220 = a=3

2

3 1
) 2= = a=4

2

. @a—3
(iii) ZSI or [a-3|<20or-2<a-3<2
= 1<ac<5

Hence, a € [1,5]

Ex. 59. Solve the inequality

5 . .
Zsin? x +sin’ x - cos® x >cos 2x.
4

Sol. Re-writing the inequality in the form,
5(1 — cos2x) + 2(1 — cos’2x) > 8cos2x

or 2cos’2x + 13cos2x —7 <0

Putting y = cos2x, we get

Y n_1
cosz=5
3
X
0 -3
Sm_1
cos5- =5

2y +13y —7<0 or (2y—1)(y +7)<0

. 1 1
or y lies between —7 andE or —7 <cos2x < 5

Chap 02 Trigonometric Equations and Inequations

Since, —1 < cos2x for all x.

1
—1< cos2x < E,

. n 5T
Using figure, we get 2nmt + — < 2x <21 + —
3 3

T 5T
= nm+ —<x<nn+—
6 6

Ex. 60. Solve the inequality,
sin x cos x +ltan x2>1
2
Sol. Left hand side is defined for all x except,
x=nn+§,wherene[

2tan x

1+ tan®x

Now, we have

Putting y = tan x, we get

D iysg o 2y +y(1+y) 214y
1+y (1+9%)
1+ y®>0forall y.
2y +y(1+y*)—21+y*)=0
= y =2y +3y-220
or Yy -D-yy-D+Ay-1)20
or y-1)Op*-y+2)=0

2
Whereyz—y+2=(y—;j +%>0f0rally.

(y—1)=0ortanx =1
From figure, we get

X' / X
L

X =—? M

161

+ tan x > 2 {from given equation}

Hence, the solution of the inequality lies in the interval,

T T
nm+—<x<nt+—nel
4 2

. [ n n)
1.e. Xe|nm+—,nm+ —
L 4 2

Ex. 61. If0 < x <2m, then solve the inequality,

w2 |1
2cosccx *yz—)/‘HS\/E-
2

Sol. The given inequality can be written as;

coseczx 2
2 Jy -1 +1<2

()
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Since, cosec’x > 1 for all real x.
geosecs > ...(ii)
Also,(y -1’ +1>1

= Ny -1 +121 (i)

From Eqgs. (ii) and (iii),

2‘3056"2"\/(3} +1)°+12=2 . (iv)

~.From Egs. (i) and (iv), equality holds only when,

2 5
200" =2and {(y - 1)’ +1 =1

or cosec’x =1

and (y-17+1=1

or sinx=tlandy=1
T 31

or x=—,—andy=1
2 2

. L - T 3n
Hence, the solution of the given inequality is x = —, — and
2 2

y=1

Ex. 62. Solve the inequality,
5+2cos2x<3|2sinx—1|
Sol. The given inequality can be written as;
5+2(1-2sin®x)<3|2sinx — 1|
or 7 — 4sin’x <3| 2sinx — 1|
Putting y = sin x,
7-4y° <3|2y —1| ..(0)

Now, consider the two cases
1
(i)2y—-120 oryzg

then, 7 —4y°<3(2y-1)

[ fory>aly-a|=(y-a)]
or 4y*+6y—1020 or 2y°+3y—-5>0

or (y-1@2y+5)=0

Solving this inequality, we get y < — g ory=>1

.Y 1
But from the condition y > P we have y > 1.

ie. sinx > 1.

The inequality holds true only for x satisfying the
equation sin x = 1 that is

i
x =2nm + —whenne I.
2

1
(it) Let2y—1<00ry<5

then, 7 -4y <-3(2y —1)
[fory<aly-al=-(y-a)]
or 2y =3y —220

or (y-2)(2y+1)=0

On solving the inequality, we get

1
y<——ory=2
2
- 1 1
But from condition y < p we have y < -

. 1
or sinx < ——
2

On solving the inequality ( from graph we have)

N
VAR, TR,

—1

51 T
we get, 2nn—?SxS2nn—g

i 5T T
Thus, x =2nn+50r x € {2nn—6, 2n7‘c—6}

Ex. 63. Solve

cos x —2sin2x —cos3x|=1—2sin x —cos 2x.
Sol. Here, LHS =|cos x — 2sin2x — cos3x|

=|(cos x — cos3x) — 2sin2x|

=|2sin2x - sin x — 2sin2x|

=|2sin2x(sin x — 1)|
and RHS =1 — 2sin x — cos2x

= 2sin® x — 2sin x = 2sin x(sin x — 1)
Thus, | cos x — 2sin2x — cos3x | =1—2sinx — cos2x
could be rewritten as,
| 2sin2x (sin x —1)| = 2sin x(sin x — 1)

where 1 — sin x > 0, for all real x

| 2sin2x | (1 — sin x) = 2sin x(sin x — 1)
= (| 2sin2x |+ 2sinx)(1 —sinx) =0

Eithersinx =1
or4|sinx || cosx |+ 2sinx = 0. So, two cases arises
Casel sinx =1

T
= x=2n7‘c+5,nel

Case Il 2|sinx||cosx|+sinx =0

If sinx >0
= 2sinx | cosx | +sinx =0
1 .
or | cosx | = -5 (not possible)

Thus, no solution for

sin x > 0.
Consider sinx <0
= —2sinx|cosx|+sinx =0
= sinx =0ie.x=nmnel.



1
or | cosx|=—
2

1 .
= cosx =+ ~andsinx <0

Do

= Those values which lie in IIl or IV quadrant

kn+g, for k= (2m +1), me I

kn—g, for k = (2m), me I

T
2nn+5,nel

i
Hence, x =1(2n +1)Tc+§, nel

T
2nmt-—,nel
3

Ex. 64. Prove that the equation 2 sin x =| x | + a has no

. 3W3—-m
solution fora€ | ———, o0

> 0 and hence their arises three cases

3W3-m
Sol. We have, L
3
CaseI When]| x| =2, we have
| x| +a>2 whereas 2sinx <2
Hence the equation,
2sin x =| x| + a, possesses no solution for | x | = 2

CaseII When, —-2<x<0,wehave0<|x|<2
= 2sinx <0and|x|+a>0
.. The equation,
2sin x =| x | + a has no solution.
Case Il When, 0 < x <2, we have

In this case the given equation reduces to
2sinx=x+a

Let f(x)=2sinx — x
= f(x)=2cosx—1=0

i . .\ .
= x = E €(0,2) is a critical point.

Tc
f”(x)=—251nx<0forx=§

. . .
= x = —is a point of maxima.
3

(F(D e =250 " = = Zf S 3f3—n

. 3W3 -1
.~ a=2sinx — x, cannot be greater \Q for the

equation to have a solution. Hence, the result.
a

1
Aliter We have,sinx = §| x|+ 5

Now, consider the graphs of y, =sinx and y, = %| x|

163
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y4= sinx

1
The equation sin x = 5 | x|+ g will have solution, if the line

1 a .
y = —| x | + — (parallel to y,) intersects or touches the curve
2 2

¥, = sin x at least one point. In this case we must have

d 1. . T
D = cosx == (i.e. the slope of the line) = x = —.
dx 2 3
Hence, the solution exists if,
1m 1 . T 3 - T
——+—-a<sin— = aSL
23 2 3 3

Ex. 65. In AABC, prove that

A B C
cosec? + cosec 5 + cosec? 26.

A B C
Sol. Since E, E’ E all are acute angles, we can use AM = GM.

A B C
cosec— + cosec — + cosec—
ie. 2 2 2

3

A B c\” .
> | cosec— - cosec — - coseCc— (1)
2 2 2

. . A . B . C 1. A . B . C
Consider, sin—-sin—-sin— = —sin—-| 2sin—-sin —
2 2 2 2 2 2

1. A (B—C) (B+Cj
= —S1n—| CcoSs — COS
2 2( 2 2
C

A C
cosec— - cosec—- cosecz >38 ...(ii)
From Egs. (i) and (ii),

A B C
cosec— + cosec— + cosec—
2 2 > (8)1/3

3

A B C
= cosec— + cosec— + cosec— =6
2 2 2
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Ex. 66.f— '

COSOL- Ccos

+tano - tanP = tany, where

i .
0 <y <— anda, B are positive acute angles, show that
2

T oy
4 2

. T

Sol. Since, tany = + tanol-tanf3, where 0 <y < —

coso cosfd 2

l 2
Now, 1-tan’y=1- + tanot-tanf3
cosa cosf

coso. cosP

. . 2
- (1 +smOLsmBj

_ cos’a cos® P -sin’o sin® B — 1 — 2sin o sinf

cos’or.cos’P

_ (1-sin’a) (1-sin®B)-sin®osin®P —1-2sinosin B

cos’oucos’P
.2 22 2 s 2
1-sin®B-sin’a +sin“osin®

-sin’ousin®p —1-2sinasin B

cos’o cos’B

__(sin’o +sin’P + 2sinosinB) _ (sino + sinB)*

2 2 2 2
cos’0-cos” cos’ol-cos“f

which is < 0. (D)
Because, if it is equal to zero then sina + sinf3 =0
(o + o —
or 2sin B cos B =0
2 2
. o - T o+ . . .
= either 5 B = 5 or 5 B = 0 which are impossible.

Thus, from Eq. (i);
1-tan’y <0 = tan’y>1

T
= tany > 1 :>y>Z

Tey<®
4 2

Ex. 67. Find the quadrants of the coordinate planes such
that for each point (x, y) on these quadrants (where
x #0,y #0), the equation;
sin® 0 N cos'® 1

is solvable for .
X y x+y
s 4 4
Sol. Here, sin 0 + &8 0 -
X y x+y
= (x + y)ysin*0 + (x + y)xcos*0 = xy

= xy(sin’ 0 + cos*0) + (x”cos’ 0 + y*sin* 0) = xy
= xp{(sin®0 + cos’0)’ — 2sin’0 cos’0)

+(xcos’0 — ysin®0)® + 2xy cos’Osin’0} = xy

Ex.

Sol.

= xy(1—2sin’0 cos’0) + {(x cos’0 — ysin’0)* +
2xycos’0sin’0} = xy
= xy — 2xysin®0 cos’0 + (x cos’0 — ysin®0)* +

2xycos’0sin’0 = xy

= (xcos’0® — ysin®0)’ =0 = tan’0 = X

y
= x and y must be of same sign, which is true in 1st and 3rd
quadrant only.

68. ror what values of b’ does the equation bcos x

2cos2x—1

b + sinx .
= possess solutions.

(cos® x —3sin® x)tanx

The condition for the existence of solution are,

. 1. T
1.2cos2x —1#01.€e. cos2x #—1.e. X # —
2
. T .
2.tanx #0i.e.x # 0,£— (1)
2
) L . ) 1. T
3.cosx —3sin“x #01i.e.tan”x # —l.e. x # * —
3 6

2 .2 2 .2
Note 2cos2x —1=2(cos”x —sin” x) — (cos” x + sin” x)
_ 2 s 2
=cos"x —3sin” x

Subject to the above condition, the equation reduces to

bsinx =b+sinx = sinx:ﬁ ...(ii)
S S b
which is only possible if ; -1 < P <1
ie. L+120andi—lﬁo
b-1 b-1
+ } — } +
1/2 1
and b <0
b-1
— | +
1
ie. bS%mb>lmﬂbS1 (i)
From Egs. (i), (ii) and (iii)
1
b= (v
5 (iv)
1 —T ..
When b = P x = e (from Eq. (ii))
. -T
But from Eq. (i) x # o
= bzl )
)
From (iv) and (v) the equation possess solutions only when
b< 1.
2



Trigonometric Equations and Inequations Exercise 1:
Single Option Correct Type Questions

. X X .
. The equation 2sin = cos” x — 2sin —sin” x
2 2
=cos’ x —sin® x has a root for which the false
statement is

(a) sin2x =1 (b) cos x = é

(c) c052x=—% (d) cos x =1

. Let the smallest positive value of x for which the

function f(x)= sing + sin 17xl (x € R) achieves its

maximum value be x . Express x, in degree i.e. x, =a.".
Then, the sum of the digits in o is
(a) 15 (b) 17
(c) 16 (d) 18
. The number of solutions of the equation
16(sin’ x + cos® x) = 11(sin x + cos x) in the interval

[0,2m]is
(a) 6 (b) 7
(c) 8 (d)9

. x sina+ ysin2a + z sin3a = sin 4a

x sin b + y sin 2b + zsin 3b = sin 4b
xsinc + ysin2c + zsin 3¢ = sin 4c.
Then, the roots of the equation.

3 Et
2 4
(a) sina, sinb, sinc
(b) cosa, cosb, cosc
(c) sin2a, sin2b, sin2c
(d) cos2a, cos2b, cos2c

2 Yt2 zZ—Xx

t t+T=0(a,b,c¢nﬂ:)are

. The least positive value of x satisfying

sin®2x + 4sin* x —4sin® x cos’x 1.
="is

4 —sin® 2x — 4sin® x 9
(@m/3 b)ym/6
(c)2m /3 (d)5m /6

. The maximum value of the expression

\/sin2 x +2a° - \/2512 —1—-cos? x|, where aand x are

real number, is
(@)1
()2

(b) 2
@3

10.

11.

12.

13.

14.

. The general solution of 8 tan

x .
?Z=1+secxis
2

(a) x=2nnicos’1(?) (b) x=2nﬂ:i%

(c) x=2nm *+cos™ (%) (d) None of these

. The general solution of tan 0 + tan 460 + tan 70

=tan0-tan 40 -tan70

nm nm

0=— b) 6=—

(a) . (b) o
(c) Gz% (d) None of these

. The solution of the equation e™* —¢™™"* —4=0is

(a) x=0

(b) x=sin"'[log(2—/5)]
(c) no real solution

(d) None of the above

The number of the solution of the equation
cos (14/x—4)-cos mx =1is

(a) >2 (b) 2

()1 (d)o

The number of real solution of the equation.
sin(e*)=5" +5" is
(@) 0

(c) 2

ABC is a triangle such that sin(2A 4+ B)=sin(C — A)
=—sin(B+2C)=1/21f A, Band C are in AP, then the
value of A, Band C are
(a) 45°, 60°, 75°

(c) 20°, 60°, 100°

(b) 1
(d) Infinitely many

(b) 30°, 60°, 90°
(d) None of these
Let 2sin® x +3sin x—2>0and x* — x —2<0 (x is

measured in radian). Then ‘x’ lies in the internal.

T 5T 5T
() (Z)?) (b) (_1,?j
Y
(©(-12) “{zﬁ

The number of points of intersection of the two curves
y=2sin x and y=5x’ +2x +3is

(a) 0 (b) 1

(c)2 (d)
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24,
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The number of all possible triplets (a,,a,,a, ) such that
a, +a, cos2x +a, sin® x=0for all x is

(@0 (b) 1

(c)3 (d) Infinite

The equation sin® x —(k +2)sin® x —(k +3) =0 possesses
a solution if
(a) k>-3

(c) -3<k<-2

(b) k<-2
(d) k is any (+ ve) value

In interval {2 S J, the equation log ,(cos’ 0)=2has

(a) no solution (b) a unique solution

(c) two solution (d) infinitely many solution

IchosOi =n, then Zsinei is
i=1 i=1

(a)n—1 (b) 0

(c)n (d) n+1
If0o<x<m/2andsin” x+cos" x =1, then
(a) n€[2,e0) (b) (===,2]
(c)ne[-1,1] (d) None of these

The most general values of ‘x’ for which
sin x + cos x =min [1, a’ — 4a+6] are given by
a€R

(a) 2nm (b) 2nm +g

© nn+(—1)“%—%

(d) None of these

Value of ‘x” and ‘y’ satisfying the equation

sin” y=|x* - x? —9x+9‘+ x*—d4x—-x"+4

+sec’ 2y +cos” yare
(a) x=1, y=nx (b) x=1,y=2nn+§
(c) x=1, y=2nn (d) None of these

If max {5sin6 +3sin (60 —t)} =7, then the set of possible
value of . is@ e R

(a) {x:x = Zrm:ig,nel} (b) {x:sznniz?n,nEI}

T 2T

The number of integral values of ‘n’ so that

sin x (sin x + cos x) =n has atleast one solution, is
(a) 2 ) 1

(c)3 (d) zero

Total number of solution of sin{x} = cos{x}, where {}

(d) None of these

denotes the fractional part, in [0,21] is equal to
(a)5 (b) 6
(c)7 (d) None of these

25.

26.

27.

28.

29.

30.

31.

32

33.

34.

If a, be [0, ] and the equation
x? + 4 +3sin(ax + b)—2x =0 has atleast one solution,
then the value of (a+ b) can be:

n 37
b
(@)~ (b)~
(c) *9; (d) None of these

The value of a for which the equation

4cosec” (m(a+x))+a’® —4a=0has a real solution, is
(a) a=1 (b) a=2

(c)a=10 (d) None of these

If the equation 2 cos x + cos 2Ax =3 has only one

solution, then A is

(a) 1

(c) An irrational number

(b) A rational number
(d) None of these

e . T T n
Let n be positive integer such that sin — + cos —=—.
2

2n 2n
Then
(a) 6<n<8 (b) 4<n<8
(c)6<n<8 (d) 4<n<8

The number of solutions of the equation
5secO —13=12tan®6 in [0,27] is

(b) 1

(do

The number of solution of equation

x> +x?+4x+2sin x=0in 0< x <27 is
(a) Zero (b) One

(c) Two (d) Four

If tan(g sin GJ =cot (; cos 6), then sin© + cos 0 is

equal to
(o
(c)-1
The equation sin x +sin y +sin z=—-3for 0< x <27,
0<y<2m, 0<z<2mhas
(a) one solution

(c) four sets of solutions

(b) 1
(d) 1 or-1

(b) two sets of solutions

(d) no solution

If x=nn+(-1)"o,,n€l and x = nm+(—1)"f are the roots
of 4 cos x —3sec x = tan x, then 4 (sino +sin p) is

(a) -1 )1

(c)2 (d) None of these

If tan mO = tan nO and general value of 6 are in AP, then

common difference is
1 T

(b)

m+n

(d) None of these



35.

36.

37.

38.

39.

40.

41.

42.

43.

If sin 30 = 4 sin o sin(x + 0. ) sin(x — o), then
(a) x=nm + g,neI
(b) x=m‘ci%,n€[
(c) xznnig,nel

(d) None of the above

A cos x —3sin x = A +1is solvable only, if

(a) A€[0,5] (b) A€[4,5]

(c) Ae(—oo,4] (d) None of these

cos2x—3cosx+1= ! holds, if
(cot2x — cot x)sin(x — 1)

(a) cosx=0 (b) cosx=1

(c) cos ng (d) for no value of x

T .
If sec x cos 5x =—1and 0< x <—, then x is equal to
4

T T
(@E (mg
(c) g (d) None of these

Ifsin'® 0 — cos'™ B =1, then 0O is
(a) 2nn+g,nel (b) nn+§,n€[
(c) nn+%,ne[ (d) 2m‘c—§,nel

If \/3 sin x — cos x=1c'£lei}12’1 {2,e*,m 0 — 40 +7}, then

27
(a) x=2nm,nel (b) x=2nn+?,nel

T T T

=nn+(-1)" —+=,nel (d) x=nn+(-1)""' === nel
(c)xm‘c()46n (d) x=nm+(-1) 43n
The number of solutions of the equation
cos 4x +6=7 cos 2x, when x € [315°,317° ]is
(@) 0 (b) 1
(c)2 (d) 4
The number of solutions of cot(5msin0)=tan (51 cos0),
V0 e€(0,2m) is
(a) 7 (b) 14
(c)21 (d) 28

Ifexp [(sin® x +sin® x +sin® x +...0) In 2] satisfies the

equation y* —9y +8=0, then the value of

cos x T .
- 0<x<—, 18
COS X +sIn x 2
(@) V3+1 () %
(c) J3-1 (d) None of these
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44.

45.

46.

47.

48.

49.

50.

51.
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Total number of solutions of cos x =4/1—sin2x in
[0, 27], is equal to
(a) 2
(©)5

If the equation cos 3x cos® x +sin3xsin’® x =0, then x is

(b)3
(d) None of these

equal to
(2) @n+ 1)% (b) (2n—1)%
(c) % (d) None of these

A

Total number of solutions of sin x = T is equal to

(a) 4
(c)7

The number of all possible 5-tuples (a,,4a,,4,,4,,a,) such

(b) 6
(d) None of these

thata, +a, sinx+a, cos x +a, sin2x +a, cos2x=0
holds for all x is
(a) zero

(c)2

x, and x, are two positive values of x for which

(b) 1
(d) infinite

2cos x,

cos x|and 3sin® x —2are in GP. The minimum

value of‘x1 -x, ‘ is equal to
4m

(a) — (b)

3
(©)2 cos’l(gj (d) cos™ (3)
3

tBsi
COB% = 73 then the value of tang is

n
3

If cos x —

B

tan E tan15°

(a)
B
(b) tan 5

(c) tan15°
(d) None of the above
The expression nsin” 0 +2n cos(0 +0t)

sinosin O + cos 2(a +0) is independent of ‘©’, the value
ofnis

(a)1 (b) 2
()3 (d) 4
The value of the determinant
1 a a’

cos(n—1)x cosnx cos(n+1)x|is zero if
sin(n—1)x sinnx sin(n+1)x
(a) x=nm (b) x=nm /2

1+a’
(c) x=@2n+1)m/2 (d) x= 5 nel

a
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52,

53.

54.

5.

56.

61.

62.

63.
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sin 3o <0if o lies in

€Os 20

(a) (131 /48,141 / 48) (b) (147 / 48,187 / 48)

(c) (1871 / 48,237 / 48) (d) any of these intervals
sin®0® cos’0 x

If f(x)=|cos® 0 x sin® 0|0 (0,7 /2), then roots

X sin®0  cos’ 0O

of f(x)=0are

(@)1/2-1 (b)1/2,-1,0

(©)-1/2,1,0 ) -1/2,-1,0

The equation sin x +sin y +sin z=-3for 0< x <2m,

0<y<2m 0<z<2m, has
(a) One solution (b) Two sets of solutions

(c) Four sets of solutions  (d) No solutions

If sec x cos5x +1=0, where 0< x <2, then x =
T T o

a) =, = b) =

(a) 5 (b) s

(c) % (d) None of these
If ‘ k ‘ =5and 0° <0 <360°, then the number of different
solutions of 3cosO +4sinB =k is

(a) Zero (b) Two

(c) One (d) Infinite

57.

58.

59.

60.

If cot (ot +) =0, then sin (a0 +2f) =

(a) sino (b) cosal

(c) sinP (d) cos23

If cotO + cot (z +9j =2, then the general value of 0 is
(a) 2nm+ = (b) 2nni§

© nnig ) nni%

If cos 20 =(\@ +1) (cos 0 - \lfj then the value of 0 is
2

b b
a) 2nm+— b) 2nm+—
(a) . (b) .
(c) 2nm —% (d) None of these
‘sm x‘
Ifj1— >- then sin x lies in
1+sin x 3

Mo

\»—k
\»—k

o=
o(=3)
o =

d) None of the above

Trigonometric Equations and Inequations Exercise 2 :
More than One Option Correct Type Questions

The value of ‘" which satisfies (t — [‘ sin x ‘])! =3!5!7!

is/are ............ where [.] is GIF

(a) 9 (b) 10

(011 (d) 12

Let f(x)=cos(a, + x)+ % cos(a, + x) + iz cos(a, + x)
2

1
+...+——cos(a, + x)
2"

wherea,,a,,...,a, e RIf f(x,)= f(x,)=
‘xz —xl‘maybe equal to

0, then

(a)m (b) 21
T
3 d)—
(¢c)3m (d) 5
Let o, B, Y be parametric angles of 3 points P, Q and R

respectively lying on x* + y* = 1. If the lengths of

64.

chords AP, AQ and AR are in GP where A is (1, 0), then
[Givena, 3,y € (0, 2m)].

(a) sin ory cos il 4 > sin E
4 2
(b) sin[ ot Y) cos(ﬂ) < sinE
4 4 2
(c) singsing > sinE
(d) singsinx < sinE
2 2

Let x, y, z be elements from interval [0, 21t] satisfying the
inequality (4 +sin 4x) (2 + cot® y) (1 +sin* z) <12sin” z,
then

(a) the number of ordered pairs (x, y) is 5

(b) the number of ordered pairs (y, z) is 8

(c) the number of ordered pairs (z, x) is 8

(d) the number of pairs (y, z) such that z =y is 2



65.

66.

67.

68.

69.

70.

1.

The number of integral values of a for which the system
of linear equations x sin® — 2y cos0 — az =0,

x +2y+2z=0—x+y+z=0may have non- trivial
solutions, then

(a) ata =2 the given system will have finite solutions for
0eR

(b) number of possible integral values of a is 3
(c) for a =1 the system will have infinite solutions

(d) for a =3 the system will have unique solution

The equation

2sin’ 0 + (2A = 3)sin® 0 — (3A + 2) sin® — 2A = 0 has

exactly three roots in (0, 21) , then A can be equal to
1

a) 0 b) —

(a) (b) 5

(01 (d)-1

If x+y=2m/3andsin x /sin y =2, then the

(a) number of values of x€[0,47 ] are 4
(b) number of values of x€[0,47]

(c) number of values of y €[0,41 ] are 2
(d) number of values of y €[0,47] are 8

are 2

Ifo<x<2mand ‘cos x‘ <sin x, then

(a) the set of all values of x is [%%}

(b) the number of solutions that are integral multiple of % is

four
(c) the sum of the largest and the smallest solution is 7

(d) the set of all values of xis x€ [E,Ej U[E,?}—n}

4 2 2 4
If x and y are positive acute angles such that (x + y) and
(x — y) satisfy the equation tan” 0 — 4 tan© +1=0, then

B y="

(a) x="

o3 oA
PN N

() y= (d) x=

4n . .

If x+y=— andsin x =2sin y, then
3

(a) x=nn+§,nel

(b)yzs?n—nn,nel

(c) Both (a) and (b)

(d) None of the above

The number of solutions of the equations

y=§ [sin® +[sin 0 + [sinB]]]and [y +[y]]=2cos O
[where, [-] denotes the greatest integer function] is /are

(a)0 (b) 1
(c) 2 (d) infinite
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72,

73.

74,

75.

76.

77.

78.
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If [sin x]+ [\6 cos x]=-3, x€[0,21t], (where, [] denotes
the greatest integer function), then

51T 7T
(a) xe(n,T] (b) xe(n,?)

(c) xe[n,sjn} (d) None of these

If oo € [-2m,21] and cos % +sin % = \E(cos 36°—sin18°)

then a values of o is

7 b

(a) ? (b) g
5T n
(c) -? (d) ‘g

The number of values of ¢ in the interval [—T,0]
200
satisfying sin o +J. cos 2x dx =0, then
(a) a=0
b
b) a=0,—m,——
(b) 3

T 5T
(c) u=—,—
6 6

(d) None of the above
The solutions of © € [0,2n] satisfying the equation
log tanG(\/logtane 3+log 3./3)=—1, then

(c) has sum 4?“: (d) >2

If oe and B are the solutions of acos 0 + bsin 0 = ¢, then

. . 2bc
a) sino+sinP=
® B a’+b*
2 2
c’—a
b) sinosinf=——
(b) P a*+b°
. . 2ac
¢) sino+sinP=
© b b +ct

c
d) sinot+sinff=——-
@) P a’+b?

The solution of the equation sin 2x +sin 4x =2sin 3x is
nm

a) x=—

() 3

(b) x=nm

(c) x=2nm

(d) None of the above

The general solution of 4sin* x +cos* x=11is

(a) 2n+ 1)% (b) nm

2
(c) nm £ sin™" \g

(d) None of these
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79. The values of x,0< x Sg whcih satisfy the equation

819 % +81° ¥ =30 are

T T
(a) ; (b) Z

T Vkis
(c) g (d) E

V3-1 \@+1:4ﬁ

- +
Sin x COoS X

80. All values of x € (0, ;t) such that

are

b b
(@) E (b) E

117 31
c)— d) —
© 36 @ 10

2 s 2 2
o sin x+o " =2 L.
81. = has a solution if

1—tan® x cos 2x
(a) o=-1 (b) a>1
(c)a=1/2 (d) o is any real number

82. The equation 4sin(x +7/3)cos(x—71/6)=a’
+4/3 sin 2x — cos 2x has a solution if the value of

(@) -2 (b) 0
(c)2 (d)a,ae]—-22[

83.

84.

Which of the following is/are correct.
(a) (tan x)™™ 2 >(cot x)™ 9 Vx (0,7 / 4)
(b) 4In cosec x <51n cosecx’vxe (O,TE /2)

(c) (1/2)" ) < (1/3)® VYxe(0,m/2)
(d) zln (tan x) >2[n (tan x), v XE(O,TC/Z)

The value of 0, lying between 6 =0and 6 zg and

satisfying the equation.

1+cos’0 sin®0 4sin 40
cos’0 1+sin’ 0 4sin 40 |=0,is
cos’ 0 sin®®  1+4sin40

111 7T
i b) 2=
(a) ” (b) ”
(c) 52—2 (d) None of these

85. If [x] denotes the greatest integer less than or equal to x

then the equation sin x =[1+sin x]+[1—cos x] has no

solution in
T
b)| —,

T T
(@ [‘?ﬂ

31
(c) [ﬂ,?} (DR

Trigonometric Equations and Inequations Exercise 3:

Passage Based Questions

Passage I
(Q. Nos. 86 to 88)

If number of solutions and sum of solutions of the equation
3sin® x — 7sin x + 2= 0, x€ [0, 2rt] are respectively N and S
and f, (0)=sin" 0 +cos” 0. On the basis of above information,
answer the following questions.

86. Value of N is

89. The difference of largest and smallest integral value of N

satisfying o =3 and a =5, is
(a) 499 (b) 500 (c) 501 (d) 502

90. If N, is number of integers whena=2ando. =2and N,

is number of integers when ol =1and a =3, then the
minimum value of (N, sec’0 + N, cosec’8)

()10 + 4~/6 (b)10+ /6 () 10 (d) 100

Passage I11
(Q. Nos. 91 to 93)

If an angle and a side of a right angle triangle is known, then
rest of the sides and angles can be found as follows

In AABC (Figure 1), if ZB=9(°, ZC =0 and BC = x, then
AB =xtan0 and AC = x secH.

(@)1 (b) 2 (© 3 (d) 4
87. Value of Sis
5T Va1
— b) — 2 d
(a) . (b) . (c)2m (d)m
88. If o is solution of equation 3sin® x —=7sinx +2=0,
x € [0,2m], then the value of f, (o) 1is.
97 57 65
— b) — — d)o
(a)81 ()81 (C)81 (d)
Passage 11

(Q. Nos. 89 to 90)
Let log, N =0 +p where o is integer and B = [0, 1). Then,

On the basis of above information, answer the following
questions.

A




Now, consider an isosceles triangle POR (Figure 2 ),

Q
where PQ = PR and 20N = V3
On the basis of above information answer the following

91. The angle of triangle PQR are
(a) 150°, 15° 15° (b) 60°, 60°, 60°
(c) 120°, 30°, 30° () 75°, 52.5°, 52.5°

92. Area of circumcircle of quadrilateral PLOM is

m 3m
(@)m (b) N (c) " (d)3m
93. Length of the side QR s
(a) tan 15° (b) V3 tan 15°
(c) cot 15° (d) /3 cot 15°

Passage IV
(Q. Nos. 94 to 96)

o is a root of equation (2sin x—cos x) (1+cos x)=sin’ x, B is a
root of the equation 3cos 2x—10cos x+ 3=0and vy is a root of

the equation 1—sin 2x=cos x—sinx: 0< B,y <m/2

94. cosa. + cos P+ cos Y can be equal to

3[ +242+6 3[ 8
(®) ez ®)
(c) 3\/::2 (d) None of these
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95. sin o +sin f +sin ¥ can be equal to

14-32
(a) o (b)5/6
(c)3+:«f (d)1+f
96. sin (o0 — ) is equal to
(@)1 (b) o
© 1-26 @ 3242
6 6
Passage V

(Q. Nos. 97 to 99)
Consider the equations
5sin® x+ 3sin xcos x — 3cos’ x=2
sin 2x
97. If o is a root of (i) and B is a root of (ii), then

tano + tan 3 can be equal to

sin? x—cos 2x=2—

a)1++/69 /6 —1-4/69/6
() 282 *’6@ d) —3‘3@

171

(i)

98. If tan a, tan B satisfy (i) and cos ¥, cos 8 satisfy (ii), then

tan o -tan  + cos y + cos 8 can be equal to

5 2
(2) -1 (b) -g‘*ﬁ
5 2
S O3
99. The number of solutions common to (i) and (ii) is
(@) 0 (b) 1
(c) finite (d) infinite

Trigonometric Equations and Inequations Exercise 4 :
Single Integer Answer Type Questions

100. Let A, be the area of triangle AP, Bwhich is inscribed in

a circle of radius 2 units. If AB diameter of circle,

n+1

ZABP, = _km and ZA =4 cot— then s equal to
2n 32 2

101. If the sum of the roots of the equation
cos 4x + 6 =17 cos 2x in the interval [0,314]is km, k € R

Find (k — 4948).

102. If equation x° tan® 6 — (2tan0)x + 1=0and

! x’+ ! x + ! -1|=
1+ log, ac 1+log, ab 1+ log, bc

(where g, b, ¢, > 1) have a common root and then 2nd

equation has equal roots, then number of possible value

of 0 in (0, 1) is
103. Number of ordered pairs (x, y) which satisfies the

4

relation =sin? y.cos’ y, where y € [0, 27].

8x

104. The number of solutions for,

sinf x—— |—cos| x+— [=1
4 4 in (0,27), is

2cos7x S geosex

cos3+sin3
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T

105. If cos Asin (A - ) is maximum, when the values of A is

equal to % then the value of A is

106. Let p,g€ N and g > p, the number of solutions of the
equation g ‘sin 9‘ =p ‘cos 6‘ in the interval [0,27] is

107. 16,6 ,, 6, are three values lying in [0,27] for which
tan® = A, then

is equal

e1 e2 e2 93 e1 93
tan —-tan — + tan —-tan — + tan — - tan —
3 3 3 3 3 3

to

108.

109.

110.

111.

If o be the smallest positive root of the equation
\/ sin(l1—-x)= \/ cos x, then the approximate integral

value of o0 must be

If x and y are the solutions of the equation

12sin x +5 cos x =2y* —8y +21, the value of 12 cot (xzy)

must be
If tan (1 cos 0) = cot (nsin 0), then cos® (0 — 1/ 4) is
equal to

If 3sin x + 4 cos x =5, then the value of
90tan’ (x /2)—60tan(x /2)+10is equal to

Trigonometric Equations and Inequations Exercise 5:

Statement | and Il Type Questions

= This section contains 6 questions. Each question contains
Statement I (Assertion) and Statement II (Reason).
Each question has 4 choices (a), (b), (c) and (d) out of
which only one is correct. The choices are

(a) Statement I is true, Statement II is true; Statement II
is a correct explanation for Statement I.

(b) Statement I is true, Statement II is true, Statement II
is not a correct explanation for Statement II.

(c) Statement I is true, Statement II is false.
(d) Statement I is false, Statement II is true.

112. Statement I sin x =g, where —1<a <0, then for
x €[0,nm] has 2(n —1) solutions V ne N.

Statement II sin x takes value a exactly two times
when we take one complete rotation covering all the
quadrants starting from x =0.

113. Statement I The number of solutions of the equation
‘sin x‘ = ‘x‘ is only one.
Statement II ‘sin x‘ 20VxeR.
114. Statement I If2sin2x —cos2x=1, x#(2n+1)T/2 nis
the integer, then sin 2x + cos 2x is equal to 1/5.
1+2tan x —tan® x

1+tan® x

Statement II sin2x + cos2x =

115.

116.

117.

Statement I The system of linear equations
x+(sinat)y +(cos )z =0
x+(cosa)y+(sina)z=0
—x+(sino)y —(cosa)z=0

has a non trivial solution for only one value of o lying
between Oand .

sinx CcoSX COSX
Statement II [cosx sinx cos x|=0

COSX CcosSx sinx

has no solution in the interval —m/4<x<m/ 4.

LetOe(m/4,m/2), then
Statement I (cos0)™" <(cos0)“° <(sinB)“**

Statement II The equation ™’ —¢ ™"’ =4 has a

unique solution.

Statement I If
exp{(sin® x +sin* x+sin® x +...inf) log, 2} satisfying the

equation x° —9x +8=0, then the value of B S

cos x +sin x
V3-1
2

(0<x<m/2)

Statement II sin® x+sin® x +sin® x +...inf =sec® x
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Trigonometric Equations and Inequations Exercise 6 :
Matching Type Questions

= Math the statement of Column I with the value of 119. Column 1 Column II
Column II.
118 (4) 2sin 9‘cose‘=% (p) 6=3n/8
’ Column I Column II 2 .
(A) Ifo,p are the solutions of (p) o—-P=m (B) 2005226(:_0549 * ZC?S 26—. 1=0 (@ 6=7m/8
) 1. 0.2 d (C) 8cos OsinO—4cos”"0-2sin0+1=0 (r) 6=2m/3
sinx=-—1in[0,2m Jand o, y are (D) sin40=+1 (s) 0=1/6
the solutions of cosx = —— in (@A—(p,q:;B—>({p,q1);C—(r,s);D—(p,q
(b) A —(r,8); B—(q,1); C—(r); D—(p,s)
[0,22], then () A= (p); B—(q): C = (x); D —(s)
(B)  Ifo, are the solutions of (@ PB-y=m (d)A—>(s);B—>(q,1); C—(r,s); D—>(p, q
cotx=—y 3 in[0,2mJand a, y sin® +sin30 +sin50 + ... + sin((2n — 1)0)

120. 1f £, (0) =

are the solutions of cosec x=—2

. sin@ + cos 0 + cos50 + ...+ cos((2n —1)0)
in[0,27 ], then

(C)  Ifo, B are the solutions of (r) o-y=m Column I Column 11
sinxz—% in[0,27 Jand o, y are (A) 1, (ﬂ) (p) V2 -1
12
1
the solutions of tanx=—=in ®B) (m Q) 2-3
N (%)
[0,27 ], then © - & 5
- (m r +
(:) o+ 5:237'5 ‘f“(16)
(t)y P+y=2m ) f(ﬂj © e
(@A—(q9);B=>(p.1);C—(rsb) "\ 84

(b) A= (@) B — (1) C— (1) ©
(A=, t);B—(t);C—(p,q)
dA—>(@{p q:;B—(qr)C—(st)

(@ A—(p); B—(q) C—() D—>(st)
(b)A—(t)y B—(p); C—(r); D—(q)
() A—=(q) B—>(); C—(s); D—=(b)
(d)A—(rt); B—(s); C—(p); D—(q)

Trigonometric Equations and Inequations Exercise 7 :
Subjective Type Questions

121. Find the number of solutions of the equations; 122. Find all value of o for which the equation
_ 1 sin® x 4+ cos* x +sin2x + o = 0is valid. Also, find the
()| cot x | = cot x + ——, when x € [0, 21] . .
sin x general solution of the equation.
(ii) sin® x cos x +sin® x. cos® x +sin x . cos® x =1, 123. If 32tan® 0 = 2cos” o0 —3 cos o and 3 cos 20 = 1, then find
when x € [0, 2] the general value of a.

1
124. Solve for x and y 450% 4308y — 11
1

5167 =237 =2

(iii) 2°** =|sin x|, when x € [-2m, 21t]
(iv) | cos x | = [x], (where [.] denotes the greatest

integer function).

(V) x+2tanx = g when x € [0, 2]
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125. Find all numbers x, y that satisfy the equation

2 2
1 1 1
(sin2 x+ ) 4—(0032 x+ j =12+ =siny.
.2 2
sin” x cos” x 2

126. Find all the solutions of x, y in the equation

4(3w/4x -x* sinz(x -2I— yj + 2 cos(x +y)j

=13+ 4cos’(x +y)

127. Solve for x and y, 1-2x — x° = tan’(x + y) + cot*(x + y).
128. Solve the system of equations

tan® x + cot’ x =2cos’ y

cos’y+sin®z=1
129. Find all pairs of x, y that satisfy the equation

3
cosx +cosy+cos(x+y)=—=

2

130. Solve the equation cot(jj — cosecC (2) = cot®.

. . . ; 3.
131. Find the general solution of 1 +sin” x + cos’ x = P 2x.

132. Solve log ,, ., 2 log ., a=—1stating any condition on

@ that may be required for the existence of the solution.

133. Find all the values of ‘@’ (a # 0) for which the equation

J.Ox(tz — 8t +13)dt = xsin > has a solution. Find the
x

solution.

134. Find all values between 0 and 7 which satisfies the
equation

. 17
sin® x + cos® x === cos® 2x

135. Find all number pairs x, y that satisfy the equation
tan’ x +tan’ y +2cot® x.cot’ y =3 +sin’(x +y).
136. Determine all values of ‘@’ for which the equation
cos’ x —(a+2)cos® x —(a+3)=0, possesses solution.
Find the solutions.

137. For x € (—m, 1) find the value of x for which the given

equation

: [Tosnan—cosznt 2
(\/gsnflx + cos x) /3 sin 2x — cos 2x + 2

= 4 is satisfied.

138. Show that the equation
sec O + cosec 0 = ¢ has two roots between 0 and 2m, if
¢? < 8and four root if ¢? > 8.

139. Solve the equation for x and y,

sin x - 1/4

| sin x + cos x | =1+|siny|and

cos’y=1+sin’y.

Trigonometric Equations and Inequations Exercise 8 :
~ Questions Asked in Previous 10 Years' Exam

(i) JEE Advanced & IIT-JEE
140. LetS= {x e(-mm):x#0,+ 1;} The sum of all distinct

solutions of the equation V3sec x + cosec x

+ 2(tan x — cot x) =0in the set Sis equal to

[Single Correct Option 2016 Adv.]

m 27

a)— — b) - —
(a) 5 (b) 5

5T

(c)0 -

141. The number of distinct solutions of the equation
5 . . .
=~ cos’ 2x + cos’ x +sin’ x + cos® x+sin® x =2in the

interval [0, 21 ] is [Integer Answer Type 2015 Adv.]

142. For x € (0, 1), the equation sin x +2sin 2x —sin 3x = 3 has

(a) infinitely many solutions
[Single Correct Option 2014 Adv.]
(b) three solutions
(c) one solution
(d) no solution

143. Let 0, ¢ € [0, 2] be such that 2 cos 0 (1 —sin ¢) =sin’0

(tan2+ cot Z)COS(])— L, tan (2 —0)>0

. 3 .
and—1<sinO < — £ . Then, ¢ cannot satisfy
[More than One Correct Option 2012]

m m 4n
(a)0<(])<5 (b)5<q><?
an 3 d —<o<2m

(c) ?<¢<7



144.

145.

146.

147.

148.

If P={0:sin® — cos O = /2 cos O} and

Q={0:5inB +cosO = V2 sin 0} be two sets. Then,
[Single Correct Option 2011]

(a)PcQandQ-P#¢ (b)QzP

(QPaQ (dP=0

The positive integer value of n > 3 satisfying the
. 1 1 1 .

equation = + Is ...

o) =)

The number of values of 0 in the interval (— —

()

[Integer Answer Type 2011]

T
, — | such
2

TU
that 0 # nm forn=0,%1, £2and tan0 = cot 50 as well as
5

sin26 = cos 40 is...... [Integer Answer Type 2010]

The number of solutions of the pair of equations
2sin”0 —cos20 =0 and 2cos’ 0 —3sinO = 0in the

interval [0, 277] is [Single Correct Option 2007]
(@) 0
(b) 1
(c) 2
(d) 4

The set of values of 0 satisfying the inequation
2sin’ O —5sin O + 2> 0, where 0 < 0 < 27, is
[Single Correct Option 2006]

Chap 02 Trigonometric Equations and Inequations

ol

n Lis

6 6
b>[o,£} {—n,m}

6 6

Ty i’

(d) None of the above

=

(ii) JEE Main & AIEEE

175

149. 1f 0 < x < 2w, then the number of real values of x, which

satisfy the equation
Ccos x + cos 2x + cos 3x + cos 4x =0, is

[2016 JEE Main]

()3 (b)5
(c)7 (d)9
150. The possible values of 0 € (0, ) such that
sin (0) + sin (40) + sin (760) = 0 are
@20 T 4T TS BT om ST omo2m 3w su
974972 479 471272737479
2T m T 2m 3m 357 2T T T 2T 3m 8m
©———— D)= — —
9 4 2 3 4 36 9 4 2 3 4 9
151. The number of values of x in the interval [0, 37]
satisfying the equation 2sin® x + 5sin x —3 =0, is
(a) 6 (b) 1
(c) 2 (d) 4

[2011 AIEEE]

[2006 AIEEE]
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Answers

3.15 4. nmt

7.4 8. nmt

w3 |3

11. No solution

T
8. nm, nT——
4

b
3.2n+ 1=
( )4

5.0 6. No solution

5.(b) 6. (c)
11. (a) 12. (a)
17.(b)  18.(b)
23.(a)  24.(b)
29.(a)  30.(b)
35.(a)  36.(c)
41.(a)  42.(b)
47.(b)  48.(c)
53.(a) 54.(a)
59.(b)  60.(c)

61
66
71
77
83

86
92

98

104
110

116
121

122.

123.

124.

125.

126.

127.

128.

129.

130.

136.
137.

139.

140
145
150

.(c,b) 62.(a,b,c) 63.(a,d) 64.(c,d) 65.(b,c,d)

. (a,c,d) 67.(a,c) 68.(ac) 69.(c,d) 70.(c)
(@) 72.(a) 73.(a,d) 74.(a,b) 75.(a,c) 76.(ab)
.(a,c) 78.(b,c) 79.(ac) 80.(b,c) 8l.(a,b) 82.(a,b,c,d)
. (a,b,c,d) 84.(a,b)  85.(a,b,c,d)

.(b) 87.(d) 88. (¢) 89. (a) 90.(a)  91.(c)
.(b) 93.(d) 94. (a) 95. (c) 96.(c)  97.(a)
.(b) 99.(a) 100.(8)  101.(2) 102.(1) 103.(8)
(1) 105.(3) 106. (4)  107.(3) 108.(2) 109.(5)
.(2) 111.(0) 112.(d) 113.(b) 114.(d) 115.(b)
.(c) 117.(c) 118.(a)  119.(a) 120.(b)

. (1) > (2), (i1) No solution, (iii) 4, (iv) 0, (v) 3
ae[i,l:‘andx:@+ﬂsin’l(17«/20c+3)
2 2 2 2

0L=2n7ti2?n,neZ
x:nn+(71)"%andy:2mni§,m,n62
x=(2m+1)£andy=2nn+5,nel

4 2
(2,2nn12—n72j

3

m

xzflandy:nni2+l,nel
x:]m+%,y:mnandz:nnwherek,m,neZ
x:2mni2?nandy:2(m7n)ni27n,m,ne]
6:41111:i2—7t

3
.x:2m'ti3—ﬂ+E

4 4
Lx=nm+ (=1 sin 272 %1 and the condition is 0 <a < 1

.a=3n(4n+1)
nm b

x=—x (=)=
2 8

_.x:y:mni%,nel

x=nn+cos'va+ 3, where n € zand a €[~ 3, 2]
y=

3

n b

x= 2mn+5,2mn, nnigand yv=kmn;m,n, k,el
o) 141.(8) 142.(d) 143.(ac.d) 144. (d)
J(7) 146.(3)  147.(c)  148.(a) 149. (c)
(@) 151 (d)



Solutions

1.

(cos’® x —sin’ x)(Zsing - l) =0
Cox 1

cos2x =0orsin— =—

2 2

Hence, option (d) is false.

The maximum possible value is 2.

sin(gj takes the value 1 when

x T
—=2mn + —
3 2

. x

ie. — =90 + 360m
3

o x

sm(ﬁj takes the value 1
x T

when — =2nm + —

ie. X 290 + 3600
11

We are looking for a common solution,

we have3m —11n =2.

Clearly, the smallest positive solution to thisis m =8 n =2,
thus x, =8910°, giving o = 8910.

16(sin’ x + cos’ x) — 11(sinx + cosx) = 0

. . .3 a2 2
= (sinx + cosx) {16(sin* x —sin’ x cos x + sin® x cos® x —

sinx cos’ x + cos*x) —11} =0

= (sinx + cosx){16(1 —sin® x cos’ x —'sinx cosx) —11} =0
= (sinx + cosx) (4sinx cosx —'1) (4sinx cosx + 5) =0
As 4sinx cosx + 5 # 0, we have
sinx + cosx =0,4sinx cosx —1=0
The required values are l, 5—“ 9—“ 13—“ 17—“ 21n
127127127 127 127 12
There are 6 solutions in [0, 27 ].
a, b, ¢ are roots of equation
xsin® + ysin20 + + z sin30 =sin406
= xsin0 + y(2sin0 cos0) + z(3sin O — 4sin’ 0)
= 4sin 0 cos 0O cos20

) z , +2 zZ—Xx
= cos’0— 2 cos?h—2 cosO + =0
2 4
.2 s 4 s 2 2
sin"2x + 4sin” x —4sin” x cos” x _ 1
4 —sin®2x — 4sin® x 9
4sin® x 1
= 2 .2 PR
4cos”x —4sin x cos"x 9
sinx 1 1
= T =— = tanx=%—
cos'x 9 3
= x =

6.

7.

10.

‘\/;—«/;‘S,lm—n

‘\/sin2 x+2a° - \/2112 —1-cos’ x‘

S\/sin2x+2a2—2a2+1+cosszx/§

. , X
Consider, tan® ==1+sec x
1—cosx 1
= 8 =1+
1+cosx COSX
= 8cosx—8cos” x=(1+ cosx)
= 8cosx—8cos’ x=1+cos’ x+2cosx
= 9cos’ x—6cosx+1=0
= (3cosx—1)*=0
1
= COSX=—=COS Ol
3
= x=2nm+ 0. where ‘00 =cos™' —
[By using cosb=cosa. = 0=2nmt 0]
41
= x=2nT * cos 1(;]

. We have tan 0+ tan 40+ tan70=tan 0-tan 40-tan70

= tan0+tan40=—tan70 + tan0-tan40-tan70
= tan0O+tan40=—tan70(1 —tan 6-tan 40)
tan 0+ tan 40

——————=—tan70
1—tanO-tan 460

= tan(6+40)=—tan70
= tan50=tan(-70)
= 50=nm +(-70)
nm
= 120=nn = G=E (where nel)
. Pute™ =t
Given equation becomes t* —4t—1=0
= t=2++5 = e =245
Either sinx=log, (2+/5)
or sinx=log, (2—-+/5)

as2++/5>e or as (2—«/§) is (—ve) and log is not defined for
(—ve) values.

= sinx>1=> no solution.

For \/ﬁ to be real x>4, for which «/; is also real.

Now, if cos(n«/;)<1, then cos(m Jﬂ)x

and, if cos(mt~/x)>1, then cos(n \/m)<l

(since their product = 1)

But both of these are not possible as cos0 cannot be greater
than 1.

= cos(m4/x—4)=1and cos(n«/;)z
= x—4=0and x=0

= x=4o0r x=0

But x=0 is not possible (as x>4)

= x=4is only solution.
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11.

12

13

14.

15.

16.
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Consider RH.Sie,5 +5 "

545"

= 2(5)(.57;')1/2

= 5745 >2
= From the given equation sin(e*)>2

[By using AM > G.M]

which is not possible for any real values of ‘x’. Thus, the given
equation has no solution.

We know that in a triangle A+ B+C=180°
and2B=A+C (As A, B, C are in A.P)

= 3B=180 or B=60°
Now ‘0’ be the common difference between A, B and C,
then C-A=20 ..(i)
= sin(C-A)=1/2 (given)
= sin(20)=1/2 [Using Eq. (i)]
5
= 20=" oL = =" or >~
6 12 12
T T T 5T
Now, A=B-06 = ——— or ——
3 12 3 12

T o T T 5T
= A=—as a cannot be less than ‘0’ and C=—+—="—

4 12 12
= A=45°, B=60°, C=75°
Consider : Ist equation i.e. 2sin® x +3sin x—2>0
= (2sinx—1)(sinx+2)>0
= (2sinx—-1)>0 [Assinx+2>0V x€R ]

) 1 (n Snj _
= sinx>- = x€| —,— ...(1)
2 6 6

Consider x* —x—2<0
= (x—2)(x+1)<0 = —1<x<2
From Egs. (i) and (ii) ,

..(id)
5T . < s .. T
Now, as, 2<?, we obtain that ‘x’ must lie in Z’ 2|

2 3
Consider : y =5x" +2x+3=5[x2 +gx+g}

( 1)2 3 1 ( 1)2 14
=5 | x+—| +———|=5| x+- | +—>2
5) 5 25 5) 5

As y=2sin x<2, so there cannot be any point of intersection.
We have a, +a, cos2x+a,sin’ x=0
=a,+a,cos2x+a,(1—cos2x)/2=0

= which is zero for all value of ‘x’.

a -k k
Ifq =—?3:—a2 ora=—ra,=,4, =k

For any keR
Hence, the required number of triplets is infinite.

We have, sin* x—(k+2)sin’ x—(k+3)=0

L, x:(k+2)i,/(k+2)2 +4(k+3)

- i (k+2) % (k+4)

2 2
= Either sin® x=k+3 orsin’ x=—1

= 0<sin® x<1 or not possible
= 0<k+3<1
= -3 <k<-2

17. 0 e{;—nﬂ — —1<sin0<1

18.

19.

20.

21.

But here 0<sin0<1 [As log, x is define for a>0 or 0<a<1]

Now, log , , cos’ 6=2 [By using log, b=c = b=a"]

= cos’B=sin’ B = tan’0O=1
T -T T
= O=nn+—VOe| —,—
4 2 2
b -7
= 0=—, 0=—o
4 4

-n) -1
(Reject as sin(%) =—<0)

N

= The given equation has unique solution.

n
Consider Zcos 6,=n
i=1
cos0, +cos0,+cosO, +...+cosO, =1 +1+1...+nis valid only
when

n times
cosB, =1, cos0,=1, cosO,=1,..., cosO, =1
= 6,=0,=0,=...=0,=0
= ZSinGX:O

i=1
Case I : For n=2,sin’ x+ cos® x=1.
Case II : If n>2, sin” x and cos” x both decrease then
sin” x+ cos" x<1 (as 0<x<m/2)

Case III : If n<2, sin” x and cos” x both increases then
sin” x+ cos" x>1 (as0<x<m/2)

Then, sin" x+ cos" x>1 for n<2

= ne(—o,2]

sinx+ cosx=miRn{1,a2 —4a+6} (i)
ae.

As,a’—4a+6=(a-2)" +2>2foralla

= (i) becomes sin x + cos x=1

=4 i ( +nj !
sin| x+— |=—
4) 2
i T
= x+—=nm+(-1)" —
4 4
LT
= x=nn+(-1) ———
4 4

sin” y =[x’ —x* —9x+9‘ + ‘x3 —4x—x"+ 4‘+sec2 2y+cos'y
Now, for x=1 (According to the choices)

sin” y =sec’2y + cos'y

= sin”y -cos’2y =1+ cos' y-cos’ 2y
Now, RH.S >1 and L.H.S <1

= LHS=1

= sin’ y-cos’2y =1

= sin” y=1and cos’2y =1

=

y="
2
s T
General values of ‘y’ is 2nm + 5

T
Hence, x=1and y=2nm + E



22.

23

24,

25.

26.

27.

28.

As :5sin 0+3sin(0— o) =5sin 0+3
(sinBcosa.—cosBsin o) =(5+3 cos o)
sinB-3sin.cosO

Now, —\/(5+3cosoc)2+9sin2 o <5sin0
+35in(9—OL)S\/(5+3COSOL)Z +9sin’ o
= max {5sin0+3sin(0—0)} =4/34+30cos 0
€.
49 -34
= 34+30coso=7 = cosO.=
30

1 T T
= COSOL=—=Cc0s— = 0.=2nm £ —

2 3 3

Consider : sin x(sin x+ cos x)=n

1—cos2x sin2x

T ey
2 2

= sin’ x+sinx-cosx=n =

= sin2x—cos2x=2n-1
= As - 2Ssin2x—c052xS\/§
= -2 <2n-1<42
1-+/2 1++/2
= TISHSTI:Wl:O,l

sin{x}=cos{x} graph of y =sin{x} and y cos{x} meet exactly 6
times in [0, 27].

Points of intersection are at

T Y T Y T
x=—, 1+=,2+=,3+=
4 4 4 4

x*+4-2x+3sin(ax+b)=0
(x—1)* +3+3sin(ax+b)=0
= x=1andsin(ax+b)=-1

37
= sin(a+b)=-1 = a+b=?
Here, 4[1+cot’ w(a+ x)]+a’ —4a=0
= 4cot’ mw(a+x)+(a—2)"=0
= a-2=0 and cot’m(a+x)=0 = a=2

As max cos0=1, 2cos x+ cos2Ax=3 is possible only when
cosx=1and cos2Ax=1,

ie. cosx=1 and sinAx=0

Clearly, if A is rational, say p/q, then x=2qm, g €1, satisfies both
the equations. Therefore, for exactly one solution, x=0, A
should be irrational.

. T T . T T . T T \/;
sin—+ COSf=\/ESIIl —+—|orsmnf —+—
4

22

2n 2n 2n 2n 4
. m M T 3m
Since —<—+ —<— forn>1
4 2n 4 4

1 _n
or \/5 2\/5

Ifn=1,LHS=1,RHS=1/2

<1 0r2<\/;SZ\/§ or 4<n<8.
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Similarly for n=8, sin(ln—6 + E) #1

4
4<n<8
29. 5sec0-13=12tan0
or, 13 cos0+12sin 0=5
or, cosO+ sin©
J137 127 J138 4122
_ 5
V137 +12°
5 13
or, cos(0—0))=——, where coso.=——
/313 V313
5
0=2nmtcos —+0
313
5 13
=2nm+cos' ——+cos ' —
V313 313
13
As ———, then

L5 .
COS ———=>CO0S
V313

313’

0€[0,2n], when n=0 (One value, taking positive sign) and

when n=1 (One value, taking negative sign).
30. Here, x° +(x+2)* +2sinx=4.
Clearly, x=0 satisfies the equation.
If 0<x<m, x’+(x+2)" +2sinx>4
If m<x<2m,
X’ +(x+2)* +2sin x>27 +25-2
So, x=0 is the only solution.

If tan(isin 6) =cot (E cos 6]
2 2

31.

m . m T
= tan| —sinO |=tan| ———cos0
2 2 2
T mT T
= —sinO=nm+———cosOnel
2 2 2
= sin0+ cos0=2n+1,nel
= sin0+ cos0=2n+1,

179

nel; but —/2<sin0+ cos GS\E, therefore, sin0+ cos0=1 or —1

32. We have, sinx+siny +sinz=-3
0<x<2m
0<y<2m
0<z<2m

It is possible only, when sin x=siny =sinz=-1

31
x=y=z :? for x,y,z €[0,2m]

33.

We have, 4cosx—3sec x=tan x

(cos x#0i.e.,x odd multiplied of %)

3 _sinx

Then, 4cosx—
COSX COSX

2 .
4cos” x—3=sinx
4—4sin* x—3=sinx

4sin® x+sinx—1=0
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14417
8

sinx
—1++17
Either sin x =T\/7 =sin o (let)
—1-+17
or sinszrzsinB (let)

x=nm+(—1)"ctor x=nm+(-1)"p

_—1-417

14417
sinot= ,sinf}
8 8
So, 4(sino+sinf})=4 {_1+\/ﬁ+ _l_ﬁ} = 4{_—2}=_1
8 8 8
34. We have, tanmO=tann0
mb=kn+nOVkel (Using formula)
mO—nb=kn,Vkel
0=k- T Vkel (.- m and n are constants)
m—n

Then, if we put k=1, 2, 3, ... we get

T 2w 37| L
0=—— —— ——, ..., which is AP.
m—-n m—-n m—n

Thus, common difference =
m—n
35. - sin3a.=4sin asin(x—ot)sin(x+ o)
3sin ot—4sin® ov=4sin o((sin” x —sin”® o)
On dividing both sides by sin a, we get

3—4sin* oo=4sin® x—4sin’ o

= 4sin’® x=3
. 2 3

= sin” x=—
4

(using formula)

36. We know that,

asin 0+ b cosO=c is solvable, if‘c‘Swmz +b%.
Now, A cosx—3sinx=A+1 is solvable, if
A+1<y X +9
(A+1)* <K +9
NH1+2ASA+9
20<9-1 = A<4
AE(—o0,4]

1
(cot2x—cot x)sin(x—m)
1
sin(x—2x)

37. We have, cos2x—3cosx+1=

2cos’ x—1-3cosx+1=

- - (—sinx)
sin2x-sin x
sin(B—A)

using formula, cot A —cot B=— -

sin A-sin B

) 2sin x-cos x-sinx

2cos” x—3cosx=—"77—""—
sin” x

2cos’ x—3cos x—2cosx=0
2cos’ x—5cosx =0
cosx(2cosx—5)=0

Either 2cosx—5=0

5
= cos xZE (which is not possible)
Then, cosx=0

m
38. . secx-cos5x=-1and 0<x<z

cos5x

cosx

= COS5X=—C0SX
cos5x+cosx=0

= 2cos3x-cos2x=0

Either 2 cos3x=0 or cos2x=0
cos3x=0or2x=2n+ 1)E

3x=(2n+ l)g or x=2n+ l)%,Vn €I (not possible)

T
x=(2n+1)—
( )6

|a

Put n=0, then x=

xX=

o la o

39. - sin'” 6—cos" 06=1
sin'” 0=1+cos'” 0
This equation is valid, if cos'” =0 and sin'” =1
(- 0<cos® B<1, 0<sin® 0<1)
cos0=0, then sin0=1

6=(2n+1)§,VnEI
9=m‘t+§,Vn el

40. - o’ —40+7=0 —4o +4+3=(a—2)* +3>3
and 2<e<3 and m=3.14
4<e’<9
Now, \/gsinx—cosxzrgeigl {2,e*,m, 0’ —40+7}

«/gsinx—cosx=2

N
—sinx——cosx=1
2 2

. I . T
s1nx-cos;—cosx-sm—=1
. T
sm(x——)zl
6
T b
x——=2nn+—,Vnel
6 2
nT T
x=2nm+ —+ —,Vnel
2 6

27
x=2nm + ?,Vn el



41.

42.

43.

We have, cos4x + 6 =7cos2x
2c08°2x —1+6 —7cos2x =0
2c0s’2x —7cos2x +5=0
(2cosx —5)(cos2x —1)=0

Thus, cos2x =1
5
and cos2x = 5 (which is not possible, =1 < cos0 < 1)
cos2x =1
2x =2nm,Vnel (using formula)
x=nn,Vnel
X =T,27,37m,......
ie., x =180°,360°,540°, .......

x 2 [315°,317° ]
So, x =nm ¢ [315°,317°],Vnel
Hence, number of solutions is 0.

Let A =5mnsinfand B =5mcos0
Then, cotA —tanB =0
cosA sinB . .
- =0 = cosA-cosB —sinA-sinB =0
sinA cosB
cos(A+ B)=0
- A+B=(2n+l)§,VneI ()
b
Now, 57sinO + 5nc059=(2n+1)5,VnEI
2n+1
sinO + cosO = n
10
1 1 2n+1
sin@-— + cos 0-— =
V2 V21042
2n+1
sin(e + E) = ..(id)
4) 1042

T
—1Ssin(9+zjﬁl

= gt
1042
1042 -1 cne 1042 —1
2 2
—75<n<65 [ /2 = 1.4 (let)]

son=-=-7,—-6,-5-4-3,-2,-1,0,1,2,3,4,5,6
Hence, number of solutions is 14.

2
102 s 4 i 6 _ S x 2
sin” x+sin” x +sin” x+...c0= ————=tan" x
1—sin” x
= exp[(sinZ xsin' x)ln 2] _ ptan’xln _ln gan?x

The given equation is y* -9y +8 = (y —1)(y —=8)=0

) b
Either y=1 =2 * =1=2" = tan® x=0, but XE(O’EJ

.. Neglecting x=0 or y =2 = tan® x=3

b T
= tanx:i\/§:>x=;, as 0<x<5

o121 A3
cosx+sinx 1/2+\/§/2 \/§+1 2

COos X

Chap 02 Trigonometric Equations and Inequations

44. cosx=./1-sin2x =‘ sinx—cosx‘

(i) sinx<cosx

= cosx=cosx—sinx = sinx=0

T 57
where, x€| 0,— |U| —,2T |,
4 4

sinx=0
B
(ii) sin x>cos x = tan x =2

x=2m, neglecting x=m

T 5T o
where xe| —,— |, ..tanx=2 = x=tan ' (2)
4 4
Thus, the given equation has two solutions.
45.
and cos3x=4cos’ x—3cosx
N 1
= cos XZZ(COS3X+3COSX)

3 . .3
cos3xcos” x+sin3xsin” x

181

1
We have, sin3x=3sin x—4sin’ x = sin’ x=Z(3sinx—sin3x)

1
= Z[COSZ 3x+3cosxcos3x +3sinxsin3x—sin’3x]

1 3
= Z[3cos2x+ cos6x]=cos’2x

m
= c0s2x=0 :>2x=(2n+1)§

T
x=@2n+1)—
4

46. il

there are six solutions.

Il
10

41 /\—21'[
VaVa

y=sin x

21\, 4

Oﬁ\/gw 5Tt

47.
holds for all values of x,

a,+a,+a,=0

a,—a,+a,=0

= a,=0and a, +a,=0

b 3n
Putting x=—and — , we get
2 2
a,+a,—a,=0and a, —a,—a,=0

=
Egs. (i) and (ii) give a, =a, =a,=a, =0

a,=0and a, —a, =0

Graphs of y=sinx and y =B meet exactly six times. Hence,

Since, the equation g, +a,sinx+a, cosx+ a,sin2x+a, cos2x=0

(on putting x=0)
(on putting x=1m)

()

.. (i)

The given equation reduces to a,sin2x=0. This is true for all

values of x, therefore a, =0
Hence, a,=a,=a,=a,=a;=0
Thus, the number of 5-tuples is one.

48.

cos® x=2cos x(3sin” x—2)

= cosx[cos x—2{3(1—cos’ x)—2}]=0

= cos x(6 cos’ x—2+ cos x) = cos x=0, which is not possible.
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= (x+1)[(x—cos’ 0)(cos’ 0—x) —(sin” O—cos’ B)(sin® 6—x)]
=(x+1)[-x"—cos' 0+2xcos’ 0

- _T 5T o 4(%] ,l(g) —xcos’ 0+ xsin” O—sin* 0+sin” Ocos’ 0]
X=—,— or x=T—Cos | T+ cos
33 3 3 =(=1/2)(x+1)[(x—sin® 0)* +(x—cos’ 0)° +(sin” O—cos’ 0)]*

1 2
or 6cos’ x+cosx—2=0 = cosx=5,—g

47 2 So, f(x)=0, if x=—1 or x=sin’ B=cos’ 0
= ‘x xj‘— or‘x xz‘—Zcos o, )
3 3 sin” B=cos” 0
peos2 = 0=m/4=>x=1/2
= cos Hence, x=—-1,1/2
, X x 54. Given,sinx+siny +sinz =-3 is satisfied only when
cotPsinx 3 1—tan°~ cotPtan— NG 3
49. cosx——m———="= 2 _ 2 _N2 x=y=z=?, for x,y,z€[0,2m].
2 2 g4tan?Y 14tan?t 2
2 55. sec xcos5x=—1 = cos5x=—cosx = 5x=2n7 £ (T —x)
. 3 . —
= 1—tanzf—cot[3tan£=£(l+tanz ij = x= @n+1)m or @n l)n
2 2 2 2 6 4
, nn3n5n5n 7n7n9n 117
= (2+«/§)tanzf+2cotﬁtan£+(«/§—2)=0 Hence, x = —,—,—,—,—,—,—,— —
2 2 4’24666 476" 6
_ / 2 _ . 3 4 .
= tan> = 2cotPsy4cot’ B+4 _ —2cotpE2cosec 56. 3cos0+4sin6=>5 {fc056+75m6}=5cos(6—(x)
2 22++/3) 22++/3) 5 >
x —cotB+ cosecp where cosa=3/5,sinot=4/5
= tanE= (2+J§) Now, 3cos0+ 4sin 0=k
o)== —a)=+
o . —cotB—cosech 5003(9e o) _05:>:05(g o) _01
X _Zcotb—cosech = —0=0°,180° =0=01, 180° + O,
2 @2+3) %
X B 87. Given, cot(a+p)=0
= tangztangtanwo

= cos(0+P)=0= ot+B=(2n+l)§,neI

50. nsin® 0+2ncos(0+ o) sin osin O+ cos2(a+ 0) in(a-+2B) =sin(200+ 2B — ) = sin[(n+ 1) 0]
sin(a =sin —a) =sin[(2n -
= nsin® 0+ ncos(0+ o) {cos(0—0ar) —cos(0+ o)} +2 cos*(0+ o) —1 — §in(2nm + T — o1) =sin (7 — o) =sin o
= nsin® 0+ n(cos” O—sin® o) —ncos*(0+ o) +2 cos*(ct+ 0)— -
= nsin® 0+ ncos® 0—nsin’ o +(2—n)cos’(0+ o) -1 58. cot0+ COt(z"‘ e):
=(n-1)-nsin’ a+(2-n) cos’(0+ o) =n=2 cosB cos{(m/4)+6)
51. Applying C, »C, —2cosxC, +C, to the given determinant, we = sin0 * sin{(m/4)+0}
get
1 —2acosx+ a’ a a’ = sin(§+29) =Zsin6sin(%+ G)
0 cosnx cos(n+1)x|=(1-2acosx+a’)sinx=0 n
0 sinnx  sin(n+1)x = sm(z+26)+cos( +29) T
ifsinx=0or cosx=(1+a’)/2a ie., if n=nm,nel N COSZG_; — 20=2nm +T 5 N 9=m‘£ig.
in3
52. smzoc <0ifsin300>0 and cos2a<0 or sin3 a.<0 and cos20.>0 («/5 )
cos20. ) +
. 2 ~(2+1 1+ =
ie., if300€(0,1) and 20t €(1 /2,37 / 2) 59. 2cos’ 0~(2+1)cosd 2
or30.€(m,2n)and 20.e(-m /2,1 /2) 8
2+1) %, |2 +1) ———=
ie.,if 0e(0,m/3) and ooe(m/ 4,31/ 4) 0 (V2412 [(2+1) 2
= =
or e(m/3,2n/3)and one(—m/ 4,1/ 4) ie., if e(m/4,m/3) cos 4
since (137 /48,147 / 48) (1 / 4,7 /3), N Cose_cos[n) oot ™
option (a) is correct. T4

1 cos’0 x
53. f(x)=(sin’0+cos’0+x)[1 x  sin’0 i
1 sin®® cos’O general value should be 2nm + "

. T . .
Trick : Since 0 = N satisfies the equation and therefore the

1 cos’ x 60, lsinixl> sin sin x|

=(x+1)[0  x—cos’0  sin®0-x ’ ‘smx‘_0:> i =1- i

1+ ‘sm x‘ 1+ ‘sm x‘
22 2 2

0 sin"B-cos’6 cos”O-x So, the given in equation becomes
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B ‘smx‘ ZE
l+‘sinx‘ 3
1 sin x| 1
= fZQ = ‘sinx‘Sf
3 1+‘smx‘ 2
1 1 11
= ——<sinx<—- = sinx€| ——,—
2 2 22
61. (¢t —[|sinx|])! =3!5!7!
. b
if x=nn+5(n61)
then (t —1)!=3!5!7!
= (t-1)!=10!
= t—-1=10
= t=11
b
If x # nm +E(nel),then
(t-0)=10!
Y t=10
cosa, cosa
]‘(x)z(cosa1 +—2 4+ 71")
2 2"
sing,  sina, sina, | .
COSX — + + -+ -, |sinx
1 2 2"
= f(x)=A cosx — Bsinx
Now, f(x) = f(x,)=0
A cosx, —Bsinx, =0
: .
A cosx, — Bsinx, =0
= tanx, =tanx,
= X, =nm + X,
= X, — X, =nm

63.

64.

AP = \/(1 —cosa)’® + sin® o
. e
= 2‘51n0(/2 ‘ = ZsmE

Similarly AQ = Zsing and AR = Zsin%

Now as AP, AQ, AR are in GP.

o
‘. sin—, sinE, sinx are in GP.
2 2 2

. o Y
sin— + sin— B
= —2 254"
2 2
o+ -
= sin v cos v ZsinE
2 2 2

p

(04
Also, sin— sinx <sin—
2 2 2

sin’z + cosec’z >2,2+ cotzy >2,4+sindx >3

= sin®z =1, cot2y=0,sin4x=—1
T 37
= z €=, =},
2 2
T 37 3n 7n 1lm 157
VEy—  — XEy—, —,——, —.
2 2 8 8 8 8
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65. For non-trivial solution
sin® —2cos® —a
-1 1 1 (=0
1 2 1

= sin® + 4cos0 =3a

3 3
So, 3 integral values.

66. The equation becomes (sin® —2) (sin® + A) 2sin® + 1) = 0

= A=%10
67. x+y=2m/3ory=2n/3)-x

:{[fjwsx{;)sm}

=+/3cosx+sinx = cosx=0

b
= x:mt+5,neZ
27 T T
= y=——-nN——=—-—n7
3 2 6

Hence, for x€[0,4n], x=m /2,31 /2,57 /2,71 /2 and for
yel0,4n] y=n/6,7m/6,13m/6,197/6

183

68. It is easier to solve the inequality using graphical method. The
graphs of y =‘COS x‘ and y =sin x are shown in the following

figure.

X y =Icos Xl

]

0| w4 w2 34 312 2m *

y=sinx
- |
. T 31

From the figure, |cos x|<sin x for xe[z,j}

69. (x+y)and (x—y) satisfy the equation tan’ 0—4tan0+1=0.

Thus,
tan(x+y)+ tan(x—y)=4
and tan(x+y)tan(x—y)=1
or tan2x=tan((x+y)+(x-y))
or tan2x— tan(x+y)+tan(x—y)
1—tan(x+y)tan(x—y)
tan2x=co or 2x=90° or x=45° T
_T
Y 6
4
70. - x+y -
3
and sinx=2siny

. . (4m
sin x=2sin ?—x

(D)

(given)
[From Eq. (i)]
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71.

72
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. . 4m 4Tt .
sin x=2| sin——-cos x—cos—-sin x
3 3
. /3 1.
sinx=2| ——cosx+—sinx
2 2
sinx=—+/3 cos x + sinx

cosx=0

x=(2n+1)g,Vn€I

i
X=nm+—
2

Putting the value of x in Eq. (i) we get

4m_ oo
Y 3 2

5
y:—n—nn, Vnel
6
T 57
(x,y)=(nn +E,?—m'c),VneI

We know that,
[x+I]=[x]+1,if I is an integer.

then, y==[sin 0+ [sin 0+ [sinO]]]

[sin 6+ [sin 0]+ [sin O]]

([sin O]+ [sin O]+ [sin 6])

vy =[sin0] (1)
[y+[y]]=2cosb
[y]+[y]=2cos6

[y]=cos6

1
3
1
3
1
3

...(ii)
—1<sin0<1, then three cases arise:
Case I If -1<sin0<0, then [sin0]=-1
y=—1put in Eq. (ii), then
cosO=[-1]=-1
= sin@ =0
But -1<sin6<0
Hence, this case is not possible.
Case II If 0<sin0<1, then [sin0]=0

and y=0 [from Eq.(i)]
Put in Eq.(ii), cos6=0
= sinf=1

But we have 0<sin0<1, so this case is not possible.
Case III If sin 0=1, then [sin0]=1
y=1put in Eq. (i), cos0=1 = sin6=0
But, we have sin0=1, so this case is not possible.
. Number of solutions is 0.
- [sinx]+ [\/5 cosx]=-3, x€[0,21]
It is possible only when [sinx]=-1 and [\/5 cosx|=-2
If [sinx]=—1= —1<sin x <0,
o x €(m,2m)
If [\/5 cosx]|=-2

73.

74.

75.

76.

77.

1
= —ZS\/Ecosx<—1 = —\/EScosx<——

NG

1 5T
= —1<cosx<—— = x€ TL,T

NS

From Egs. (i) and (ii), we get xe(n’%t)

o T fu
:———:Znnig

o n):\@H_x@—l

1
Here, cos| ——— ==
2 4 4 4 2

T 27 ks b
a:4nn+gi?:4nn+—, 4nm——

m T
For, n=0, ol=—,——
6 6
. 20
. sin2x .
smoH[ } =0=sina(l+cos3a)=0= =0, cos3a.=—1
o

T
30=—m, -31 0c=—§, -

1 3 3
log > tan6 %5 + log(+/3) =-1
} log ;tan®  log

= log - tan© #+3 =-1
&3 log ;; tan®
2 2 1
Let log tanO=y =y |—+3=-1= |—+3=——
y y y

2 1 ,
= —+3=— ory (2+3y)=y
y y
= y[3y*+2y-1]=0
.. y<0
yBy-1)(y+1)=0
y=-1 (" y cannot be positive)
= log ;; tanH=-1
1 I 7
tanf=— .. O=—and —
NG 6 6

.. There are two values of 0in [0,27]

Consider a cos 0+ bsin0=c¢

= acosB=c—bsin®

= a’ cos’ 0=(c—bsin 0)° (Squaring both sides)
= a’(1—sin® 0)=c* —2bcsin 0 + b*sin’ O

= (a® +b*)sin® 0—2bcsin 0+ c* —a’ =0

= As o and 3 are values of ‘0" as given:
.. roots of above equation are sin o, and sinf.

. . 2bc
= sin 0.+ sinf3= sum of roots = 5
a +b
¢’ -a’
sino-sinf3= products of roots = ———-
a +b
Consider sin2x+sin4x=2sin3x
= (sin2x+sin4x)—2sin3x=0
= 2sin3x-cosx—2sin3x=0
L . . A-B
[By using sin A —sin B=2sin cos 5 ]



78.

79.

80

81.

= 2sin3x(cosx—1)=0
= Either sin3x=0 or cosx=1

= 3x=nm = x=2n7

nm
= xz? or x=2nm [where nel]

We have, 4sin® x+ cos® x=1

4sin* x=1-cos* x=1 (1—cos® x)(1+ cos’ x)
4sin* x—[(1—cos” x)(1+ cos’ x)]=0

4sin* x—[sin® x(1+ cos® x)]=0

sin” x[4sin’ x—(1+ cos® x)]=0

sin® x[4sin® x—(1+1-sin’ x)]=0

sin’ x[4sin’ x—1—(1—sin’ x)]=0

O A

sin® x(5sin® x—2)=0
2
Either sinx=0 or sinx=% \g

= X=nT or X=nm Lt ol

2
where ot=sin™" \g andnel

Let81%" =y
then 81 ¥ =g (s M)
=81.81" %" * =g81.y ™
So, the given can be written as
y’—30y+81=0 = y=3or y=27
By using Egs. (i) and (ii)
= Either 81" * =3 or 81" * =27

= 4sin® x=1 or 4sin® x=3
. 1 . 3 T
= sinx=—or smx:£ as 0 < x<—
2 2 2
T I .
= x=— or x=— are only the solution.

The given equation can be written as

[\/g—lj (\/g+lj
22 22
+ =2

sin x cosx
. T T
sin— cos—
R Tz, 12,
sinx cosx
. T .
= sin| —+ x [=sin2x
12
T T
—+x=2x or —+x=T—-2Xx
12
T 117
= X=—or —
12 36
o’ (sin’ x+ 0’ —2)(1+ tan’ x)
1—tan’ x 1—tan’ x
= of cos® x=sin® x+ o’ =2
= 2=sin’ x(1+ o*)
= sin® x=

1+ 0o’
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82.

83.

84.
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0<2<1

= < ;S
1+ o

= o’ >1=a<-1or o1
4[sinxcosT/3+ cosxsinT /3] X[cOSxcosT /6+sinxsinT /6]

=a’ ++/3sin2x—cos2x

1. A3 V3 1.
= 4| —sinx+—cosx —COSX +—SInx
2 2 2 2

=a*+ «/gsian—COSZx

= +/3sin2x+3cos’ x+sin® x = a® ++/3sin2x—cos2x

= cos2x+2=a’—cos2x
2_ 2_2

a
= cos2x=—— = —-1<—-<1
2

0<a’<4 = —2<q<x2
All values of a given in (a), (b), (c), (d) satisfy this relation.

=

T
(a) For xe(O,Xj, tan x<cot x

Also In (sinx)<0
= (tanx)ln (sin x)>(cot x)In(sin x)

(b) For xe(O,g), cosec x>1

= In (COS€C X)Z 0:>4In cosec x <51n (cosec x)

s
(c) xe(O,Ej

11
= In(cosx) < 0 Also, §>§

(1)In (cos x) (1)In (cosx)
- <| =
2 3

(d) For x E(O,%j

= cosx €(0,1)

=

Since, sin x<tan x, we get
In (sinx)<In (tan x)
— Zln (sin x) <21n (tan x)

The given equation can be written as

1+ cos’® sin0O 4sin40
-1 1 0 =0
0 -1 1
[Applying R, >R, —R, and R, >R, —R|]
2 sin’0 4sin40
= 0 1 0 |=0 [ApplyingC, —C +C,]
-1 -1 1
= 2+4sin40=0 :>sin49:—%
= 46=nn+(—1)"[—£j = 6=ﬂ+(—1)"+1£
6 4 24

b
We have to choose values of 0s.t O<9<E

_m 1w
24 24
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85. Atx=—", 3n Sol. (Q. Nos. 91 to 93)
91. -+ ZOMN =15° = ZONM

= [1+sinx]=0, [1—cosx]=1 /MON = 180° — 15° — 15° = 150°

sinx=0+1 =-1=1 (Absurd)

R Iy
At x=0 0 2
(1+sinx)=1,(1—-cosx)=0
sinx=1+0=0=1 (Absurd)
At x=E -
2 x R

[1+sinx]=2-[1-cosx]=1

sinx=2+1=3 (Absurd) Now, quadrilateral ONRM is cyclic
At x=n [~ ZOMR = ZONR =90° ]
sinx=1+2=3 (Absurd) ZR =180° —150° =30° = LQ [ PR = PQ]
In (—E,OJ, [1+sinx]=0,[1—cosx]=0 = <P =120
2 92. /PLO = ZPMO =90°
sinx=0+0=0 (Absurd) . Quadrilateral PLOM is cyclic and OP is diameter of
In 0,E , [1+sinx]=1, [1-cosx]=0 circumcircle
2 = ZLOM =180° —£P =60°
sinx=1+0=1 (Absurd) = ZPOM =30°
P
In (gn) [1+sinx]=1,[1—cosx]=1
sinx=1+1=2 (Absurd)
In (1173775] [1+sinx]=0,[1—cosx]=1 4
L S'm
sinx=0+1=1 (Absurd) /
. All the four results hold. @)
Sol. (Q. Nos. 86 to 88) Now, is right angled A POM,
3sin® x —7sinx+2 =0 3
1 OP = — sec30° [ AC = x secO]
sinx = = or 2(Reject) 2
’ Bz
86. N=2 2 3

One value in first quadrant and other lies in second quadrant.

P
87. Let x + 0, then two values vand m — ot .
= sum is 1
1 2+/2
88. -+ sino=- = cosa=t% —[
3 3 30
65 (0]
% V3

fi(o) =sin* x + cos* =1 —2sin’ o cos® ot = —

81 5
Sol. (Q. Nos. 89 to 90) 1
89. fo.=3anda =5, then N € [5°,5'] Radius of circumcircle = 3
largest value of Nis5* —1 =624 1V n
smallest value of N is 5° =125 ’ Area=m (7) T
:Dléfgirfrll(zzg c;f ie;rggest and smallest integral value of N 93. -+ LOON =15°
90. If o =2 and a =2, then ONzé
Ny is(2') - (2°) =4
Ifo=1anda =3 then N, is3* -3' =6 @
y =(N, sec’0 + N, cosec’ 0) 3|75
= (4 sec’0 + 6 cosec’0) >
.. The minimum values of y is (2 + \/g)2 =10 + 46 15° Q




. In right angled AQON

3

— tan75°
2

NQ = ON tan75°

= OR = /3 tan75° = /3 cot15°

Sol. (Q, Nos. 94 to 96)

94.

95.

96.

97.

(2sinx—cos x)(1+ cos x)=sin® x

(1+ cosx)[2sinx—cosx—1+ cosx]=0
(14 cosx)(2sinx—1)=0
cosx=-1orsinx=1/2

sinoi=1/2 [as 0<a<m /2]
coso=~/3/2

Next, 3cos® x—10cosx+3=0

L &u i

()

= (3cosx—1)(cosx—3)=0
= cosx=1/3 as cosx#3
2+/2
So, cosPp=1/3, sinBsz ...(ii)
and 1-sin2x=cosx—sin x

= sin® x+ cos’ x—2sin x cos x=cos x —sin x
= (cosx—sinx)(cosx—sinx—1)=0
= Either sin x=cosx =siny=cosy=1/ V2 ...(ii1)
or

=

cosx—sinx=1=cosx=1,sinx=0
cosy=1,siny=0
(i)

cos 0L+ cosP+ cosy can be equal to

11 B

4 —=or —+—+1
2 3 2 2 3
3\/g+2«/5+60r3\/§+8

62 6
sinot+sinf3+siny can be equal to

1 242 1 1 242
—+ b —or—+ 40
2 3 2 2 3
3ﬁ+140r3+4«@

62 6

sin(a.—P) is equal to

ie.,

ie.,

1 3

1
sin oL cosP—cos asinf} = gxf——

3 2
_1-2v6
6

22
Xi

3

e 2 . 2 e 2 2
5sin” x+3sinxcosx—3cos” x =2(sin” x+ cos” x)

—3+./69
6

= 3tan’ x+3tanx—5=0 = tanx=

and sin® x—cos2x=2—sin2x
= 3sin® x+2sin x cos x=3(sin’ x + cos® x)
= cosx(2sinx—3cosx)=0
. 3 2
Either cosx =0ortanx == = cosx =f—
2 13
. 3169 3
= Taking tan OC:T’ tanB=E

we get tanoc+tanB=li\/@/6
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98. Taking tana=

—3+4/69

—
—3-4J69

B:T

tan

cosy=0, cosd==%

2
J13

we get tanatanf+ cosy+ cosé}——§+i
¢ 37 V13
99. (1) and (2) have no solution common.
100. Letg, =
2n

. AB is diameter of circle.
~.A AP, B is right angled triangle.

1
A = E - AB. co0s6, - ABsin0,

= 45in26, (1)
n+1
Now,ZsinZGk =sin260, +sin20, +... +sin20,,
k=1
n+1)n
sin 2T LT

. T . 2T
=sin— +sin— + ...+

n n n

. m). (T T
s1n(n.—)sm(— +(n— 1)—)
_ 2n n 2n

. T
Sin—-

2n
m(n + l)j

sin(i

2n

T s
=cot—=cot—=n=16

. T
sin— 2n
2n

101. 2cos’2x —7cos2x +5=0
=
=

cos2x =1

X =nm
k=1+2+...+99
99 X 100
=—— =14950
Now, k- 4948 = 49504948 =2
102.

In 2nd equation sum of coefficients is zero, hence its one root is
1 and second root is also 1 as it has equal roots.

Common root of first equation is 1.

= tan’0—2tanO+1=0

= (tan®-1)* =0

= tan 0 = 1, hence one solution in (0, 7).
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103.

104.

105.
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x'+1 (2siny cosy)’
8x* 4

= x*

1 . 2
+ — =2sin"2y
x

LHS >2 and RHS <2
LHS =RHS will hold
only if LHS =2 =RHS
x* =1andsin’2y =1
x =t 1and2y :E,3—n,5—n,7—n
2 2 2 2
So, total number of ordered pairs are 8.

ie.

=

We have,
. T 37
sin| x—— |—cos| x+— [=1
4 4
. T . T
sm(x ——) + sm(x+ —J =1
4 4
. s . .
= 2smxcosZ=1 [ sinO=sin(m —0)]
. 1
= sinx=—
V2
T 31
= xX=—

4 4
We know that 3 radians =171°22".
Therefore, sin3>0, cos3<0 and ‘cosS‘ >sin3

cos3+sin3<0

2cos7
Now, _2COSTX o

cos3+sin3
= 2c0s7x<2°**(cos3+sin3) (" cos3+sin3<0)
= 2¢087x<0 = cos7x<0 (2% >0)

3n
Clearly, x=7 satisfies this equation.

31 . . .
Hence, x:T is the required solution.
Hence, only one solution.

cosAsin(A—E) =l 2cosAsin(A—E)
6) 2| 6

sin(A+ A—E) —sin(A—A+ nﬂ

| 6 6
sin(ZA—E) —sinn}

| 6 6

.. . . ). .
So, it is maximum, when sin| 2A —— | is maximum.
6

e, 24 LT
6 2
24="4T
2 6
A="
3
but A=E
A

Hence, A=3

106. Draw the curves p|cosB|and g/sin 6] and find the number of

intersection points.
¥

sin 6
g ql |
P ’ ' plcos 6|
X (0] moom 3_n 21 X
2 2

Hence, intersection points are A, B, C, D
.. Number of solutions is 4.

0 0
3tan——tan’ g

107. tan6=
,0
1-3tan” —
3
0 0 0
= tan’ ——3Atan——-3tan—+A=0
3 3 3
0, 0 0 0 0 0,
tan—-tan—%+ tan—%-tan— + tan—-tan—=-3
3 3 3 3 3 3
o, .6, 6 8 . 6 6
= |tan—-tan—+ tan—-tan—+tan—-tan—| =3

108. sin(1-x)=0, cosx>0

cos x=cos{§—(1 —x)}
x=2nm+ (g —(1 —x))

n 1
= X=nm——+—
4 2

1

31
Putn=1, x=—+-=[x]=2
4 2

109. LHS <13and RH.S =2(y—-2)*+13>13

, 5
Roots of eqn. exist if y=2 and sin{ x+tan’ E} =1

. . 45
Now, consider sm{ x+tan™ E} =1

45 .
= x+tan 11— =sin"'(1)
4 b
= x+tan —=—
12 2
45
= x=——tan —
45
= x=cot —
12
5
= Cotle—

5
Hence, 12 cot(xz—y)zw cot x=12 XEZS

110. tan(m cosO)=tan(m/2—msin0)
= mcosO=nn+mn/2-nsinO(n €I)

= n(sinO+ cos0) =(2n+ l)g
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112.

113.

114.
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. 2n+1 1 sinot  cosQ
= sin0+ cosO=
115. In statement, | 1 coso.  sino |=0
2n+1 .
= cos(n/4—-0)= -1 sino. —coso
22 o
. = either sina=0 or tano=1
Since —1<cos(n/4-0)<1
2n+1 = o=m/4(as 0<OL<T)
= -1< <1 ;
oz and Statement II, (sin x + 2 cos x)

. . 1 cosx cosa
= n=0or —1asnis an integer

= cos(m/ 4—0)=% (1/2+/2) 1 sinx cosx|=0
= 8cos’(m/4-0)=1 1 cosx sinx

T i o 2_

= 16cosz(——6):2 = (sinx+2cosx)(cosx smx)2 0

= (sinx+2cosx)(cosx—sinx)* =0

From the given equation we have which does not hold for any value of x as —m/4<x<m/4

2tan(x/2) 4 1-tan’(x/2) =5 116. For(m/4,m/2), 0<cose<i<sin6<1
1+tan’(x/2)  1+tan®(x/2) V2
= 6tan(x/2)+4—4tan’(x/2)=5+5tan’(x/2) So, (Cose)t_\_ose<(sme)m_e
= 9tan’(x/2)—6tan(x/2)+1=0 and (Cose)sjneqsme)me
- 90 tan®(x/2)—60 tan(x/2) = —10 = (cos6)™ " +(cosB)""" <(sin 6) "

Showing that Statement I is true.

2 X X _ _ )
90tan 5_60tan5+ 10=-10+10=0 In Statement II let, o0 =y

When n=1,. we have interval [0,7], which covers only the first Then, ' ~dt-1=0

and second quadrants in which. N = 4xylo+4 =2+.f5
sinx=-1/2 is not possible. Hence, the number of solutions 2

zero. Also, from 2(n—1), we have zero solution when n=1. = e =245 =sin O0=log(2t «/g)
For n=2, we have interval [0,21] which covers all the quadrants Since, 2— 5 <0, sinB=log 2+ J5 )>log,

only once. Hence, the number of solutions is two.

Also, from 2(n—1), we have two solutions, when n=2. = sin0>1 which is not possible.

Fro n=3, we have interval [0,37 ], which covers the third and
fourth quadrants only once. Hence, the number of solutions is ,
two. But from 2(n—1), we have four solutions which contradict. ~ 177. sin® x+sin* x+sin’ x+...inf

false.

189

So, the give equation has no solution and the statement II is

Hence, Statement I is false, and Statement II is true. _ sin® x —tan’ x
The graphs of y =[sin x| and y =[x| is 1-sin® x
Y = Statement II is false.
Now, exp{tan’ xlog, 2}=2"""*
So2“ ¥ =1or2" ¥ =8
X’ X 2 2
= 2t Y=g [ tanx>0=2"" *>1]
= tan’ x=3 = tan x=+/3
v
‘sinx‘z‘ x‘ has only one solution x=0. But Statement II is not Now, cosx. = ! - 1! =\/§_1
the only explanation of Statement 1. cosx+sinx l+tanx +3+1 2
. 2tan x 1-tan’ x 1 -3
sin2x=—————, COS2X=———— Ny —— —
1+ tan’ x 1+ tan’ x 118. (A)sinx 2and cos x )
= Statement Il is correct. a=7j _lin azl‘ _om
In Statement I, we have 6 6 6 6
cos’ x= sin2x B _lm 5w _
= cosx(cosx—2sinx)=0 6 6
= tanx=1/2as cosx#0 (X+B:7i+11n:3n
From Statement II we get
. 1+1-1/4 7 s A—>gs
sin2x + cos2x=———=—
1+1/4 5 (B) cot x= —+/3 and cosec x=-2
. 111 5T n
Statement [ is false o= p="1 y="T

6 6 6
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119.

120.

121.
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o—PB=m and B+y=2n

B—pit
©) sinx=—land’[anx=i
2 V3
7m 111 T
el
o—y=m, u+P=31,B+y=2m
C—or,s,t
(A) 2sincos0=1/~/2 if cos0>0
= sin20=1/+/2 = 0=m/8or3m/8
sin20 = —1/+/2 if cos0<0
= 0=5n/80r7m/8
A= Dpq

(B) 2cos20cos 40+ cos40 =0
= (2c0s20+1)cos40=0
Either cos46=0

= =£3£5£7£ or cos20=-1/2
8§ 8 8 8
= 0=m/30r2m/3
S B—p.qr
(C) (4cos’ 0—1)(2sin0-1)=0
= cos’0=1/4 = cosO=+1/2
= 0=m/3,21/3 or sin6=1/2
= 0=m/6
~Cor,s
(D) Ifsingp=+1, p=",% 2T 7%
8§ 8 8 8
S D—pq
£6) = sin® + sin30 + sin50 + ...+ sin((2n — 1)6)
" cos0+ cos30+ cos50+ -+ + cos[(2n-1)0]
o (1120 sing(Ze)
sin®= 26
3 s> _ sin(n6)
_e . (n— 1)2e_sinﬁ(29) cos(n0)
cos= 2 1 2
sin—

1

smmx

(i) If cotx > 0, then

= 0 which is not possible.
Now if cot x < 0,

then, —cotx =cotx +

sin x

= tann0

2cosx + 1 1
= —— =0 = cosx=——
sin x 2

27
= x=2nni?,neland03x32ﬂ:.

2T 41
x=—,—
3 3
(ii) We have, sin® xcos x + sin® x.cos” x + sinx.cos’ x =1
= sin x cos x(sin” x + sinx cosx + cos’ x) =1
sin2x sin2x
= 1+ =1
2 2
= sin2x(2 + sin2x) = 4
= sin®2x + 2sin2x - 4 =10
-2t ,4+16
= sin2x=f=—li«/§

This is not possible, as =1 < sin 2x < 1.
Hence, the given equation has no solution.
(iii) We have, 2°*" =] sinx |

It is true only for cosx = 0 and | sinx | =1

s . . b1
= cosx = cos; andsinx=%1= s1n(i—)

2
b
= x=2nm +* —
2
But, x € [-2m, 21t ]
m T 3T 37n
x =——, —, —, —— Hence, number of solutions = 4.
2 2 2 2
(iv) We have, | cosx | =[x] =y (say)

A y=N]
Zs y=lsin x|

y

Graph of | cosx | and [x] don’t cut each other for any real
value of x.

Hence, number of solutions is zero.

T
(v) We have x + 2tanx = —

RN

s
or tanx = — —
4

Y, tan x

ki

Xt

@)
N
=
o
=

PPN S e

- ——l\3|(ﬁ’-————————————

=

SR




122.

123

124.

Now the graph of the curve y = tanx and y = %—g, in the

interval [0, 21t ] intersect at three points.
Hence, number of solutions is three.

Here, (sin® x + cos® x)° — 2sin’ x.cos” x + sin2x + ot = 0
1. .

= 1—=sin’2x + sin2x + ot = 0
2

= sin®2x — 2sin2x —2(1 + o) = 0

2+ /4+81+ o
= sin2x =%=1 + 200+ 3 ...(0)
= sin2x =1-+/200+3 [F1++200+3 21]

and sin2x = 1is already included in the solution of

sin2x =1—-+/20+3

. . 3
Butsin2x is real, so20t + 3 > 01i.e., oL > —5

Also, -1 <sinx <1

-1<1-1,200+3<1
= —-2<-,20+3<0

Squaring both sides,
0<20+3<4

= -3<20<1
3 1 31
—<oas-orae|—, —
2 2 2°2],

n (-1)
Also the general solution is, x = n? + %sin'l{l —42a + 3}

Here, 3c0s20=1=>3(2cos’0—1) =1

; 2
= 6coszez4;:>coszezg
1 2
22 2 -
sin“@ 1—cos”0 1
Now, tan’f=—— = = 3_-
cos’ 0 2 22
3 3
32tan® 0 =2cos’ o — 3cosal
4
1
= 32(5) =2cos’ oL —3cos
= 2cos’ 0L —3cosoL—2 =0
= (2cosa+ 1)(cosa. —2) =0
= 2cos0+1=0 orcosaa—2=0
1
= cosoc:—g or cos O = 2 (impossible)
n 21
= o =2nm * TC—; :Zm'ci?,neZ

Let 4smx — )\’ and 31/cosy — M
Then, the equation becomes, A + u =11
50 —2u =2, solving these equations we get,

20+ 5X =24
or 50 +20—24=0 or GA+12)(A—2)=0
12
So A=2 ——
5
If A=2, 4" =2, o 2T =2,
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. 1
sinx = —
2

12 i 12 )
IfA= - then 4™~ = 5 which is impossible as 4™ * > 0

when A =2, we geth =11 -2 =9
1

= ——=9=3"
3’cosy

L 1
= y=2mﬂ:+;,m€z:> cosyzg

T b
Thus, x=nm+ (-1)" g andy =2mm * ? where m,n € Z.

. The given equation is,

siny = Z(Sin4 x+
sin” x

+2)+2(cos4x+ +2)—z4

COoS X

+

sin x

=2(sin* x + cos’ x) + 2(
cos* x

j+8—24
1
=2(sin’ x + cos4x){1 + 44} -16
sin’ x . cos* x

. 1., 16
= siny =2(1—-—sin"2x || 1 + —; —16
2 sin” 2x

16
= 16 + siny = (2 —sin22x)(1 +— ) ..()
sin” 2x

Since,siny <1
= 16 + siny <17

L.H.S. is not greater than 17, on the other hand
0<sin*2x <1

= 2 —sin’2x >1andsin‘2x <1
16
= ——>16
sin” 2x
16
1+ ——2>17
sin” 2x

16
= 2 —sinZZx)(l +— )217
sin” 2x

This shows that right member of equation (i) is not less than 17.
Thus the inequality holds only when
siny =1andsin®2x =1

yi
= y=(4n+l)5,nel
. .2 . zn
from second equation sin“2x =1 =sin 5
T
= 2x =mn iz,mel
b
x=02m+1)—
4

Thus, the solution are [(Zm + 1)3, (4n+ 1)72[j
y

. We have,

1—cos(x+
4] 3ax— o (Cosz(xy)) +2cos(x+ y)} =13+ dcos’(x + y)

= 6\/4x— x* —6\/4x—x2 cos(x + y) + 8cos(x + y)
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=13 + 4cos’(x + y)

= 4cos’(x+y)+(6vV4x—x* —8)cos(x + y)
+13-6v4x—x") =0..(I)
Let, cos(x + y) =tand 6/4x — x* —8 =a=6,/4x — x* =8+ a

4x-x">0o0r x(x—4)<0or 0<x<4 ..(ii)
equation (i) reduces to;
4* +at+(B-a)=0
which is quadratic in t.

Clearly,

Now,

D=0
a’ —445-a)=0
a’+16a—-802=0
(@a+20)a-4)=0

= a<-20oraz=4 ...(ii1)
However, according to substitution;
a=6q4x —x* -8
=644 —(x-2)" -8
—-8<a<4 ..(iv)
= a=4 {from (iii) and (iv)}

Hence, 6+44x —x* —8=14
Jax —xt =2

4x —x* =4
x*—4x+4=0

= (x—2)Y=00rx=2
Now,  equation (i) becomes;
= 4cos’(2+ y) + 4cos2+y)+1=0
= (2cos2+y)+ 1)’ =0
= 2cos2+y)+1=0
1 s
= cos+y)=—-= cos(n - —j
2 3
2T
21
= y=2nni?—2,ne1

27
Thus, the solutions are (2, 2nm + ? - 2)

Rewriting the given equation as,

{tan(x + y) —cot(x + y)’ == (1 + 2x + x*)=-(1 + x)
or{tan (x + y) - cot (x + y)’ + (1 + x)* =0

which is possible only when,

tan(x+ y)-cot(x+y)=0and1+ x=0

2

TC
tanz(x+y)=1:tanzzandx=—1

T

T
Now,tanz(x+y)=tan21 = xty=nnt .

T
= y=n7ti2+1,neI

. . T
The required solutions are (—l, nmt —+ 1], nel.

IS
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129.

130.

As we know, A M. >G.M.
tan® x + cot’ x 2 2
—— 2 4/tan” x . cot” x
2
= tan” x + cot’ x =2
Now, from the first equation,
2cos’y 22
cos’y >1, which is only possible when,
cos’y =1
Putting cos’y =1 in second equation we get,

..(id)

sinz=0=z =nmn

Similarly cos’y=1=y=mn (i)
Alos, tan® x + cot’ x =2cos’y
= tan’ x+ cot’x=2 = tan’x=cos’x=1

T .
= x=km N (V)

Hence, the solutions are

T
x=k‘r£iZ,yzmn,zzrmwherek,m,neZ

The given equation can be rewrite as

ZCOS(MJ cos(x ~ y) + ZCOSZKMJ -1= —§

2 2 2 2
+ + -

or 4cosz(u) + 4cos(u) Cos(u) +1=0
2 2 2

2

or 2cos(x+yj+cos(x_yj +sinz(uJ=0

2 2 2

Xt y) =—cos(x_yjandsinz(7x_yj =0
2 2 2

from second equation, we get,

= ZCOS(

x —y =2nm, wheren € I
or y=x—2nm
Substituting the values of y in the first equation, we get
2cos(x — nm) = —cosnm

= 2C€0sXx . cosnm = — cosnm

1 T 2T
= cosxz—gzcos Tl:—g = x=2mni?,mel

.. Solutions are,

{(Zmn + z—nj, (Z(m -n)n £ 27‘[)}
3 3

0 0
Here cotg — cot 0 = cosec 5

o5, cosO (9)
= ——~ -~~~ =cosec | —
sinQ sin 0 2
, 0
2cos’ — — cosO
= 2 = cosec —
sin 0 2
0 0 0 0
= 2cos’ — — (cos2 — —sin® fj =sin0. cosec —
2 2 2 2
0 .
= 1 = cosec . sin 0



131.

132.

133.

= sin9=sin9 = sing 2C059—1 =0
2 2 2
. 0 6 1
= sin— =0o0r cos— =—
2 2
T
= 0 =2nm 0r9=2(2nﬂ: + 3]

0
for O = 2nm, cot E and cot 0 are undefined,
Hence do not satisfy the given equation.

21
. The only solution is 0 = 4nm + 5

We know,a + b+ c=0,<a’ + b* + ¢ =3abe

Puta =sinx, b =cosx,c=1

. . 3.
1+ sin’ x + cos’ x =3sinx. cosx = —sin2x
2

= a+b+c=0=>1+sinx+ cosx=0

o
= \/gcos(x—fj:—l
4
( n) 3m
= cos| x — — |= cos—
4 4
3 W
= x=2nmtt —+ —
4 4

We have, log; .2.log , a=-1

sin” x

) 51 5 sinx > 0 0
= o og.a=- N
gsmx gsmx a > 0
= log,,.2. 2829 _
log,sinx
= log, a = —2(log sin x)
= log,sinx =% %
) . . . (=log,a)

assinx <1 = log,sinx < 0, so, rejectlog,sinx = Y
= log,sinx = — (—lozia)
= sinx = Z’W

= x=nm + (-1)"sin {27V 9"*} and the condition is
0 <a <1so thatlog, a is defined and log, a < 0.

We have, r(tz -8t +13)dt = xsin &
0

X
£ st T a
= — ——+ 13t | = xsin—
3 2 0 X
3
= X 4x? +13x = xsin
3 X
) . a
= x° —12x + 39 =3sin— {o x#0}
x
2 . [a
= (x —6)" +3 =3sin| —
x

min. L.H.S. =3 and max. RH.S. =3

= (x—6)*+3=3 and 3sin(£) =3
x

Chap 02 Trigonometric Equations and Inequations

x=6 andsin£=l
x

T
= x=6 and£=(4n+l)gz>a=31t(4n+l)

X

134. The given equation can be rewritten as
. . 17 .
(sin* x + cos® x)* —2sin x.cos’ x = g(l —sin® 2x)

Put ¢t =sinx. cosx,

17

(1-2t%) -2t :E(l —4t%)

= 32t" + 4P —1=0
= 32t + 87 —4t* —1=0
= (4t® + 1)(8t* —=1) =0
1
= =t —
242
= sinx.cosx =% ! = sin2x ==
' T2 T2
Y T T
- ox=mm+(-1)| 2| = x="" 2+ (-1p "
4 2 8

135. We have, tan* x+tan'y +2cot’ xcot’y
=3+sin’(x+y)

=tan’ x+tan’y+2cot’ xcot’ y—2=1+sin’(x+y)

193

[ 4 +1#0]

= (tan® x—tan’ y)+2(tan xtany — cot x cot y)’ =—1+sin’*(x+y)

Clearly, L.H.S 20 and RH.S <0
LHS=RHS=0

= tan® x=tan’y, tanxtany =cot xcoty and sin’(x+y)=1

= tan® x=tan’y, tan’ xtan’ y =1 and sin’(x+y)=1

) m
= tan’ x=1and x+y=nni§, n,m, ez

T _T
= x=mnt—and y=(n-m)n¥—,n m €z
4 4

T
= Thus, xzyzpniz,pez
a+2)t(a+2)+4a+3
136. coszxz( VEA ) ) + 4 )
+2)x(a+ 4
gt x @D E@ D)
2
either, cos’ x = —1 (not possible)
or cos’x=a+3
Since, 0<cos’x<1
AN 0<a+3<1= -3<as-2
Also, cos’x =(a +3)

= x=nn * cos',/a+3, wherene€landa e [-3, 2]

o\ T 2sin® x+ 24/3 sin x. cosx+ 1
{2sin(x+ H

137. Here =4

\/351112 x + cos® x + 24/3 sin x . cos x
. Y
= {Zsm(x + H =4
6

| +/3 sin x + cos x|
. T
231n(x+ —j =4
6

=
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138.

139.
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. | 2sin(x + 7m/6)]
= Zsin(x + —j =4
6
[sin(x + m/6)|
. T
= {sm(x + 6)} =1

To make the RH.S. well defined it is necessary that,

. T T 5T
sinf x+—|>0 = x€|—, —
6 6 6
sin(x + 7/6)
. T
sm(x + —) =1
6

. T T
= s1n(x+—j=1 = x=—
6 3

Now, we have

We have,
secO+ cosec 0 =c¢
sin® + cos® =csin0. cosO
Squaring both sides, we get
1+ 2sin@cosO=c’sin’ 0. cos’ O

2
1+sin20 = %sinz 20

Putsin20=t
St —4at—-4=0te[-1,1]
Thus, the equation must have atleast one root € [-1, 1]
CaseI: D20, f(-1)>0, f1)>0
= 16+ 16¢° 20,c* +4-4>0,c>—4-4>0 = ¢* >8

Case |

In this case we will get two distinct values of sinz 6, resulting
in 4 distinct values of 0 € (0, 21) two of them would be
repeated.

Casell: f(1)f(-1)<0
= (c® —8)? <0=c" <8

Case ll

In this case we will get one value of sin26, resulting in 2
distinct values of 0 € (0, 27).

sin® x -1/4

|sinx + cosx| =1+siny| ()
and  cos’y =1+sin’y (i)
= 1-sin’y=1+sin’y=siny=0y=kn kel

. sin? x —
= |sinx + cosx|™ 7V =1

. . 1 .
Then, eithersin® x = — orsinx + cosx =1
4

b T b
= X=nmt—orcosf x——|=cos—
6 4 4

T T T T
Now, cos| x—— |=cos— = x—— =2mn + —
4 4 4 4

T
= X =2mn + —or x =2mn
2
T
= x=2m7'c0r2m1t+5

T b
= x=2m1'c+E,2mn,nnigandyzk‘n:;m,n,kel

140. Given, \/g sec x + cosec x + 2(tanx — cotx) =0,

(—mn<x<m)-{0,+ m/2}
= V3 sinx + cosx + 2 (sin” x — cos’ x) = 0
= «/gsinx+ cosx —2cos2x =0
Multiplying and dividing by Va* + b*,ie. ¥3+1 =2, we get
3

1
2| —sinx 4+ —cosx | —2 cos2x=0
2 2
s . LT
= (cosx- cos g +sinx- sm;) —cos2x =0

s
= cos (x - gj = cos2x

n
2x=2nﬂ:i(x—§)

[ cosO=cosa=0=2nnt o]

T b
= 2x=2nm+ x ——or 2x=2nT — x + —
3 3
s T
= X =2nM ——or3x =2nT + —
3 3
s 2nmt T
= xX=2nt——orx=——+ —
3 3 9
-7 T -5m m
X=— orx=—,——,—
3 9 9 9
. . -T T 5m 77
Now, sum of all distinct solutlons=?+;—?+?=0

5
141. Here, ZcosZ 2x + (cos*x + sin® x) + (cos’x + sin® x) =2

5 NEURY .
= ~cot2x + [(cos® x + sin® x)* — 2sin’ x cos” x]
4
+ (cos® x + sin” x)[(cos® x + sin® x)* — 3sin® x cos’ x] =2

5
= ZCOSZ 2x + (1 — 2sin® xcos® x) + (1 — 3 cos® xsin® x) =2

5
= ZCOSZZX—SSiHZXCOSZJC:O
5 ) 5.,
= —Ccos“2x ——sin“2x =0
4 4
5 ) 5 5 )
= —cos 2x——+ —cos"2x=0
4 4 4
5 5
= Zcos’2x ==
2 4
2 1 2
= cos 2x=5:>2005 2x =1
= 1+ cosd4x =1
= cosdx=0,as 0 < x <27
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143.

_{TE 3n 51 7m 9n 1lm 13¢m 15n}

as

> > > 5

x_E37n57n77n97n11ﬂ:13n15n
88 8 8 8 8 8 8

Hence, the total number of solutions are 8.

Plan For solving this type of questions, obtain the LHS and
RHS in equation and examine, the two are equal or not for a
given interval.

Given, trigonometrical equation
(sin x —sin 3x) + 2sin 2x =3

0 —2cos2xsin x+ 4sin x cos x =3
[sinC —sinD = Zcos(c hl Dj sin(cgiD)
and sin260 = 2sinOcos 0]
a 2sin x (2 cos x — cos 2x) =3
0 2sinx(2cosx—2cos’x+1)=3

=3

2
3 1

0 2sin x 7—2(cosx—7)
2 2

. 1
O 3sinx—-3=4 cosx—g sin x

Asxe(0,m) LHS<0 and RHS>0
For solution to exist, LHS =RHS = 0
Now, LHS=0 = 3sinx—3=0

. T
sinx=1 = x=—
2

=

For x =

>

T
2

2
n 1 T 1
RHS:4(cos——f sin—=4(7)(l):1¢0
2 2 2 4
.. No solution of the equation exists.

Plan It is based on range of sin x,

i.e. [-1,1] and the internal for a<x<b.

Description of Situation As 60, ¢ €[0,2n]and
tan(2m—0)>0, -1 <sin6 < —?
tan(2n—-0)>0 = —tan0>0

.. @ ell or IV quadrant.

3
Also, —-1<sinf < —g
Y
(a2}
© ¥
1 = .
E (E /
T\ | V/2m 3
Ol N/ > y=—‘/%
At >y =—
4T 5T
= ?<8<? but €Il or IV quadrant
31 5T
= " <0<— ..(i)
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Here, 2cos0(1—sin¢) =sin’ G(tang + cot g) cosh—1

.20 2
sin” —+ cos” —

= 2co0s0—-2 cosOsin =sin’ O 26 cosh—1
sin —cos—
2 2
. .2 1
= 2co0s0-2cos0 sin =2sin” 6| — cosh—1
sin 0

= 2cos0+ 1 =2sin(®cosO+ 2sinBcosd
= 2cos0+1=2sin(0+ ¢)
From Eq. (i),
3—n<9<5€n = 2cos0+1€(1,2)

1 <2sin(6+¢) <2

1
= 5 <sin(0+¢) <1

5 13 1

= §<6+q><?7E T Tn<9+¢<ﬂ

T

T _9<9<T_9 or 13—”—9<¢<(17—“)—e
6 6 6

3t 21 21 7T 31 57
= ¢E —-—,—-—— or |—,—|asBe| —,—
2 3 3 6 2 3

144. p = {0:sin 6—0056=\/§c059}
= cose(\/i +1) =sin6
= tanf = /2 +1
= Q:{e:sin9+c056}=«/§sin6
= sine(\/g—l)zcose
1 2+1
= tan6 = XI =(2 +1)
V2-1" W2 +1
P=Q
145, Given, n >3 € Integer
1 1 1
and = +
sin| —| sin|— sin| —
n n n
- 1 11
m . 3m . 2m
sin— sin— sin —
n n n
. . T
sin — —sin — 1
- n no_
. . . 2T
sin —-sin —  sin —
n n n
. sin —-sin —
= 2 cos| — |-sin —= n n
n n . 2m
sin —
n
. 21 . 3m
= 2sin —-cos — =sin —
n n n
. . 3n 4T 31
= sin — =sin — = — =
n n n n
7T
= — =T = n=7

195

...(ii)

.. (ii)
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146. Given, tan6 = cot560

b b
= tanSztan(E—Se) = E—Seznn+6
= 60="—nn = 0=—_""
2 12 6

Also, co0s40=sin20= cos(g -2 6)

T
= 46:2nni(5—28)
Taking positive sign,
i T m
60=2nm+— = g=""1
2 3 12

Taking negative sign,
o m
20=2nm-— = O6=nnw——
2 4

Above values of O suggest that there are only 3 common
solutions.

147. 2sin’6—cos20=0 = sinzezi
0=—

Also, 2cos’0=3sinf = sin

0 Two solutions exist in the interval [0, 2TT].

148. Since, 2sin>0—5sin0+2>0

= (2sin0-1)(sin®-2)>0
[where, (sin 6 —2) <0,V 0 € R]
(2sinB0-1)<0

Y

1
= sin 6 < —
2
T 5T
From the graph, 0 € (0, gj v (?, an

149. Given equation is
cos x+ cos 2x + cos3x + cos 4x =0
(cos x + cos3x) + (cos 2x + cos 4x) =0
2 cos2xcosx+2cos3xcosx=0

2 cos x (cos 2x + cos3x) =0

L el

5x X
2cosx|2cos—cos—|=0
2 2

5x X
= cos x-cos—-cos— =0
2 2
5x X
= cos x =0 or cos?=0 or COSE=0
Now, cos x =0
T 37
= x=—— [ 0<x<2m]
2 2
5
cos—x=0
2
5 m 31m 57 7m 971 11w
= e, T T T T T s
2 2 2 2 2 2 2
T 31 7T 9T
= == —n,—,— [ 0<x<2m]
5 5 5 5
X X T 37 5T
and cos—=0 = —=—, —, —,.
2 2 2 2 2
= X=T [ 0<x<2m]
n 37 n 3n 7n 9N
Hence, X=——,n,— —,—, —
2 2 5 5 5 5

150. sin 6 + sin 46 + sin70 =0
= sin 40 + (sin 0+ sin70) = 0
= sin 40+ 2sin 40-cos30=0

1
= sin 40 {1+ 2cos30}=0 = sin40=0,cos30=—-—-

2
As, 0<O<m
0<40<4m
40=m, 2m, 31
1
cos30=——
2
21 471 8T
0<30<3T = 30=—, —,—
3 3 3
n n 3n 2n 4m 8n
= 0=—,—, = = ==
42 4 9 9 9
151. Given equation is 2sin® x + 5sin x —3 = 0.
= (2sin x —1)(sin x +3) =0
. 1 .
= sin x =5 [ sin x # —3]
Y,
y =sin x

O| 6

It is clear from figure that the curve intersect the line at four
points in the given interval.

Hence, number of solutions are 4.
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Session 1

Basic Relation between the Sides and Angles

of Triangle

Basic Relation between the
Sides and Angles of Triangle

In a AABC, the angles are denoted by capital letters A, B
and C and the lengths of the sides opposite to these angles
are denoted by small letters a, b and c, respectively.
Semi-perimeter of the triangle is written as :
atb+c
s=——
2

and its area is denoted by A.

E)

Some geometrical properties of A,B,C and a,b,c. In AABC
(i) A+ B+C=180°
(i) a+b>c,b+c>a,c+a>b

(iii) a >0,b>0,c >0

Sine Formula or Sine Rule

In any AABC, the sides are proportional to sines of the
opposite angles,

. a b c
ie. = =

sin A B sin B - sinC
Proof : Casel. When ZC is acute :

From A draw AD 1 BC A
In AABD, c b
AD AD
sinB=——=——
B c B D C
“«—ag—
or AD =csin B (D)
In AACD, sinC = Q = Q
AC b
or AD =bsinC ..(ii)
From Egs. (i) and (ii), we get csin B=bsinC (1)
Case Il. When Z£C is obtuse :
From A draw AD L BC
In AABD,
AB c
AD =csin B ...(iii)

>

From AACD,
sin(180° - C) = AD _AD
AC b
.~ AD =bsin(180° — C) = bsin C ...(iv) b
From Egs. (iii) and (iv), we get
csinB=bsinC ..(2) B C D

Case Ill. When £ C =90°
Draw AD 1 BC

In AABC, sin B = AP - AD A
AB c

.. AD =csinB
or AC=csinB
[+ D and C are same point]

B - cD)

or b=csin B

or bsinC =csin B [-C=90°] ..(3)

Thus from (1), (2) and (3), it follows that in all cases

c

()

bsinC =csin B or

sinB  sinC
Similarly by drawing perpendicular from from C to AB, we
can prove that
a b
— = ...(5)
sinA sinC
From (4) and (5), we get
a b c

sinA sinB sinC

Cosine Formula or Cosine Rule

2 2 2
(1) CosAzb-i-# ora’=b’ +c? —2bacos A
2bc
(ii) cosB—C2 ta’ —b’

2ac
2 _ 2 2
orb°=c”+a° —2accosB
a’+b® =c?
2ab

orc® =a* +b* —2abcosC

(iii) cos C =



Proof :
Casel. When £A is acute
Draw BD 1. AC
In AADB, sin A = @ = @
AB c
B
a c
C D A
“«——pHh—
BD =csin A (1)
and COsA= @ = ﬂ
AB c
AD =ccos A ..(ii)
Now CD=AC-AD
=b—ccosA ...(1ii)
Case I1. When /A is obtuse
In AADB,

sin(180° — A) = BD
AB

sin A +@
c

or BD =csin A and cos(180° — A) = %

—cosA=£ or AD=—ccos A
c

Now, CD=AC+AD=b-ccosA
Case II1. When ZA4 =9(°
Here D and A are same points

In AACB, BD=BA=c=csinA
B
a
c
C ——LIAD)
[ LA —90° . .sin A =sin90° =1] ...(i)
and AD=0=ccos A [ cos A=co0s90° =0] ...(i1)

CD=AC—-AD=b-ccosA ...(1ii)
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Thus in all cases BD =csinAand CD =b —ccos A
Now, in ABCD, BC* =CD* + BD*
a’ =(b—-ccosA)’ +c’sin® A

=b* +c’cos’ A—2bccos A+c’sin® A
=b® +c*(cos® A+sin® A) —2bccos A
=b® +c* —2bccos A ..(1)

or 2bccos A=b* +c¢’ —a’

b* +c? -a’

2bc
a’=b*+c* —2bccos A

Cos A=

Also, from (1),

¢’ +a’-b*
Similarly, we can prove thatcos B=——————
2ca
or b*=a® +c* —2cacos B
a’+b* -’
2ab

or c?=a’+b*-2abcosC

and cosC =

Projection Formulae

(i) c=acosB+bcos A

(i) b=acosC+ccos A

(iii) a=bcosC+ccos B
Proof :
Casel. When /B is acute
From ACBD,
BD BD
BC a
BD =acos B (1)

cosB=

In AADC,
Ccos A= Q = Q
AC b
AD =bcos A
Now, c¢=AB=AD+DB=bcosA+acosB
Thus, c¢=bcosA+acosB
Case Il. When ZB is obtuse

From ACBD,

...(i)

co0s(180°-B) = BD
BC
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—cosB=@
a

or BD =-acos B
In ACAD
cos A= AD _AD
AC b
or AD =bcos A

Now, ¢=AB=AD —-BD=bcos A +acosB
Case III. When £B =90°

In ACAB,
COSAZQ:E
AC b
c=bcosA

=bcosA+ccosB

A ——LB(D)

cot — using Eq(i
ksin A + ksin B 2 [ g Eq(i)]

2cos AtD - sin A-B cosg
_ 2 ) 2
. (A+B) (A—B) e
2sin ) - COS sin —

. (A—B) A+B _(C
sin as, cos =sin| —
2 2 2

_(ksinA—ksinBJ. C

(11) = tan(A_BJz(a_bjcotc
2 a+b 2

Similarly it could be shown,
B-C b—c A C-A c¢c—a B
tan = = cot—
2 b+c 2 2 c+a 2

Example 1. Find the angles of the triangles whose
sides are 3++/3,2/3 and 6.

Sol. Leta=3+\/§,b=2\/§,c=\/g
b +c’—a’ 1246 (9 +3+6v3)

= COSA =
2bc 1242
_6-6V3 _1-+3
1242 22

[ ccos B=ccos90°=0, as cos90° =0]

Thus in all cases, c =bcos A+ acos B
Similarly, we can prove that
b=ccosA+acosC

cos A = cos (60° + 45°)
1-+3
22

as cos (60° + 45°) =

and a=bcosC+ccosB A =105
. . a b
Applying Sine formula - =—
. sinA sinB
Tangent Rule or Napier's Analogy Y 25
= sinB=-sinA = sin (105°)
A-B) a-b a 3++/3
In any AABC, tan = ) cot— 5
2 at 2 A {sin60°.cos 45° + cos60° -sin 45°}
Proof: In AABC, we know 3443
@ _ b _ ¢ _kiay) [sine law] __ 23 3+
sinA sinB sinC Y B3 +1)| 242
S a=ksin A b=ksinB, c =ksinC () sin B = —— = sin45° [ B# 180 — 45° as B+ A < 180°]
Now, RHS V2
(a-b c = B=45
T B Here, A=105°, B =45
= C =180° — (A + B) = 180° — (150°) = 30°

LA =105°, £B = 45° and £C =30°



Example 2. The sides of a triangle are 8 cm, 10 cm
and 12 cm. Prove that the greatest angle is double of

the smallest angle.

Sol. Let a=8 cm, b =10 cm and ¢ = 12 cm. Hence, greatest
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Example 4. The sides of a triangle are three
consecutive natural numbers and its largest angle is
twice the smallest one. Determine the sides of the
triangle.

angle is C and the smallest angle is A, {as we know great-
est angle is opposite to greatest side and smallest angle is
opposite to smallest side.} Here, we have to prove C = 2A,
applying cosine law, we get

at+b"—c? 64+ 100— 144 1

cosC = = (1)
2ab 2-8-10 8
2 2 _ 2
and cosA = bte-a
2bc
100+ 144—-64 3 ..
== ...(ii)
2-10-12 4
cos2A =2cos’ A —1= 2~19—6 -1 [using Eq. (ii)]
1
COS2A == ...(iii)
8
From Egs. (i) and (iii), we get
cos2A = cosC
= C =2A.
Example 3. with usual notations, if in a AABC,
b+c c+a a+b
= = , then prove that
1 12 3
CosA cosB cosC
7 19 25
Sol. Let, b+c=c+a=a+b=k
12 13
= 2(a+b+c)=36k (1)
b+c=11k,c +a=12k,a+ b =13k ...(id)

On solving Eqs. (i) and (ii), we get
a="7k,b=06k,c =5k

240t gt 24 o5k? _ 49k?
Hence, cosA=b c“—a =36k 5k 9k

2bc 60k*
12 17
60 5 35
a’+c’—b  49k* +25k* - 36k’
cosB = =
2ac 70k*
38 19
70 35
a’*+b* —c*  49k* +36k* - 25k°
cosC = =
2ab 84k*
60 5
84 7
25
35
cosA _cosB _ cosC
7 19 25

Sol. Let the sidesben,n+1,n+2

A
n+1
n
¢ n+2 B
ie. AC=nAB=n+1,BC=n+2
Smallest angle is B and largest one is A.
Here, A =2B
Also, A+ B+ C =180°
= 3B+ C =180°= C =180° — 3B

. . sinA sinB sinC
Using, sine rule, = =

n+2 n n+1
sin2B _ sinB _ sin(180° —3B)
n+2 n n+1
sin2B _ sinB _ sin3B
n+2 n n+1

(@) (ii) (iii)

2sinBcosB _ sin B

From Eqs. (i) and (ii);

+2 n
+2
cosB=" (V)
2n
and from Egs. (ii) and (iii);
sinB _ 3sinB - 4sin’ B
n n+1
sinB  sin B{3 — 4sin’ B}
e =
n n+1
+1 ,
= mT S —3-4(1- cos’B)
n
n+1 )
=—-1+4cos"B (V)
n

From Eqs. (iv) and (v), we get
2
n+1=_1+4(n+2)
n 2n

n+1 [n2+4n+4)
1= TR

2
n n

2n+1 _n’+4n+4

2
n n

2n° +n=n*+4n+4

= n-3n-4=0=(n-4)(n+1)=0

n=4or-1 wheren # —1

n = 4. Hence, the sides are 4, 5, 6.



202

Textbook of Trigonometry

Example 5. Let O be a point inside a AABC, such
that ZOAB = Z0BC = ZOCA = w. Then, show that

cotw =cot A+ cotB+ cotC.
Sol. In AOAC, Using sine rule,
sin(A —w) _sin(180 — A)

oc b
sin(A —w) sinA
= =
oc b

Also, in AOBC

sinw _ sin(180 — C)

ocC a
sinw sinC
= =
ocC a

On dividing Egs. (i) and (ii); sin(A —w) _ asinA

sinw bsinC
as,we know, e - b - -
sinA sinB sinC
N sin(A —w) ksinA-sinA
sinw ksin B-sinC
N sin A cosw — cos Asinw —sinA {sin(m — (B + C))}

...(ii)

a+b+c
2
bcosZE + ccosZE = k [where k = a + b + ¢, given]
2 2 2
A C %
Example 7. In a AABC, ccos’ —+ acos’ 5 =— then
) show a,b, c are in AP.
Sol. We have, ¢ coszé + acosZg = %

3b

= %(l + cosA) + g(l + cosC) =

= a+c+(ccosA+acosC)=3b
= a+c+b=3b
= a+c=2b

which shows a, b, ¢ are in AP.

[using projection formula]

Example 8. In a AABC, a=2b and |A—B|:§.

Determine the ZC.
Sol. Given, a=2b (1)

= ZA > ZB [asa>band we know greater angle is

opposite to greater side]
} = |A - B|=
or A—-B= ...(ii) [as A > B]

Using Napier’s analogy, we have

(A—Bj a-b (cj
tan = cot
2 a+b 2

sinw sin Bsin C
= sin A(cotw) — cos A = sinA(smBCOSC * cos Bsin€ = tan| =~ | = 2b - bcot ¢
sin Bsin C 6 2b+ Db 2
= sinA(cotw)— cos A =sin A(cotC + cot B) [using Egs. (i) and (ii)]
= cotw — cot A = cotB+ cotC 1 1 C
= — = —cot| —
= cotw = cot A + cotB + cotC. J3 03 2
Example 6. Solve = cot(cj =13
2
C B . . .
bcos® —+ ccos’ = in terms of k, where k is perimeter of , cC n -
2 2 ie. Py = n = C= 3
the AABC.

C B
Sol. We have, bcoszg + ccos’—

= g(l + cosC) + g(l + cos B)

b+ 1
= ¢ +E(bcosC+ccosB)
b+c 1 . I
= . + Ea [using projection formula]

Example 9. In a AABC, the tangent of half the
difference of two angles is one-third the tangent of
half the sum of the angles. Determine the ratio of the
sides opposite to the angles.

(A - Bj 1 (A + B) ,
tan = —tan .. (1)
2 3 2

Using Napier’s analogy,
q
ot| —
2

(A—Bj a—->b
tan = - C
2 a+b

Sol. We have,

...(ii)
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From Egs. (i) and (ii); - a-b_1 or 3a—3b=a+bh

1 (A+B) a—b (cj a+b 3
—tan = -cot| —
3 2 a+b 2 2a=4b
— b 1
= 1(:ot g =4 cot g or =—
3 2 a+ 2 a 2
B+C T C C Thus, the ratio of the sides opposite to the anglesisb:a=1:2.
as A+ B+C=m .. tan . = tan E_E :COtE

1.

Exercise for Session 1

In the given figure, if AB = AC, Z/BAD =30° and AE = AD, then x is equal to
A
307
E
X
B D C
(a) 15° (b) 10° ©) 1251
In AABC,a =4,b =12 and B =60°, then the value ofsin Ais
1 1 2
a) — b) — c)—
(a) 273 (b) 32 (c) 7
Let ABC be a triangle such that ZA =45°, /B =75° thena + c\2is equal to
(a)0 (b) b (c)2b
. b 3 .
Angles A B and C of a AABC are in AP. If — = 72 then £Ais equal to
c

T T 5n
a)— b) = c) 22
(a) 6 (b) 2 (c) 1
Ifcotg _P*C then AABC s
(a) Isosceles (b) Equilateral (c) Right angled

2 _p2 H _

Ifina AABC, &~ _SIN(A=B) 1 the triangle is

a’+b2 sin(A+B)
(a) Right angled or isosceles
(c) Equilateral (d) None of these
a’sin(B-C) . b?sin(C —A) . c’sin(A-B) _
sinB+sinC sinC +sinA sinA+sinB

(@)a+b+c (b)a+b-c (c)a-b+c

In any triangle ABC,

In any AABC, if2cos B = %’ then the triangle is

(a) right angled (b) equilateral (c) isosceles

(d) None of these

(b) Right angled and isosceles

()0

(d) None of these
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

The expression (@+b+cjb+c _4‘2)2(0; a-b)a+b-c); equal to
c

(a) cos? A (b) sin® A (c) cos A cosB cosC (d) None of these

INAABC, if a cos A=b cos B, then the triangle is

(a) Isosceles (b) Right angled
(c) Isosceles or right angled (d) Right angled isosceles

Ina AABC,(a+b +c)(b+c—a)=Abc, if

(a)A<0 (b)A >0
(c)0<A<4 (dyr<4
Ifa=9,b =8andc = x satisfies 3cos C =2, then
(a)x=5 (b)x =6 (c)x=4 d)yx=7
In AABC, if sin? A + sin? B =sin? C, then the triangle is
(a) equilateral (b) isosceles (c) right angled (d) None of these
The sides of a triangle are o — B, o + B and /30 + B2, (o > B >0). Its largest angle is
2n T 3n 5n
a) — b) = c) = d)=—
(a) 3 (b) 5 (c) 4 (d) 6

1+ cos(A-B)cosC _
1+ cos(A-C)cosB
a’ +b? b? +¢? c c? -a*

(b)

a’ +c? b? —c? a’ +b?

In any triangle,

(a)

(d) None of these

If the sides of a AABC are in AP and a is the smallest side, then cos A equals

(a)30—4b (b)3c—4b (C)4C—3b

(d) None of these

Ina AABC, a® cos 2B + b? cos 2A + 2ab cos(A —B) =

(a)a? (b)c? (c)b? (d)a? + b?

In any AABC, 2[bc cos A + ca cos B + ab cos C] =

(@a)a® + b? +¢? (b)a®? + b2 —¢? (c)a® -b? + ¢? (d) None of these
In a AABC, tan%(A + B)-cot%(A —B)is equal to

a-b a+b a+b a-b
(b) (c)
a+b c a-b 2@+ b)

(@)

Ifina AABC, b =+/3,c =1and B — C =90°, then LAis
(a) 30° (b) 45° (c) 75° (d) 15°



Session 2
Auxihiary Formulae

Trigonometric Ratios of Half-angles
In any AABC, we have
b* +c’ —a’
2bc

Cos A= ...(1) [using cosine law]

., A
ZstE:l—cosA

2402 gt
28in2é=1— 717 ¢ a
2 2bc

2bc — b* — ¢’ +ad’

...(ii)

[using Egs. (i) and (ii)]

2bc
_at =+ =2bc) a’—(b-c)
N 2bc - 2bc
_(a+b-c)a-b+c)
- 2bc

[we knowa+ b+ ¢ =2s
=a+b=2s—canda+c =2s— b
A _(@2s—c—c)2s-b-b)

2sin’
2bc
Zsinzé _ 4(s—c)(s—Db)
2bc
L A _Gobs-0)
be

[since in a triangle, A is always less than 180°,
~.sin A/2 is (+ve)]

or sinéz ,}w ..(A)
2 be

Similarly, it may be proved,

sin B - w ...(B)
2 ac

sinC = [8=aNs=b) ©
2 ab
2 2 _ 2

Again, 2cos’ A =14 cosA=1+ bite —a

2 2bc
_ZbetbHe—a

2bc

_(bre) -

2bc

=(b+c—a)(b+c+a)

2bc
[where a+b+c=2s,b+c =25 —d]
X - —
2c0s? é =m : cos? é — S(S a)
ZbC 2 bc
Since, A /2 is less than 90°,
cosA/2 > 0.
cosé _ s(s —a)
2 be
Similarly, c05E = M and cosg - s(s—¢)
2 ac 2 ab
Also, tané = sin A/2 = \/(s —b)s=—¢) X be
2 CcosA/2 be s(s — a)
tan A= [ B)s—¢)
2 s(s —a)
Similarly, tanE _ [-a)s—¢)
s(s—b)
and tang = w
2 s(s —c¢)

Area of Triangle

If A represents the area of a triangle ABC, then

l: A= é (base) (height)}

[as sin B = AD}
c

area of AzéBC-AD,
1 .
=Ea-(cs1nB)

Azlac-sinB
2

D

Also, sinC=%:>AD=bsinC
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Azga-b-sin(}

Similarly; A= % bc-sin A

AzéabsinC=1bcsinA=1casinB

Note
(i) Area of a triangle in terms of sides (Heron's formula) :

A= 1bcsmA = lbc-?sinﬁ-cosé
2 2 2 2
_ bc\/(s —b)(s — c)\/s(s - a)
be be
. A= s(s-a(s-b)s-0).
(i) Area of triangle in terms of one side and sine of three angles:
A= %bcsinA - %(ksmB)(ksmC) sinA

2

=k sinAsin BsinC:l[L) -sinA-sinB-sinC
2\sinA

_sinAsinB

sinC

A

2
_ a’ sinBsinC _ bi_sinAsinC:
2

C?
sinA o sinB 2

Example 10. If the angles of a triangle are 30° and
45° and the included side is (ﬁ+1) cm, then prove
that the area of the triangle is %(\/3+ 1).

sinA sinB sinC

Sol. We have,
a b c
sin105°  sin30°  sin 45°
= = =
V3 +1 b c
V3 +1 V3 +1
= b=— ,Cc =
2sin105° \6sin105O
B
45°
G

So, area of AABC = % bcsin A= %bc sin105°

ER U CEES
2 2\/5‘sin(60° +45°)
B CCRS VY CES S W
4\Eé.i+i_1 2(J3+1) 2
2 2 22

Thus, area of A is %(\/g +1).

Aliter In above example we have £ A =105° £ B =30°,
4C=4503nda:\/§+1

2 . .
Thus, area of A= a” sinBsinC
2 sinA

3+1)° sin30°.sin45° 1
=(\f ) 'sm.30 sin 45 _143+1)
2 sin (105°) 2

[using note (ii)]

Example 11. Consider the following statements
concerning in AABC

(i) The sides a,b,c and area A are rational.

. B C .
(i) a tan > tanz are rational.

(iii) @,sin A,sinB,sin C are rational.
Prove that (i) = (ii) = (iii) = (i).
Sol. a, b, c, A are rational (given).

= s,s—a,s — b, s — c are rational.

Now, tanl = [8=¢)-a)
2 s(s — b)

_[s(s=a)(s=b)(s—c) A
- s%(s — b)’ ~ s(s—b)

B . .
tan — = rational [as A, s, (s — a) are rational]
2

C
Similarly, tan; is rational. Hence (i) = (ii)

B
2tan —

2

Now, sin B = is rational by (ii).

1+ tan’—
2

Similarly, sin C is also rational.

1-t Et E
B+C an2 an2

2

A
tan— = cot

B = rational by (ii)
tan— + tan—
2 2

= sin A is rational
Hence, (ii) = (iii).

a b ¢

Now, = k, which is rational since ‘@’

sinA sinB sinC
and ‘sin A’ are rational.

and are rational. But sin B and sin C are

sin B sinC
rational by (iii)

=

= b and ¢ are rational.

1
= A = =bcsin A is also rational.
2

Hence (iii) = (i).



10.

11.

12.
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Exercise for Session 2

Ifina AABC, (s —a)(s —b)=s(s —c), then angle C is equal to
(a) 90° (b) 45° (c) 30° (d) 60°
. A B C . .
In any AABC, if cotE,cotE,cotE are in AP, thena, b, c are in
(a) AP (b) GP (c) HP (d) None of these
tan é —tan E
2

In any AABC, 2 2 _
A B
tan— + tan—
2 2

(a):+z (b)acb C% (d)aib

In a AABC, bc cos? g + ca cos? g + ab cos? % is equal to

(@) (s -ay’ (b) (s - b)* (©)(s-c) (d)s?

In a AABC, if cos A + cos C + 4sin? (g) thena,b,carein

(a) AP (b) GP (c) HP (d) None of these
Ifina AABC, 3a =b + ¢, then the value of cos g cot% is

(a)1 (b) /3 (c)2 (d) None of these
In any AABC, (b ; Cj cosz(gj + (cb;a) cos? (%) + (%) cosz[%) is equal to

@” 2% 07 Ol (@0

In a AABC , the tangent of half difference of two angles is one-third the tangent of half the sum of the two
angles. The ratio of the sides opposite the angles is
(@)2:3 (b)1:3 (c)2:1 (d)3:4

If in a triangle, a cos? % + ccos? g = % then its sides will be in -

(a) AP (b) GP (c)HP (d) AGP
In the adjacent figure ‘P’ is any interior point of the equilateral triangle ABC of side length 2 unit
A

B C
If x,, x, and x represent the distance of P from the sides BC, CA and AB respectively then x, + x, + x, is
equal to
(@) 6 (b)~/3 (c) % (d) 2/3x
Ifc® =a? + b?, then4s(s —a)(s —b)(s —c)is equal to
(a)s* (b) b2c? (c)c%a® (d)a*b?

The number of possible ZABC in which BC = J11cm, CA=+/13 cm and A=60° is
()0 (b) 1 (c)2 (d) None of these

207
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13. Iftwo sides a,b and the ZA be such that two triangles are formed, then the sum of the two values of the third

side is
(@)b? — & (b) 26 cosA () 2b sinA @P-¢
b+c
14. Ifin a AABC, sin A =sin? Band2cos? A =3 cos? B, then the AABC is
(a) right angled (b) obtuse angled (c) isosceles (d) equilateral

15. Ifacos A=b cos B, then the triangle is
(a) equilateral (b) right angled (c) isosceles (d) isosceles or right angled

16. Points D, E are taken on the side BC of a triangle ABC such that BD =DE =EC. If ZBAD = x, ZDAE =y,
sin(x + y)sin(y + z)
sinx sinz
(@)1 (b) 2 (c)4 (d) None of these

17. If the base angles of a triangle are 221E and 1 12%, then the height of the triangle is equal to

ZEAC =z, then the value of is equal to

(a) half the base (b) the base (c) twice the base (d) four times the base

18. Ina AABC, a = 1and the perimeter is six times the AM of the sines of the angles. The measure of ZAis

Y T T T
a)— b) = c)— d) =
( )3 ( )2 ( )6 ( )4
719. Ina AABC, if median AD is perpendicular to AB, then tan A + 2 tan B is equal to
(a) 1 (b)3 ©0 O

20. Ifp is the product of the sines of angles of a triangle, and g the product of their cosines, then tangents of the

angles are roots of the equation
@agx®* —px*+ (1+gq)x-p=0 bYpx® —gx* + 1+ p)x—q =0
©(1+qg)x®* —px* +gx-p=0 (d) None of these

Session 3
Circles Connected with Triangle

Circles Connected with Triangle circum-radius
C|rcumCirC|e Of a3 Tria ngle The radius of the circumcircle of a AABC is called the

circum-radius given by;
The circle which passes through the angular points of a a b c abe

AABC is called its Circumcircle. The centre of this circle is () R=— s aT o (i) R =—=
: ) ) i ) 2sinA  2sinB  2sinC 4A
the point of intersection of perpendicular bisectors of the
: . .. Proof
sides and called the Circumcentre. Its radius is always
denoted by R. (i) Here, the perpendicular bisectors of the sides BC, CA
and AB intersect at O.
Note .. O is the circumcentre such that,
1. S;;%Lér;qecentre of an a cute-angled triangle lies inside the OA =OB =0C =R
2. Circumcentre of an obtuse-angled triangle lies outside the We have, ZBOC=2/A
triangle. ZBOD=/COD=/LA

3. Inaright angled triangle the circumcentre is the mid-point of
hypotenuse.



InAOBD,  sinA=2D _9/2

B R

F
A
B
= R=_"2
2sin A
Similarly, R= b and R = ¢
2sin B 2sinC

Hence,| R = a __b ¢

_ZSinA _ZsinB _ZSinC

(ii) As discussed, Area of A :% besin A

= sinA = A ...(i)
be
Also, rR=—12 ...(ii)
2sin A
*. From Egs. (i) and (ii);
_a _abc _abc
4N

oy
be

In-circle or Inscribed Circle of a
Triangle

The circle that can be inscribed with in a triangle so as to
touch each of its sides is called its inscribed circle or
In-circle. The centre of this circle is the points of
intersection of bisectors of the angles of the triangle. The
radius of the circle is always denoted by 7’ and is equal to
the length of perpendicular from its centre to any one of
the sides of triangle.

In-radius The radius of the inscribed circle of a triangle
is called the in-radius. It is denoted by 7’ and is given by

(i) r="2
N

(ii) r =(s—a)tan?=(s—b)tan§ =(s—c)tan§.

Chap 03 Properties and Solutions of Triangles

_asinB/2-sin C/2

(iii) r =
CosA/2
bsinC/2 -sin A2 c¢sin A/2.sin B/2
r=——m—m—— = r=—
cosB/2 cosC/2

(iv) r =4Rsin A/2 sin B/2 sin C/2

Proof Let the internal bisectors of the angles of the
triangle ABC meet at I. Suppose the circle touches the
sides BC, CA and AB at D, E and F, respectively.

Then, ID, IE, IF are perpendicular to these sides and

ID=IE=IF =r.
. FE
r
/< B2

B D

b

(i) We have, area of AABC = area of AIBC + area of
AIAB + area of AICA

1 1 1
A=—ar+=cr+=br
2 2 2

1 +b+
A==(a+b+c)r=sr as;s=u
2 2
= A=sr
A
or r=—.

s
(ii) Since, the lengths of the tangents to a circle from a
given points are equal, therefore

AE = AF, BD = BF and CD = CE. (D)

Now, 2s=a+b+c=BC+CA+ AB
=(BD + DC) +(CE + EA) + (AF + FB)
=(BD + BF) +(AE + AF) +(CD + CE)
=2(BD + AE + CD) =2(BC + AE) =2(a + AE)
= s=a+ AE
= AE =(s—a)
Now, in AIAE,
tanézi
= r=AEtan(A/2) =(s—a)tan A /2

r=(s—a)tan A/ 2
Similarly, r=(s—b)tanB /2 and r =(s—c)tanC /2
r=(s—a)tan A /2
=(s—b)tanB/2=(s—c)tanC /2

Hence,

209
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(iii) In AIBD and AICD, we have,

tan B 2 = and tanE -
BD

r

BD = and CD =
tan B /2 tanC /2
Now, a=BD+CD
r r
= a= +
B C
tan| — tan| —
2 2
cosB/2 cosC/2
= a=r +
sinB/2 sinC/2
cosB/2-sinC/2+sinB/2-cosC /2
= a=r
sinB/2-sinC /2

0= rsin(B/2 +C[2)
sinB/2-sinC /2

sin(B2+C2)= sin(;t - ?j =cosA/2.

0= rcos A /2
sinB/2-sinC /2
. asinB/Z-sinC/Z, . bsinA/2-sinC /2 a
cos A2 cosB/2
e csinA/2-sinB /2
cosC/2
asinB/2-sinC /2 and R=_2
Cos A2 2sin A
_2RsinA-sinB/2-sinC /2
T cos A /2
. 2R-(2sinA/2-cosA/2)-sinB/2-sinC /2
cos A /2

= r=4Rsin A/2-sinB/2-sinC /2

nd

(iv) We have, r =

=

Escribed Circles of a Triangle

The circle which touches the sides BC and two sides AB
and AC produced of a triangle ABC is called the Escribed
circle opposite to the angle A.

Its radius is denoted by r,. Similarly, r, and r, denote the
radii of the escribed circles opposite to the angles B and C,
respectively. The centres of the escribed circles are called
the ex-centres.

The centre of the escribed circles opposite to the angle A
is the point of Intersection of external bisector of angles B
and C. The internal bisector also passes through the same
point. This centre is generally denoted by I,.

[A+B+C=m]

Formulae forr,r,, 1,

In any AABC, we have
A A A

(i)r1= Ty = s Ty =
s—a s—b s—c

(ii) r, =stanA/2,r, =stanB/2,r, =stanC /2
_acosB/2-cosC/2 . _bcosAf2-cosC /2

(iii) r, = ,
' COsA/2 : cos B /2
.= ccos A/2-cosB/2
’ cosC /2

(iv) r, =4Rsin A /2cos B /2.cos C /2,
r, =4Rcos A/2sinB/2.cosC /2,
r, =4Rcos A/2cos B /2.sinC /2

Proof (i) Let the AABC be as;

We have,
I D=1E=IF=r,
Now, area of AABC = area of AI, AC + area of AI, AB
—area of AI, BC

= A=1E.-Ac+irF aB-11D. BC
2 2 2

1 1 1
A=—-rb+=-rc—=ra
2 2 2

A:r—l(b+c—a)
2

A:%(23—2a) [using a + b + ¢ =2s]
A
= o=
s—a
Similarly, r, = A andr, =——
s— s—c¢

(ii) Since, the lengths of tangents to a circle from an
external points are equal,

AE = AF, BD = BFand CD =CE
Now, AE + AF =(AC +CE) +(AB + BF)
=(AC+CD) +(AB+ BD)

=AC+ AB+CD + BD



=AC+ AB+ BC
=a+b+c=2s.
= 2AF =2s
= AE = AF =5
I.F
In Al AF, tan A2 =17 =11
AF
r
= tanAR2=-"1
s
= r,=stan A/2

Similarly, r, =stan B/2and r, =s tan C/2.
(iii) In AI, BD, we have

BY I.D
tan| — |=——=—L
2 BD BD

B

= BD =r, tan—

2

Similarly, in AI,CD, we have

CD =r, tang
2

Now, a=BC=BD+CD=r, tanE +r tang
2 2

B C cos A2
=r|tan—+tan— |=r, ————
2 2 cosB/2cosC /2
acosB/2cosC /2
fet - @
COs A/2
Similarly,
bcosA/2-cosC /2 ccosA/2-cosB/2
r, = andr, =
cos B /2 cosC /2
(iv) We have, r, = acosB/2-cosC /2 and R=_ %
Cos A /2 2sin A
2Rsin A-cosB/2-cosC /2
= r=
CosA/2
N _4RsinA/2-cosA/2-cosB/2-cosC /2

1

cos A2
. r, =4Rsin A/2-cos B/2-cosC /2
Slmllarly, r, =4Rcos A/2-sinB/2-cosC /2
r, =4Rcos A/2-cos B/2-sinC /2

Example 12. Show that =+ <=9, 970 _¢
r, r r,
ol LHs (=9, (c=a) (a=b)
rl r2 r3
S —
= (b—c)( A j+(c—a)( A )+(a—b)( A
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- (s—a)b—c)+(s=Db)(c—a)+(s—c)a—Db)

A
_s(b—c+c—a+a->b)—[ab—ac+ bc—ba+ac— bc]
A
2220 RHS

A
Thus, b—c+c—a+a—b=0
r r, r

Example 13. If r, =1, +r, +r, then prove that the
triangle is right angled.

Sol. We have, n—r=r,+r,
A A A A
= — = +
s—a s s—-b s-c
s—s+a s—c+s-b
e =
s(s—a) (s—=b)(s—c)
= a :23—(b+c) [as,2s=a+ b+ c]
s(s—a) (s—b)(s—c)
a a
— =
s(s—a) (s=0b)(s—c)
= s —=(b+c)s+bc=s"—as
= s(—a+b+c)=bc
N (b+c—a)(a+b+c):bc
2
= (b+c)* —(a)’ =2bc
= b* + ¢* + 2bc — a® = 2bc
= b*+c*=a’
LA =90°

B C
Example 14. Prove that reot--cot— =

Sol. LHS rcotB/2-cotC /2
cosB/2 cosC /2
sin B/2 . sinC /2

[as,r = 4Rsin A /2-sin B/2-sin C /2]
= 4R-sin A /2-cos B/2-cosC /2
= r, =RHS [as, r, = 4Rsin A /2- cos B/2-cos C /2]
s.orcotB/2-cotC2=r,

= 4Rsin A /2-sin B/2-sinC /2-

Example 15. In a right angled triangle, prove that

r+2R=s.
Sol. In a right angled triangle, the circum centre lies on the

hypotenuse.

N R= g ) [+ ZA =90

Also, r=(s—a)tanA/2=(s—a)tan45°
r=(s—a) ..(ii)

From Eqgs. (i) and (ii), we get r =s—2R

= r+2R=s.
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Example 16. The ex-radii r,,r,,r; of a AABC are in HP,
show that its sides a,b, c are in AP.
Solution. r,, r,, r, are in HP.
= z2_1.1

T, n T

2(s—b):(s—a)+(s—c)

=

A A A
= 25—=2b=2s—(a+c)
= 2b=a+c

Hence, a, b, ¢ are in AP.

Example 17. If A B, C are the angles of a triangle, then
prove that

r
cosA+cosB+cosC=1+E.

Sol. cos A + cosB + cosC

(A+B) (A—B
=2cos - COS
2 2

-B +1—2sin2£
2 2

)+ cosC

. C (A
:Zsmg-cos

vz (422 n( €]
)

. C A-B
=1+251n5 cos

C A B
=1+ Zsin—'Zsin?'sin—

. A B . C r
=1+4sin—-sin—-sin—=1+ —
2 2 2

[as, r = 4Rsin A /2-sin B/2-sinC /2]

= cosA+cosB+cosC=1+%

Example 18. Find the ratio of the circum-radius and
the inradius of AABC, whose sides are in the ratio
4:5:6.
Sol. Here, a=4k, b=5k, c =6k
15k
T2

A= \/s(s —a)(s—b)(s—c)

_ ka(wk _ 4k)(15k . Sk)(wk _ 6’<)
2 2 2 2

_ 1547 Py
4

N

..(0)

...(ii)

R zabc _ 4k -5k -6k

and e [using Eq. (ii)]
D
4
8
R=—k ...(1ii)
7
A 157, 2
d :—:71(2-7 i E . i d ii
an r : . o [using Eqs. (i) and (ii)]
r:ﬁk (IV)
2
R _8k/\7 16 ‘ .
—= =— [using Egs. (iii) and (iv)]
i P g Eqs. (iii) and (iv)
= R:r=16:7

Example 19. Find the ratio of IA:IB:IC, where I is the
incentre of AABC.

Sol. Here, BD:DC=c:b
A
|
B D C
But BD+ DC =g
c
BD = -a (1
b+c ®
In AABD, BD = AD
sinA/2 sinB
__ac _snB _ 2A -cosec A /2 ...(ii)
b+c sinA/2 b+c
Al AB c b+c
Also, —=—"—+= = using Eq. (i
b 8D ac ; [using Eq. (i)]
b+c
ID a
or —=
Al b+c
On adding ‘1’, we get
ID a ID+ Al a+b+c
—+1= +1= =
b+c Al b+c
= Alzbi.
atb+c
AI=&- 24 -cosecA/2=é~cosecA/2
atb+c b+c s
.. A
Similarly, BI =—-cosec B/ 2

N

Cl = écosec C/2
s

A A A
= JA:IB:IC = —-cosec A/2:—cosec B/2: —cosec C/2
S S N

JA :IB: IC = cosec A /2: cosec B/2:cosec C/2



Note
Student are advised to remember the above result i.e.
IA=rcosec A2, IB=rcosec B/2, IC=rcosec C/2.

Example 20. If the sides of a triangle are in GP and
the largest angle is twice the smallest angle, then find
the relation for r.

Sol. Let the sides of A be a, b =ar, ¢ =ar’, wherer >1

Here, ¢ = 2A (given)

So, B=n-A-C=mn-3A
a b ¢ T r
sinA sinB sinC sinA sinB sinC
1 r r’
= = =
sinA sin3A sin2A
sin3A

r’=2cosAandr = =3 —4sin’ A

sin A
r=4cos’A -1
r=r*-1

Thus, the required relationis r* —r — 1 =0,

Example 21. The equation ax” +bx + ¢ =0, where
a,b, c are the sides of a AABC, and the equation
x2 ++/2x+1=0 have a common root. Find measure for
ZC.

Sol. Clearly, the roots of x* + 2x +1 = 0 are non-real complex.

So, the one root common implies both roots are common.

So, 7=7=£=k

1 2 1
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cosCo LA =t
2ab
kP42t -k 1
o okARk A2
= ZC = 45°

Example 22. If in a AABC, the value of
cot A cotB,cotC are in AP show a”,b*,c? are in A.P.
Sol. Here; cot A, cot B, cotC are in AP.

V+ci—a* c*+d-b dF+b-¢

= s b are in AP
2be -4 2ac-— 2ab-<-
2R 2R 2R
= b*+c*—a’, ¢’ +a’ - b a* +b° —c?arein AP
{multiplying by azc:|
= —2a*, — 2b*, —2¢” are in AP
[subtracting a* + b + ¢” from each]
= a®, b*, ¢ are in AP.

Aliter 2cotB = cotA + cotC

N Aa +c" =) _b+ct-a’ a+b -
2ac kb 2bc -ka 2ab-kc
[using sine and cosine law]
= Aa* +c?-b)=b"+c*-a*+a*+b" -’
= 2a’ +c¢® - b*)=2b’
= a+c?-b"=b or a’+c*=2"

ie.a’, b? c? arein AP.

Exercise for Session 3

1. The side of a triangle are 22 cm, 28 cm and 36 cm. So, find the area of the circumscribed circle.
2. If the lengths of the side of a triangle are 3, 4 and 5 units, then find the circum radius R.
3. In an equilateral triangle of side 2+/3 cm. The find circum-radius.
4. If8R? =a% + b? + ¢?, then prove that the A is right angled.
5. Ina AABC, show that2R? sin AsinBsinC = A.
6. In a AABC, showthataCOSA+bCOSB+CCOSC=L
a+b+c R
7. Ifthe sides of a triangles are 3 : 7 : 8, then find ratioR : r.
8.

9. In any AABC, findsin A + sinB + sinC.

In an equilateral triangle show that the in-radius and the circum-radius are connected byr = g
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10.

11.

12.
13.
14.
15.
16.

17.
18.
19.

20.

21.
22.
23.

24.

25.

26.

27.

28.
29.
30.

31.

32.
33.
34.

In any AABC, show thatcos A + cos B + cos C = (1 + %)

L+r r-r _c

If the side be a,b and ¢, then show that + 5 =—

Show thatr,r, + r,r, + rr, =s*
Show that(r, +r,)(r, + 1, )(ry + ;) =4Rs?
Ifr, =r, + r, + r, then show that A is right angled.

In an equilateral triangle, show that the in-radius, circumradius and one of the ex-radii are in the ratio 1: 2 : 3.

Showthat 1_1 J_l J_l :%
ron)\r n)\r n r<(xa)

Ifr,,r,,ry in a triangle be in HP, then show that the sides are in AP.

In a AABC, show thatr, r, r, = A°.

If1,,1,,1, are respectively the perpendicular from the vertices of a triangle on the opposite side, then show that
a’b?c?

Wiy ly ="

If the angle of a triangle are in the ratio 1 : 2 : 3, then show that the sides opposite to the respective angle are in
the ratio 1:4/3 : 2.

Show that, 4 Rr cos écos Ecos 9 =S
2 2 2

1 _za’

To show that 12 +
h

+

If(a—-b)(s—c)=(b —c)(s —a), then show thatr,r,,r, are in HP.
1 1

oot 8

Show that(r, —r)(r, —r)(r, —r)=4Rr?

3
Show ’[hat(1 + 1)(1 + 1][1 + 1) = 624"3 5
n L)\ )\ n ab‘c

If the sides be a, b and c, then find the value of (r + ;) tan

+(r+r,)tan +(r+ry)tan

If the sides be a, b, ¢, then find value of b-c +c-a.8 _b.
nooon oo

If the sides be a, b, ¢, then find (r, —r)(r, + 1,).
Ifa, b, c are in AP, then show thatr, r,,r, are in HP.
r

Showthatr—1+ri+—3=2R—r
bc ca ab

Show thatr, +r, = ccot(%)

Show thatRr(sinA +sinB +sinC)=A
Show that16R?r r, r, r, =a’b?c?

Ifi = ri, then show that c =90°.
Lo



Session 4

Orthocentre and Its Distance from the Angular
Points of a Triangle and Pedal Triangle and

Centroid of Triangle

Orthocentre and Its Distance
from the Angular Points of a
Triangle and Pedal Triangle

Let ABC be any triangle, and let AK, BL and CM be the
perpendicular from A, B and C upon the opposite sides of
the triangle. These three perpendiculars meet at a point O’
which is called the orthocentre of the triangle ABC. The
triangle KLM, formed by joining the feet of these
perpendiculars is called the pedal triangle of ABC.

O’'K

In AO’ BK, tan(90°-C) =
= O’ K = KB.tan(90° — C) = KBcot C

= ABcos BecotC [ from AABK, cos B = iﬁ}

cosC

=c-cosB-—
sinC

= O’K =2Rcos BcosC | R=—2% = b —
2sinA  2sinB  2sinC

Similarly,
O’L=2Rcos AcosCand O’ M =2Rcos Acos B
In AAO’ L, cos(90° —C) = AL
A0’
= AO"=AL- cosecC = AO’=ccos A- cosecC

- from AALB,cos A = AL
AB

= AO’ =c-cosA-

sinC
= AO’=2Rcos A

Similarly, BO” =2Rcos B and CO’ =2RcosC
Thus, the distance of the orthocentre of the triangle from
the angular points are,
AO"=2Rcos A
BO’=2Rcos B
CO’ =2RcosC,
and its distance from the sides are,
O’K =2Rcos BcosC.
O’ L=2RcosCcos A.
O’ M =2Rcos Acos B.

Some Relations between Orthocentre,
Incentre, Escribed Circles, Centroid,
Circum-centre and Pedal Triangle

(i) Orthocentre of the triangle is the incentre of the pedal
triangle.

(ii) If I,, I, and I, be the centres of escribed circles which
are opposite to A, B and C respectively and I is the
centre of incircle then AABC is the pedal triangle of

the AI, 1,1, and I is the orthocentre of the AI 1,1

17273 17273°

(iii) The centroid of the triangle lies on the line joining the
circumcentre to the orthocentre and divides it in the
ratio 1: 2.

(iv) Circle circumscribing the pedal triangle of a given
triangle bisects the sides of the given triangle and also
the lines joining the vertices of the given triangle to
the orthocentre of the given triangle. This circle is
known as nine point circle.

(v) Circum-centre of the pedal triangle of a given triangle
bisects the line joining the circumcentre of the
triangle to the orthocentre.

Example 23. In AABC, a,b and c represents the

sides, thus find the sides and angles of the pedal
triangle.
Sol. Let AABC be any triangle and let D, E, F be the feet of
perpendicular from the angular points on the opposite
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sides of the AABC, then the ADEF is known as Pedal
triangle of ABC.

Here, ZHDC and ZHEC are 90° each.Thus, points

H, D, C and E are concyclic,

o /HDE = ZHCE =90° — A (1)
Similarly H, D, B, F are concyclic.

. ZHDF = ZHBF =90° — A
Hence, £/ FDE = 180° — 2A

So, Z DEF =180° — 2B
and Z EFD =180° — 2C

.. (ii)
[using Egs. (i) and (ii)]

Thus, angles of pedal triangle FDE are
180° — 2A,180° — 2B, 180° — 2C.
Again in ABFD,
ZFDB =90° — Z HDF = 90° — (90° — A) = A

FD _ BF
sinB sinA
D= sin B “BF
sin A
_ 5B pecosB |-+ aBFC, BE = cosB
sin A BC

_ asinB-cosB_ 2Rsin B-cos B
sin A
FD = bcos B
Similarly, EF = acos A and DE = ccosC
= Sides of pedal triangle :

acos A, bcosBand ccosC or Rsin2A, Rsin2B and Rsin2C

Note

If given AABC is obtuse, then angles are represented by 24, 25,
2C —180° and the sides are acos A, bcos B, —ccosC.

Example 24. Find the area, circum-radius and
in-radius of the pedal triangle.

Sol. We know, area of A = é (product of the sides) X (sine of
the included angle)
- é(RsinZB)(RsinZC)-sin(180° —24)

1
= ERZ -sin2A -sin2B-sin2C

. . EF Rsin2A R
The circum-radius = = ==
2sin FDE ~ 2sin(180° —2A) 2

The in-radius of the pedal ADEF
ar (ADEF)

~ Semi- perimeter of ADEF
1 R*sin2A -sin2B-sin2C
"2 2RsinA-sinB-sinC
=2Rcos A.cos B.cosC

1
Thus, area of pedal A = ERZ sin2A -sin2Bsin2C

Circum-radius = —
2

In-radius = 2Rcos A - cos B-cosC

Centroid of Triangle

In AABC, the mid-points of the sides BC, CA and AB are
D, E and F, respectively. The lines, AD, BE and CF are
called medians of the triangle ABC, the points of
concurrency of three medians is called centroid.
Generally, it is represented by G.

A
N
E E

B D

By analytical geometry :
AG=2AD;BG=2BE and CG=2CF
3 3 3
Length of Medians and the Angles that the
Median Makes with Sides
In above figure, AD? = AC* + CD* =2AC - CD - cos C

2

AD? =b° +az—abcosC

AD? :b2+az_ab.(bz+az_cz)
4

2ab
AD2_2bZ+2c2—a2
4

1 2 2 2
= AD=—/2b" +2c” —a

2

1 2 2
or AD=5\/b +c¢” +2bccos A
o 1 2 2 _p2
Similarly, BE =—4/2¢” +2a” - b

2



and CF=§1/2aZ+2bz—c2
Let ZBAD =f and £ CAD =Y, we have
siny _ DC _ a
sinC AD 2'1 b 4207 — g2
2
. asinC
siny=—MmMm
2b* +2¢* —a®
Similarly, sinf3 = %
2b* +2¢* —a®
. sin© b
again — = :
SnC 1 by act — g
2
sin6 = 2bsinC |
2b* +2¢* —a®

Ex-central Triangle

Let ABC be a triangle and I be the centre of incircle. Let I,,
I, and I, be the centres of the escribed circles which are
opposite to A, B, C respectively, then I,, I,, I, is called the
Ex-central triangle of AABC.

ly A ’Iz

By geometry IC bisects the ZACB and I,C bisects the
ZLACM.

ZICI, = ZACI + ZACI,
= %AACB + %AACM

—1180°) =90°
2

Similarly, ZICI, =90°
Hence, 1,1, is perpendicular to IC.

Similarly, Al is perpendicular to I,I, and BI is
perpendicular to I,1,.

Hence, I,1,1, is a triangle, thus the triangle ABC is the
pedal triangle of its ex-central triangle I,1,1..
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Sides and Angles of the Ex-central Triangle
In above figure,
ZBI,C=/BII+/CI,1I
= ZBCI + ZCBI
=£ +§=90° _é
2 2 2
or 4[211[3=90°—§
Thus the angles are,
A B C

90° ——,90° — —,90° — —
2 2 2

Again in right angled AI I,C,

1
i€ =cos| 90° _A
LI, 2

ILC=11I, sin? (1)
In ABI,C, Lc __ BC
sinZ1,BC sin£BI,C
II,sinA/2 a
ey =
. (1800 - Bj sin(90° — A /2)
sin Y

N [ = acos(B/2) _ 2R-sinA-cos(B/2)
' sinAR-cosAR 1. . (A A
—|2sin| — |- cos| —
2 2 2
III3=4Rc0sE
2
o C
Similarly, I,I, =4RcosE

A
I,I, =4Rcos;

Area and Circum-radius of the Ex-central
Triangle

. 1 .
- Area of triangle = = (Product of two sides) X
2

(Sine of include angles)

= é(4Rcos B/2)-(4Rcos C /2) Xsin(90° — A /2)

A=8R%cosA/2-cosB/2-cosC/2
1,1, _ 4RcosA2
2sinI,I,I, 2sin(90°—A/2)

27173

The circum-radius

Circum-radius =2R.
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Distance between the In-centre and
Ex-centres

Here, ZIBI, = ZICI, =90°

“. I, is the diameter of the circumcircle of ABCI,
I = BC a _2RsinA
' sin BI,C sin(90°— A/2) cosA/2

I, =4R- sin(?)

Similarly, I1,=4R sm(f}
and II,=4R sin(ij

C
Further, ZBI I=/BCI= 3

BI=1I1I, sing
2

= BI=4Rsin A/2-sin C /2
Similarly AI=4Rsin B/2-sinC /2
CI=4Rsin A/2-sin B /2

Distance between an Ex-centre and
Circum Centre

Let O be the circum centre and I be the in-centre, then Al

produced passes through the ex-centre I,.
Let Al meet the circum-circle in D, join CI, BI, CD, BD,
CI,, BI,.

Draw I, E, perpendicular to AC. Produce I,0 to meet the
circle in L join CL.

The angle ZBI, and ZCI, are right angles, hence the circle

on I, 1 as diameter passes through B and C.

The chord BD and CD of the circum-centre subtend equal

angles at A and are therefore, equal.
DB =DC=DI

Hence D is the centre of the circle
IBI,C.

DI, =DC=4Rsin§

Now, OI} — R* =Square of
tangent from I,.=1,D- I, A

A A
=2Rsin— - r,cosec —
2

OI* =R® +2Rr,

or
OI, =R\/1 +8sin A/2- cos B/2- cosC /2

Ol, =+[R* +2Rr,

oI, =R\/1+8cosA/2-sinB/2‘cosC/2

and Ol, =+/R* +2Rr,

OI, =R\/1+8005A/2-cosB/2-sinC/2

Similarly,

Example 25. Show that I1, 11, .11, =16R’r.
Sol. Since, II =4RsinA/2

II,=4RsinB/2
and II,=4RsinC/2

IL-11,-11,=64R’ -siné-sing-sinE
’ 2 2 2
Since r=4Rsin A /2-sin B/2-sinC /2
[1,-11,-11, =64R*—— = 16R*r
4R

Example 26. Prove that
-0 -1,

sinA sinB
Sol. LHS I1,-1,I; _ 4Rsin A/2-4Rcos A/2
sin A sin A
_ 16R?*sin A /2-cos A /2 SR
2sinA/2-cos A/2
RHS IT,-I,I, _ 4RsinB/2-4Rcos B/2
sin B sin B
_ 16R*sin B/2-cos B/2
~ 2sinB/2-cos B/2
=8R*
= LHS =RHS

Example 27. If g, h k denotes the side of a pedal
triangle, then prove that

8, h k_a+b+c”

a’ b* ¢’ 2abc



Sol. We have,

g=acosAh=bcosB k=ccosC [. sides of pedal A]

g h k cosA cosB cosC

+—+—
a v a b c
bP’+c*—a* ad+c’-bv aF+b -
= + +
2abc 2abc 2abc
_a+ b+’
2abc
g h k _ad+b+c’
.'72+7z+72=7
a b c 2abc

Example 28. If x, y,z are perpendicular from the

circum centre of the sides of the AABC respectively.

Prove that E+ 9+ ¢ —a—bc

Xy ;_4xyz

a
Sol. Tn AOBM, tanA=2=%
X

2x

Similarly, tanB=—

2y
and tanC = £

2z
Since, A+B=n-C
= tan(A + B) = tan(n — C)
= tanA + tanB + tanC =tan A -tan B-tanC

a b c abc

= —+ =

2x @ 2 8xyz
a b ¢ _abc
x ¥y z 4xyz

Example 29. If O,H and G represents circum centre,

orthocentre and centroid respectively, then show
HG:GO =2:1. We have,

Sol. We have, two A’s AGH and GMO are equiangular.

Also, AH =2RcosA
OM = Rcos A
AH 2RcosA 2
OM  RcosA 1
Hence by similar A’s,
AH _AG _HG _,
OM GM GO
.= G divides HO in the ratio of 2 : 1
or HG:GO=2:1
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Example 30. Prove that the distance between the
circumcentre and the orthocentre of a triangle ABC
is R\/1—8cos AcosBcos C.

Sol. Let O and P be the circumcentre and the orthocentre,
respectively.

B£=

If OF is the perpendicular to AB, we have
ZOAF =90° — LAOF =90° - C
Also, ZOAP= A — ZOAF — ZPAL

=A-2090°-C)
=A+2C —-180°
=A+2C-(A+B+0C)
=C-B

Also, OA = Rand PA =2R cos A
Now in AAOP, OP® = OA® + PA* — 20A.PA.cos ZOAP

=R’ + 4R*cos® A — 4R* cos A cos(C — B)
= R*+ 4R’ cos A{cos A — cos(C — B)}
=R’ — 4R? cos A{cos(B + C) + cos(C — B)}
= R* - 8R?cos A cos BcosC

Hence, OP = R\/l — 8cos AcosBcosC

Example 31. Find the distance between the
circumcentre and the incentre of the AABC.

Sol. Let O be circumcentre and OF be the perpendicular to AB.
Let I be the incentre and IE be the perpendicular to AC.

Then, ZOAF =90° - C
= ZOAI = LIAF — ZOAF

A
== —(90°-C
5 ( )

A (A+B+CJ C-B
2 2 2
_IE r

sinA/2 sinAj/2

= 4Rsin B/2sinC /2

Also,

Hence,
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OI* = OA* + AI* —20A - Al - cos LZOAI _ . B . C B+C
=1-—8sin—-sin—-cos
= R* + 16R*sin’* B/2-sin*C /2 — 2 2
_ . B . C . A
8stinB/ZsinC/Zcos(c BJ =1- 851n5-smg-sm?
oI
I’ B — =,/1—8sinB/2-sinC/2-sin A/2
02 =1+1ésin2—-sin2£— R \/

. B . C B . .
=1-8sin—-sin—| cOS—-COS— — sin—-sin—
2 2 2 2 2

2

2
. B . C B Cc . B . C or OI=R1—2—r
8s1n5 smE cosgcosg+smg~sm5 R
— 2 _
C B C) OI = /R° - 2Rr.

2

Exercise for Session 4

N R

o oA w

N

10.

If H is the orthocentre of the AABC, then find AH.

A circle touches two of the smaller sides of a AABC (a <b <c)and has its centre on the greatest side. Then,
find the radius of the circles.

If the sides be a, b, ¢, then show thatacos A + b cos B + ccos C =4R sin AsinBsinC
If the altitudes of a triangle be 3, 4, 6, then find its in-radius.

Ina AABC, ifa =3, b =4, ¢ =5, then find the distance between its incentre and circumcentre.

If p,, p,, p, are respectively the perpendicular from the vertices of a triangle to the opposite sides, then find the
value of p,p,p,.

Show that the distance between the circumcentre and the incentre of the triangle ABC is /R — 2Rr.

Show that the distance between the circumcentre and the orthocentre of a triangle ABC is
R,/1-8cos Acos Bcos C.

If in a AABC, AD, BE and CF are the altitudes and R is the circumradius, then find the radius of the DEF.

If1,1,,1, and I, be respectively the centre of the in-circle and the three escribed circles of a AABC, then find /,/,.



Session 5

Regular Polygons and Radii of the Inscribed
and Circumscribing Circle a Regular Polygon

A regular polygon is a polygon which has all its sides as
well as all its angle equal.

If the polygon has ‘n’ sides, Sum of the internal angles is
(n-2)m

(n —2)m and each angle is

Let AB, BC and CD be three consecutive sides of the
regular polygon and n be the number of its sides. Let O be
the point of intersection of the bisector of the angles
ZABC and ZBCD.

The point O is both the incentre and circumcentre of
polygon and so BL = LC. Hence we have,

OB = OC = R, the radius of the circumcircle and OL =r, the
radius of the incircle.

It can be seen,

R=gcosec T and r=gcot T
2 n 2 n

where ‘@’ is length of a side of the polygon.
The area of the polygon =n area of AOBC

=n(OL)(BL)=n" g . cot(n) 4

2
1 T
="na’ - cot| —
4 n

Also, the area of the polygon.
=n(OL)(BL) = n(OL)(OL tan ZBOL)

b
=nr’ tan| =
n

Again, the area =n (OL)(BL).

=nOB'cos£-OB~sinE
n n

Y . T
=nR®-cos— - sin—
n n

. 2T
P R2sin 2t
2 n

Example 32. If A, A, A,, A, A, and A, be the

consecutive vertices of a regular hexagon inscribed in a
unit circle. Then, find the product of length of
ALAAA, and AJA, .

(¢}

=60° and each

360
Sol. We know, in hexagon central angle is

angle = 7(% 2_ Hm
n

_(6-2)x 180°

=120°

As the unit circle,
o radius OA, =1=r
InAA,AA,,

= cos120° = A+ AA, = A,
2A,A,-AA,
_1+1-AAL
211
= AA, =3 (@)
Similarly in AA A A,, we have
AA, =B ...(ii)

Thus, the value of,
(AA)(AA,)-(A,A,) = 14343
= 3 square units
Example 33. If the area of circle is A, and area of
regular pentagon inscribed in the circle is A,, then
find the ratio of area of two.
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Sol. Tn AOAB, OA = OB=r and ZAOB = 3650 =72
D
E C
A—__—B

Area of AAOB = %-r.r.sin72°

1

Area of AAOB = Erz cos18° (1)

Area of pentagon = 5 (area of AAOB)
1
= A, =5{2rzc0518°} ...(id)
Also we know, Area of circle = mr?
= A =mr? .. (iii)
2
Thus, i = L = zlsec (n)
A 5 10

5 .
2 Zrfcos18°
2

Example 34. If the area of cyclic quadrilateral ABCD

s (343} The radius of the circle circumscribing it is 1.

If AB=1,BD=+/3, then evaluate BC- CD.

Sol. Here, In ABOD
B
A

D
= ZBOD =2C
2 2 2
cos2c = L AL = ()
2-1-1
1
or cos2C = ——
2
o Z£C =60° (1)
Also, LA+ ZC =180°
[since ABCD is cyclic quadrilateral]
= LA =120° ..(ii)
. In AABD,

1> + AD* — (\/3)?
2-AD-1

cos120° =

1 _AD*-2
= ——==
2 2AD
AD* + AD-2=0 or AD=1 ...(iii)
Now, ar (ABCD) = ar(AABD) + ar(ABCD)
= ﬁ=1~1-1'sin120°+1~BC~DC'sin60°
4 2 2
. W3 _3 1B o
4 4 2 2
= 23 = ﬁBC -CD
4 4
or BC-CD =2
Example 35. A regular pentagon and a regular
decagon have the same perimeter, prove that their
areas are as 2 : +/5.
Sol. Let AB be one of the n sides of a regular polygon.
If AB=a,
SN,
area of polygon = %AB -OD
na® m .
=——cot— (1
L oot W)
Let the perimeter of the pentagon and decagon be 10x.
Then, each side of the pentagon is 2x and its area is
5x° cot% ...(i1)

[using Eq. (i) where n =5 and a = 2x] again, each side of the
decagon is x and its area is
éx2 cot = ...(iii)
2
[using Eq. (i) where n =10 and a = x]
Area of petagon _ 2cot36°  2c0s36°-sin18°
 cotl®  sin36°-cos18°
_ 2c0836°-sin18° _ c0s36°
© 25in18%cos18%cos18°  cos’18°
_ 2c0s36° 2c0s36°
 2c0s’18 1+ cos36°

25 +1)

4{1+ﬁ4+1
o5 +1)

Area of decagon

5445 5
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Exercise for Session 5

1. Find the sum of the radii of the circles, which are respectively inscribed and circumscribed about a regular
polygon of n sides.

2. Find the radius of the circumscribing circle of a regular polygon of n sides each of length is a.
1 1

11 1
ﬁ+ﬁ+ﬁ_ﬁ.

4. Aregular polygon of nine sides, each of length 2, is inscribed in a circle, then find the radius of the circle.

3.0 A A, A, A be the area of the in-circle and ex-circles, the show that

5. Show that the area of the circle and the regular polygon ofn-sides and of equal perimeter are in the ratio of
tan(E) : E.
n) n
1 1

1
6. Let A AL A, ..., A be the vertices of an n-sided regular polygon such that —— = —— + ——. Find the value
AA, AA, T AA

of n. Prove or disprove the converse of this result.
7. Let 1, is the area of n-sided regular polygon inscribed in a circle of unit radius and O, be the area of the polygon

2
circumscribing the given circle. Then, prove that/, = (;"[1 + 1—(%) J
n

Session 6
Quadrilaterals and Cyclic Quadrilaterals

Area of Quadrilateral Similarly,

ABCD is any quadrilateral where AB = a, BC = b, CD = c, area of AABC :1 BP- AC-sinq. (11)
AD =d and ZDPA=q.

Let s denotes the area of quadrilateral, then .. s=area of ADAC + area of AABC

area of ADAC =area of AAPD + area of ADPC _ %DP . AC - sino +%BP . AC -sina
[using Egs. (i) and (ii)]
= é(DP + BP) - AC-sina.

= s=%BD-AC-sin(x

1

) 1 ) .. Area of quadrilateral = 1 (product of the diagonals)
=5DP-AP-sm0L+E-DP-PC-sm(n—OL) 2

) X (sine of included angle).
= 3 DP.(AP + PC)sina. Again,
1 We can express the area of A in terms of sides and the sum

Area of ADAC = 5 DP - AC-sina ..(i)  of two opposite angles :
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In AABD, BD?*=a* +d* —2adcos A ..(i)
In ABCD, BD? =b* +¢* —2bccosC ...(ii)
From Egs. (i) and (ii),
a’ +d* —2adcos A=b* +c* —2bccosC

a’+d*—b® —c® =2adcos A—2bccosC ...(iii)

Also, s=ABAD + ABCD
=ladsinA+1bcsinC
2 2

= 4s =2ad sin A +2bcsin C (iv)

On squaring and adding Egs. (iii) and (iv) both sides, we
get
16s> +(a* +d* —b* —c?)®
=4a’d’ + 4b*c® —8abcd cos(A + C) (V)
Let A+ C =20, then
cos(A+C) =cos20.=2cos’ ot —1
From Eq. (v), we get
16s> =4a’d” + 4b’c® —8abcd(2cos’ o0 — 1) —
(@® +d?-b*—c?)*?
={2(ad + bc)}* —(a® +b* —c* —d?)* —16abcd cos’ o
={(a+d)* —=(b+c)’} {(b+c)* —(a—d)*} —16abcd cos’® o
=(a+d+b-c)a+d-b+c)b+c+a—-d)(b+c—a+d)
—16abcd cos® o,
Let,2s=a+b+c+d

igsz =(2s —2a)(2s —2b)(2s — 2¢)(2s — 2d) — 16abcd cos® o
s’ =(s—a)(s—b)(s—c)(s—d) —abcd cos® o

= s=\/(s—a)(s—b)(s—c)(s—d)—abcdcosz(x

where200=A+Cand2s=a+b+c+d

Thus, area of quadrilateral;

! BD - AC - sino, where ZDPA =q,
2

or A= \/(s —a)(s —b)(s —c)(s —d) —abcd cos® .,
where200=A+C

Area of Cyclic Quadrilateral

A quadrilateral is cyclic quadrilateral if its vertices lie on a
circle.

Let ABCD be a cyclic quadrilateral such that AB =a,
BC=b,CD =cand DA =d.

Then, /B + /D =180° and LA + ZC =180°.
Let2s=a+ b + c + d be the perimeter of the quadrilateral.

Now, A =area of cyclic quadrilateral ABCD
= area of AABC + area of AACD
=1absinB +lcdsinD
2 2
1 . 1 . 1 . 1 .
=—absin B+ ~cdsin(mt — B) =—absin B+ —cd sin B
2 2 2 2
= A=%(ab+cd)sinB ()

Using cosine formula in a AABC and AACD, we have
AC* = AB* + BC* —2AB-BC-cos B

= AC®=a®* +b* —2abcosB ...(ii)

and AC’=AD?+CD?-2AD-CD-cosD
= AC* =d* +¢* —2cd - cos(m — B) ...(iii)
From Egs. (ii) and (iii), we have
a’ +b* —2abcosB=d’ +c¢* -2cdcos B
2(ab+cd)cosB=a’ +b* —c® —d°® (V)

4(ab+cd)’cos’ B=(a’ +b* —c* —d*)*
4(ab+cd)® - (1—sin® B)=(a’ +b* —c* —=d?)®
4(ab+cd)’sin® B=4(ab +cd)* —(a® +b* —c* —d?)?
4(ab+cd)?® -sin® B={2(ab +cd) +(a® +b* —c* —d?)}

{2(ab +cd) —(a® +b* —c® —d*)}

Lo v il

4(ab+cd)’® -sin’ B
={(a+b)" —(c—d)’}-{(c+d)’ —(a—b)*}
= 4(ab+cd)? -sin® B=
{la+b+c—-d)a+b—-c+d)c+d—a+b)
(c+d+a->)
= 4(ab+cd)’.sin® B =(2s —2d)(2s — 2c)(2s — 2b)(2s — 2a)
= 16A* =16(s —a)(s—b)(s —c)(s —d) [using Eq. (i)]
= A=/(s—a)(s—b)(s—c)(s —d) ()
. From Egs. (i), (iv) and (v),

U

Area of cyclic quadrilateral;

A:%(ab +cd) - sin B, A =\/(s —a)(s—b)(s—c)(s—d)

a® +b* —c*-d?
2(ab +cd)

and




Ptolemy's Theorem
In a cyclic quadrilateral ABCD,
AC-BD=AB-CD + BC-AD

i.e. in a cyclic quadrilateral the product of diagonals is
equal to the sum of the products of the lengths of the
opposite sides.

Proof: Let ABCD be a cyclic quadrilateral, where

AC* =a® +b* —2abcos B
a’+b*—c*-d?
2(ab +cd)

and cosB=

= ACZ=a2+b2—2ab-{a2+b2_02_d2}

2(ab +cd)

= AC?
(ab+cd)
. Aczz(a2+b2)-cd+ab(cz+d2)
ab +cd
N AC? :(ac+bd)-(ad+bc) ()
ab +cd

Similarly,

BD? _(ab+bd)-(ac +bd) (i)

ad + bc
= AC? - BD? =(ac +bd)*
= AC - BD =(ac + bd)

= AC-BD = AB-CD + BC - AD[ Ptolemy’s theorem]

Circum-radius of a Cyclic Quadrilateral

Let ABCD be a cyclic quadrilateral. Then the circum-circle

of the quadrilateral ABCD is also the circum circle of
AABC.

Hence, the circum-radius of the cyclic quadrilateral

_(a®+b*)(ab+cd) —ab(a® +b* —c® —d?)

Chap 03 Properties and Solutions of Triangles 225

ABCD = R = Circum-radius of AABC = Ac
2sin B
AC(ab +cd) . 1 .
= 7 using A =—(ab + cd)sin B
A [using 5 ( ) sin B]
But, AC = (ac +bd)(ad + be) [using Eq. (i)]
(ab +cd)

Hence, R= 4—1A \/(ac + bd)(ad + bc)(ab + cd)

R= 1\/(ac + bd)(ad + bc)(ab + cd)
4\ (s—a)(s—b)(s—c)(s—4d)

Example 36. If the sides of a cyclic quadrilateral are 3,
3, 4, 4. Show that a circle can be inscribed in it.
Sol. By geometry,

AP = AS (i)
BP = BQ ...(i)
DR = DS ...(iii)
CR=CQ (iv)
Adding all four equations, we get
AB+CD=AD+CB  ..(v)

Now, the sides of cyclic quadrilateral
3, 3, 4, 4 inscribe the circle in it, if it
satisfy (v).

ie. let AB+CD=3+4=7,AD+CB=3+4=7
ie. 3,3,4,41e.3=AB,3=BC,4=CD,4=CB
satisfy condition (v) or a circle can be inscribed.

Note

If sum of opposite side of a quadrilateral is equal, then and only
then a circle can be inscribed in the quadrilateral.

Example 37. The two adjacent sides of a cyclic
quadrilateral are 2 and 5 the angle between them is
60°. If the area of the quadrilateral is 4+/3, then find
the remaining two sides.

Sol. Let AD =2, AB=5, ZDAB = 60°
Since, the quadrilateral is cyclic,
ZBCD = 120°
Area of

3

1
AABng‘Z'SSin6OO=5'7 (1)

Area of ABCD = Area of
quadrilateral ABCD — area of AABD

53 343
=443~ 2 2

...(ii) [using Eq. (i)]

Let CD = x and BC = y
Now, area of ABCD = %xysianOo
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33 1 3 o .. Example 38. If a,b,c,d are the sides of a quadrilateral,
or e = Exy > ...(iii) [using Eq. (ii)] a? +b2 + 2
, then find the minimum value of ——.
= xy=6 (iv) d?
Applying cosine rule in ABAD, we get Sol. Here, AB=a, BC =b, CD =c¢ and AD = d are the sides of
. AD’ + AB’ - BD? quadrilateral ABCD.
c0s60° = D
2AD- AB ¢ C
1_2°+5°-BD?
or = d
2 2-2-5 b
= BD* =19
Applying cosine rule in ABCD, we get A a B
2 2 _
cos120° = * Y 719 And we know, (a—b)’ +(b—c)* +(c —a)’ 20
2x
Y = 2a® + b +c?)>2ab + be + ca)
1 x* + y2 -19 2 2 2 2 2 2
or 5=27 = 3a* +b°+c)=(a"+b" +c°)+2ab+ bc +a)
Xy
. , [ie., adding (a® + b* + ¢?) to both sides]
or x“+y +xy=19 [using xy = 6]
. = a*+ b +c)=(a+b+c)
or x"+y =13

[ sum of any three sides

2 2 — —
Now, x"+y"+2xy=13+12=25 of quadrilateral is greater than fourth]

= (x +y) =25 = 3+ +cH2(a+b+c)>d> [ra+b+c>d]
= X+y=5 ad+b+c” 1
and x*+y?-2xy=13-12 = d? >§
= —y=+1 24 bl
. Ty .. Minimum value of mis 1
Solving we get, (x =3,y =2)or (x =2,y =3) d? 3

Exercise for Session 6

1. The area of a cyclic quadrilateral ABCD is . The radius of the circle circumscribing cyclic quadrilateral is 1.

(343)
4

If AB =1, BD = /3, then find BC - CD.

2. If two adjacent sides of a cyclic quadrilateral are 2 and 5 and the angle between them is 60°. If the third side is
3, then find the remaining fourth side.

3. The ratio of the area of a regular polygon of n sides inscribed in a circle to that of the polygon of same number
of sides circumscribing the same circle is 3 : 4. Then, the value of n is

4. Aright angled trapezium is circumscribed about a circle. Find the radius of the circle. If the lengths of the bases
(i.e. parallel sides) are equal toa and b.

5. IfAB,C,D are the angles of quadrilateral, then find = tanA'
2 cotA




Session 7
Solution of Triangles

In a triangle, there are six variables. viz. three sides a, b, ¢
and three angles A, B, C when any three of these six
variables (except all the three angles) of a triangles are
given, the triangle is known completely; that is the other
three variables can be expressed in terms of the given
variables and can be evaluated. This process is called the
solution of triangles.

Solution of a Right Angled Triangle

Casel When two sides are given.

Let the triangle be right angled at C, then we can
determine the remaining variables as given in the
following table :

Given Required
@ ab tand=2 B=90° - 4,C =2
b sin 4
(i) a,c sinAzﬁ,bzccosA,B=90°—A

c
where ZC =90°

Case Il When a side and an acute angle is given. In this
case we can determine the remaining variables as given in
the following table :

Given Required
® a4 B=90° — A, b=acot A, c=—
sin A4
(i) ¢, A B=90° - A,a=csinA, b=ccos A4

Solution of a Triangle in General

Casel When three sides a, b and c are given.

In this case the remaining variables are determined by
using the following table :

Given Required
a, b, c (1) Areaof A= \/s(s —a)(s = b)(s—o),
2s=a+b+c
(ij) sind = %, sin B=—,sinC = 24
bc ac ab
tan— = tanﬁ = A
(i) "o T ss-a) 2 s(s—b)
A
tan— =
2 s(s—c)

Case Il When two sides a, b and included ZC are given.
In this case we use the following table :

Given
a,band ZC

Required

(i) AreaofA =%ab sinC

i tan(A — B] -4z b~cot(£j
(i) 2 ) arb 2

asinC

L
Y

Case IIl When one side a and two angles A and B are
given. In this case we use the following table :

Given Required
aand ZA, /B (1) ZLC =180° - (L4 + 4£B)
B .
(i) b=a?m andc=a?mC
sin A sin A

(iii) A= %acsin B

Case IV When two sides a, b and ZA opposite to one side
is given then,

sinB = ésinA ...>Q)
a
/C=180°—(LA+ /B); ¢ =45mC
sin A

From Eq. (i), the following possibilities will arise :

(a) When A is an acute angle and a <bsin A In this

relation sin B=—sin A gives that sin B > 1 which is
a

impossible.
Hence, no triangle is possible.

(b) When A is an acute angle and a =bsin A In this
case only one triangle is possible which is right
angled at B.

a=bsinA= Z/B=90°
(c) When A is an acute angle and a > b sin A In this

. . bsin A
case there are two values of B given by sin B = St ,
a
say B, and B, such that B, + B, =180° side ‘¢’ can be
obtained by using ¢ = asm C.
sin A

a > bsin A = two triangle are possible.
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Note

(i) Inany right angled triangle, the orthocentre coincides with
the vertex containing the right angled.

(ii) The mid-point of the hypotenuse of a right angled triangle is
equidistant from the three vertices of the triangle.

(iii) The mid-point of the hypotenuse of the right angled triangle is
the circum-centre of the triangle.

Example 39. In any AABC, the sides are 6 cm, 10 cm
and 14 cm. Show that the triangle is obtuse-angled
with the obtuse angle equal to 120°.

Sol. Leta=14,b=10and ¢ =6 cm.

14 +10+6
= s=—=15cm.
2
As we know largest angle is opposite to the largest side,
b +ct—ad
cosA=-—¢ "9
2bc
_100+36-196 _ 1
2(10)(6) 2
= A =120°

Example 40. If g,b and A are given in a triangle and
C,,C, are the possible values of the third side, prove
that : C} + C2 —2C,C, cos2A =4a* cos’ A
b*+c?-a’
2bc
= ¢’ —2bccosA + b> — a* =0, which is quadratic is ‘c’.
C +C,= 2bcosA}

Sol. cosA =

o ¢!
and GC,=b"~-a" 0

C!+C," -2C,C,cos2A
= (C,+C,)-2C,C,-2C,C,cos2A

[using Eq. (i)]
= (C, +C,)" —2C,C,(1+ cos2A)

4b*cos’ A — 2Ab* — a®)-2cos’ A
4a’ cos® A.
Cl+C!-2C,C,cos A =4a’cos A

}

}

Example 41. In a AABC, the median to the side BC is

1
J11-643
of 30° and 45°. Find the length of the side BC.
Sol. £C =180° — (75° + B)

of length and it divides the ZA into angles

ZC =105° - B
In AABD,
A
Al
B D C
BD _ AD — BD = AD Q)
sin30° sinB 2sin B
In AADC,
CD _ AD
sin45°  sinC
AD
= CD=—+—"——— ...(i1)
25in(105° — B)
Now, BD =CD
AD AD
= . =
2sin B ﬁsin(lOS"—B)
= J2sin B = sin(105° — B)
= \/EsinB =sin105° - cos B— cos105°-sin B
= \/EsinB=(\/§+1)cosB+(\E_l)sinB
22 22
= 4sinB=(\B+1)cosB+(\/§—1)sinB
= cotB = 3\/7 -4
= sin B = ;
211 - 643
24/11 — 6+/3
Hence, BC =2BD = AD [ =2

sinB 11— 63

Exercise for Session 7

1. InAABC,a:b :c =(1+ x):1:(1- x), where x €(0,1). If 4A=g+ ZC, then find the value of x.

2. InaAABC,2s = perimeter and R = circumradius. Then, find %

3. Ifina AABC, ZC =90°, then find the maximum value of sin A sin B.

If the area of a triangle is 81 square cm and its perimeter is 27 cm, then find its in-radius in centi-metres.
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5. InaAABC, ifr, = 2r, =3r,, then show thatg = 2

6. Find in-radius of the triangle formed by the axes and the line4x + 3y —12=0.

7. Ina APQR as shown in figure given that x : y : z ::2:3:6, then find value of ZQPR.

P Q
8. InaAABC, ifE <2, then show that the triangle is equilateral.
r

9. The angle of a right-angled triangle are in AP. Then, find the ratio of the in-radius and the perimeter.

10. ifin atriangle (1 - GJ(1 - G) =2, then show that the triangle is right angled.
r2 r3

Session 8
Height and Distance

Angle of Elevation Note

(i) Angle of elevation and depression are always acute angle.

(i) Angle of elevation of an object from an observer is same as
angle O depression of an observer from the object.

If ‘O’ be the observer’s eye and OX be the horizontal line
through O. If object P is at a higher level than eye, then
ZPOX is called the angle of elevation.

Bearing

If the observer and the object are O and P be on the same
level respectively, then bearings is defined. To measure
the bearing the four standard direction East, West, North
and South are taken as the cardinal directions. Angle
between the line of observation. i.e., OP and any one
standard direction is measured.

Angle of Depression N

@ Horizontal line

P
If ‘O’ be the observer’s eye and OX is a horizontal line
object P is at a lower level than O, then the Z/POX is called 6
the angle of depression. W= g
Horizontal line
<9
//)&Ofs/g S
2%
p Thus, ZPOE is called the bearing of the point P with

respect to O measured from East to North.
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= 303 = (\/3 - 1)x

= x =15(3 +/3)
Similarly, 30 = y(\@ - lj = y= 1543
V3
y

So that, PQ=BP+BQ=x+—-=

NG

=15(3 + V/13) + 15= (60 + 15V3) m

Example 43. In a cubical hall ABC D, P QRS with

each side 10 m, G is the centre of the wall BCR Q and
T is the mid-point of the side AB. The angle of
elevation of G at the point T is

(@)sin™ (\/15) (b) cos™ (\/15)
o 1 af 1
(c) tan (ﬁj (d) cot (ﬁj

In other words the bearing of P as seen from O is the Sol. (a) S R

direction in which P is seen from O.

Note P Q
North-East means equally inclined to North and East. ENE G
means equally inclined to East and North-East. 5

c
Example 42. Two flagstaffs stand on a horizontal 4
plane. A and B are two points on the line joining their 0
feet and between them. The angles of elevation of the A T B
tops of the flagstaffs as seen from A are 30° and 60° Let H be the mid-point of BC since
and as seen from B are 60° and 45°. If ABis 30 m, the /TBH = 90°,
distance between the flagstaffs in metres is (TH)* = (BT)’ + (BH)’
(2) 30 + 153 (b) 45+ 15¢/3 52452 50
(c) 60 — 153 (d) 60 + 1543 Also, ZTHG =90°,

Sol. (d) Let x and y be the heights of the flagstaffs at P and Q (TG)* =(TH)* + (GH)*
respectively. =50+25=75
Then, AP = x cot60° = l, AQ = ycot30° = y\/g Let 6 be the required angle of elevation of G at T.

3 . _GH
Then, sin® = —
BP=xcot45°:x,BQ=ycot60°=% _E_L
= BP - AP =x - —= AB W33
V3 . _1( 1 )
= 0 =sin" | —
V3

Example 44. Each side of an equilateral triangle
subtends an angle of 60° at the top of a tower hm
high located at the centre of the triangle. If a is the
length of each side of the triangle, then

(a)3a* =2h’ (b) 2a* =3h?
(b)a® =3h? (d)3a* =h?
Sol. (b)

Let O be the centre of the equilateral triangle ABC and OP
the tower of height h. Then, each of the triangles PAB, PBC
and PCA are equilateral.

Thus, PA = PB= PC =a.

Therefore, from right-angled triangle POA, we have

PA? = PO* + OA”.
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. (a T Sol. (d) AP = PB = hcot30° = \/3h
= a” =h"+| —sec30°
2 1 o 3h% +3h* - 60°
——=co0s120° = ———F—
TN 2 2-3h°
Y —3h* =3h% +3h% — 3600
@ 9h* = 3600
S ss h =20
2., o, 9h* + h+1=13600+20+1
—a"=h
3 =3681
= 2a* = 3h* Q
Example 45. A vertical tower PQ subtends the same
angle 30° at each of two places A and B, 60 m apart
on the ground, AB subtends an angle 120° at the foot
of the tower. If his the height of the tower, then 8
9h* + h+1is equal to 120°
(a) 3121 (b) 2136 A 60 B
m
(c) 3600 (d) None of these

Exercise for Session 8

1. If a tower subtends angles 6,260 and 36 at three points A, B and C respectively, lying on the same side of a
AB cot6-cot26

horizontal line through the foot of the tower, show that— —————.
BC cot260 —cot 36

2. A person stands at a point A due south of a tower of height h and observes that its elevation is 60°. He then
walks westwards towards B, where the elevation is 45°. At a point C on AB produced, show that if he find it to
be 30°. OA, OB, OC are in GP.

3. Atrain travelling on one of two intersecting railway lines, subtends at a certain station on the other line, an
angle o when the front of the carriage reaches the junction and an angle § when the end of the carriage
reaches it. Then, the two lines are inclined to each other at an angle 6, show that 2 cot 6 = cot o — cot 3,
cot o + cotf

4. The angle of elevation of the top of the tower observed from each of the three points A, B, C on the ground,

forming a triangle is the same angle o. If R is the circum-radius of the triangle ABC, then find the height of the
tower R tan o

5. The length of the shadow of a pole inclined at 10° to the vertical towards the sun is 2.05 metres, when the
elevation of the sun is 38°. Then, find the length of the pole.



JEE Type Solved Examples :
Single Option Correct Type Questions

- B n—-C

T—A T
Ex. 1. Iftan’ + tan? + tan’ =1, then
4 4

AABC is
(a) equilateral (b) isosceles
(c) scalene (d) None of these
A n—-B n-C .
= = (1)

-
Sol. (a) Let o = , ,
(2) . p VT

= o+P+y=

Nl ]

= Ytano -tanf} =1
Stan’ol =1 = Ztana tanf
= tano = tanf} = tany
a=p=y
n-A m-B mn-C
4 4 4
A=B=C

[From Eq. (i)]

EXx. 2. InAABC,a’ +c* =2002b°,

cot A +cotC
then —————— equals to
cot B
1 2
a) — b) —
(® 2001 (b) 2001
3 4
c)—— d)—
( ) 2001 ( ) 2001
A+ in(A + in B
Sol. (b) cot cotC _ sin( C)sin
cotB sin A sinC sin B
B sin’ B 4R’
sinA cosBsinC 4R’ ac cosB
oot
2ac cosB a*+c¢* -1’
2b* 2

©2002b° —b* 2001

Ex. 3. A triangle has vertices A, B and C and the respec-

tive opposite sides have lengths a, b and c. This triangle is
inscribed in a circle of radius R. If b = ¢ =1and the altitude

from A to side BC has length \E, then R equals

1 2
(@) ﬁ (b) ﬁ
V3 NE}

(c) 7 (d) E

Sol. (d)a=-2and A=1 ah

rR=%C
A

_ @0)e)
V3 (4)42

_B

22

Ex. 4. In AABC, if AC =8, BC =7 and D lies between A
and B such that AD =2, BD = 4, then the length CD equals

()46 (b)+/48 ()51 (d) 75
Sol.(c) =2 +8 —2-2-8cos A
=4+64 —32cosA
2 2 _ 2
and cosA=6+8 7 = o1 =£
2:6-8 16X6 32
12=63—32><£=51
32
1=+/51

Ex. 5. In a triangle, if

(a+b+c)(a+b-c)(b+c—a)
212 2
(c+a-b)= 8a’bc , then the triangle is
a’ +b* +c?
(a) isosceles (b) right angled
(c) equilateral (d) obtuse angled

Sol. (b) We have, s(s—a)(s—=b)(s—c)=

a’b’c?

2a’ +b* +c?)

21.2 2
= az+b2+c2=abf
2A
1
As, A= Lpesina = 2
2

()



So, Eq. (i) becomes

(aZ ZCZ )
@ +b' +c'=——"—=8R
2a°-b"-c
= 4R*(sin® A + sin’ B + sin” C) = 8R?
= sin® A +sin’ B +sin’C =2
or 2+2cosA-cosB-cosC =2
= cosA-cosB-cosC =0

~.AABC must be right angled.

EXx. 6. Consider a AABC and let a, b and ¢ denote the

lengths of the sides opposite to vertices A, B and C, respec-
tively. Ifa=1,b=3 and C =60°, then sin® B is equal to

27 3
a) — b) —
( )28 ( )28
81 1
c)— d) —
(c) P ( )3
2 2 2
Sol. (a) By Cosine law, cos60° = r+y-c¢
2-1-3
= c=A7
Now, b — [By Sine law]
sinB sinC
= sin B = bsinC
c
]
_ 2
V7
33
27
Hence, sin‘’B= ﬂ
28
Ex. 7. In AABC, ifcos A +sin A — B 0, then
cosB+sinB
a+b .
is equal to
c
1
()2 (b) 1 (€) = (d) 22
V2

Sol. (a) We have,
= cosA cosB+sinAsinB + cosAsinB+sinAcosB=2
= cos(A — B) +sin(A + B) =2

o cos(A—-B)=1

and sin(A + B) =1

= A=Bsoa=b

and sin2A =1

= A =45°

or A =135° (Not possible)
Hence, a+b 2a _\/5

¢ a2
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Ex. 8. In AABC, if ZA =30° b =10 and a = x, then the

values of x for which there are 2 possible triangles is given
by (All symbol used have usual meaning in a triangle)

(@)5< x <10 (b)x<%

5 5
(c)§<x<10 (d)5<x<10

Sol. (a) If ¢ is the third side, then the altitude to ¢ has length
10sin30° = 5,
there are two triangles if x is greater than this value and
less than the length of b.

Ifx > 10, pointB will come to the left of A and ZA would be
obtuse in the case.

3
Aliter We have, \Zf = cos30°
_ 100+ ¢* - x°
2(10)(c)
= ¢’ —10./3¢ + (100 — x*)=0

1043 + 1/4x% — 100
c =
2

Now, for 2 distinct positive values of ¢, we must have

104/3 > {/4x* = 100

300> 4x° — 100
x? <100 = 5<x <10

[by using cosine rule]

=
=

Ex. 9. Ina AABC, AB= AC, P and Q are points on AC

and AB respectively such that CB=BP =PQ =QA. If
ZAQP =0, then tan’ 0 is a root of the equation
(@)y*+21y* =35y -12=0
(b)y® —21y* +35y - 12=0
()y’ —21y* +35y —7=0
(d) 12y° =35y + 35y —12=0

Sol. (¢) LQAP = ZQPA =90 — %
ZPQB = /PBQ =180 — 0
ZBCA = ZABC = ZBPC = 45 + %

B
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Now, (90O - 2} + (20 — 180°) + (45O + 2) =180°

57T
= 0=—
7
= 70 =571
= 40 =51 — 30
= tan 40 = — tan30
- 2tan20  _ 3tan —tan’0
1—tan’20 1—3tan’0
2t
2[1—#} 3t —t’
= = - = > where t = tan0
2% 1-3t
1_ 2
1-t
4(1-1t%) t' -3
= 2\2 2 = 2
(1-t%)? -4t 1-3t
= 41— 4t* +3t*)=(t* =3) (1 —6t* +t*)
= t' =21t +35t2-7=0

.. tan’0 is the root of the equation y’ — 21y* + 35y =7 =0.

Ex. 10. The angle of elevation of tower from a point A
due south of it is 30° and from a point B due west of it is 45°.
If the height of the tower be 100 m, then AB=

(a) 150 m (b) 200 m
(c) 173.2m (d) 141.4 m
Sol. (b) OB =100cot 45°

OA =100 cot 30°

JEE Type Solved Examples :

AB = ,/(OA? + OB?)
AB=200m

<
S

45°

30°

A

Ex. 11. An aeroplane flying horizontally 1 km above
the ground is observed at an elevation of 60° and after
10 seconds the elevation is observed to be 30°. The uniform
speed of the aeroplane in km/h is

(a)240 (b) 2404/3
(c) 604/3 (d) None of these

Sol. (b) d = H cot 30° — H cot60°

Time taken = 10 s

More than One Correct Option Type Questions

b c .
= = is
sinA  sinB sinC
always equal to (All symbols used have usual meaning in a
triangle.)
(a) 2R, where R is the circumradius

Ex. 12 In A ABC, the ratio

(b) %, where A is the area of the triangle

2 1
(c) g(a2 +b* +c?)?
2
(abc)?
(&)
(h]h2h3)3
Sol. (a,b,d) We know that

| d |
H 1 km
60°
30°
t 30° — cot60°
Speed = % X 60 % 60 = 240+/3
1
b
a = = ¢ =2R
sinA sinB sinC
abce abce
and R=2"2" — 2R="2
4A 2A
a,b are true
2
Now, Z(a®+ b+ )
3

If Btrueiffa=b=c¢
.. ‘¢’ is incorrect
Now, for option ‘d’
(abc)z/s

We have, ——~ -
(hh,h,)"

We know, lah1 = Ebh2 = lch3 =A
2 2 2



= h, =—h,=—h, =
a

3
bk, = 22

abc

(abc)2/3 3 (abc)z/S =(abc)2/3(abc)1/3

(h1h2h3)1/3 (8A3 )1/3 2A

abc

_abc

N

Hence option, a, b and d are correct.

=2R

Ex. 13. Let ABCD be a cyclic quadrilateral such that

AB =2, BC =3, ZB =120° and area of quadrilateral = 443.

Which of the following is/are correct?
(a) The value of (AC)* is equal to 19

(b) The sum of all possible values of product AC - BD is
equal to 35

(c) The sum of all possible values of (AD) is equal to 29
(d)  The value of (CD)’ can be 4
Sol. (a,c,d) Area of quadrilateral

1 1
=443= 5 X2X35in120° + xy sin60°

4\[:\5[%?}

l6=6+xy = xy=10
AC? =2" +3" —2-2:3 X cos120°
=4+9+6=19
= x* + y* — 2xy cos60°
x*+yP—xy=19

or x*+y'=29
= x=5y=2
or x=2y=5

Ex. 14. In a AABC, which of the following quantities
denote the area of the triangle?

@ a’ —b*>( sinAsinB
2 sin(A — B)
rrr
b 1°2 73
( )7,—2r1 .

a+b>+c’
C
cot A+ cotB + cotC

A
(d) r? COtE . cotE -cot—

2 sinzA—sinzBJ ab

Sol. (ab.d) (a) 25X @ _Lin (A + B)ab
2 sin(A — B) 4R* 2

= l(ab) sinC = @ =A
2 4R
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N.s CAs
s(s—a)(s—Db)(s—c)

m = sz(ZtanAtanBj =5 |~ Stan2tanB =1
2 2 2 2

rl rZ r3
N2 T,

(c) Denominator =

byr,r,r,=

=A

(b* +c* —a’*)2R R
4=
2bca abc
(B> +c?—a’+c?+a’ —b*+a° +b* -7
(@ + b+ )R
abc

N (Zaz) abc _abc

= AT _ A%y
D ()R R
=  (C is not correct.
(d)ATZ's(s—a).s(s—b).s(s—c)
s A A A
_s(s—a)(s—b)(s—«:)_ﬁz_A
A A

Hence, (a), (b) and (d) are correct.

Ex. 15. Consider the system of equations
sin x cos 2y =(a’ —1)* +1andcos x sin 2y =a +1. Which of

the following ordered pairs (x, y) of real numbers can satisfy
the given system of equations for permissible real values of

a?
—T —T T 37
@® (2’ 2) (b) (2’2)

3T —T -7 37
(C)(z’zj @ (2’ 2]

Sol. (a,c,d) For permissible values of ‘a’, we must have
(@ -1°+1<1and|a+1]<1
= (a°-1"<0 and -1<a+1<1

= -2<a<0 = ad*"-1=0
= a=1lor—-1
.. Permissible value of a = — 1

Hence, the system of equations becomes sin x cos2y = 1and
cos x sin2y = 0.

Now, verify (a), (c), (d) alternatives.

Ex. 16. In a AABC, let 2a* + 4b* +¢* =2a(2b +¢), then
which of the following holds good?
[Note All symbols used have usual meaning in a triangle.]

(a) cosB = _?7 (b) sin(A - C) =0

(c)£=1 (d)sinA:sinB:sinC=1:2:1
r 5
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Sol. (b,c) We have,  2a’ + 4b> + ¢* — 4ab—2ac =0

= (a=2b) +(a—c)’ =0
= a=2ba=c
= b=g,c=a
2
bV +ct-a*
COsA=-"———
2bc
2
Chd-a
4 1

1
Similarly, cosB= % and cosC = —

Hence, option (a) is not correct.

As a=c=>A=C

= A-C=0 = sin(A-C)=0
Hence, option (b) is correct.

A
(s— a)tan; _(s-a)

As =
N stané s
2
- a _ a _ 4 1
s 5a 5 5

4
Hence, option (c) is correct.

Also,a:b:c=a:E:a=2:1:2=sinA:sinB:sinC
2

Hence, option (d) is not correct.

Ex. 17. In AABC, angles A, B and C are in the ratio
1:2:3, then which of the following is(are) correct?

(All symbol used have usual meaning in a triangle).
(a) Circum-radius of AABC =c¢

(b)a:b:c=1:\/§:2
(c) Perimeter of AABC =3 +4/3

¥

(d) Area of AABC =

CZ
Sol. (b, d) Given, A + 2A +3A =180°,
B =60° and C =90°

Now, R= ¢
2

a b ¢ _25
sinA sinB sinC 2

B
60°
c
a
590 80°\
C b
c NEY:
a=—b=—
2 2
3 1 3
So, a:b:c=£:ﬂzc=f:£:1=l:\/§ 2
2 2 2 2

Perimeter = (3 + \/g)k (ke R)

Area of AABC = %ab

A(8)[5e)-e

Ex. 18. If the length of tangents from A, B, C to the

incircle of AABC are 4, 6, 8, then which of the following
is(are) correct? (All symbols used have usual meaning in a
triangle.)

(a) Area of AABC is 1246 (b) r,, r,, ry are in HP

(c)a, b, c are in AP (d)r:4;/g
Sol. (b,C,d)S—a:4’S_b=6’3_0:8

A
s-a

S—-a

B sb s ¢
s=18
A=,18x4x6x8 =246
a=14,b=12and c =10
s—a,s—bs—carein AP.
. a, b, carein AP.
A A
s—as-bs—c
A 46

sr,r,,ryarein HP r = —
s 3

are in HP.




Ex. 19. In AABC, let b =10,c =10+/2 andRzS\E, then

which of the following statement (s) is (are) correct?
(a) Area of triangle ABC is 50.

(b) Distance between orthocentre and circumcentre is 54/2.

(c) Sum of circum-radius and in-radius of AABC is equal

to 10.

(d) Length of internal angle bisector of ZACB of AABC

s>
22

Sol. (a,b,c) We know, =2R

sin B
0 _ 1
1072 2

= B = 45°

= sinB =

Also, =2R
sinC
) 1042
= sinC =——=-=
1042

o A =45 = C=90°
~.AABC is isosceles right angled at C.
v a=10,b=10,¢ = 102

Area of AABC =%><10><10=50

Distance between orthocentre and circumcentre
BD = DC =52
R+r=5J2+10-5y2 =10

Ex. 20. Let ‘(" is the length of medians from the vertex A

to the side BC of a AABC, then
(@) 40> =2b* +2c* - a*
(b) 4¢* = b*> + ¢* + 2bc cos A
(c) 40> =a’ + 4bc cos A

(d) 4¢%> =(2s — a)’ — 4bc sinzg

[-r=10- 5\5]

Chap 03 Properties and Solutions of Triangles

Sol. (a, b, ¢, d) D is the mid-point of line BC.
AB* + AC* = 2(AD* + BD?)

2
¢t + b =2[l2 +(a) }
2

2

= b =2+
2
A
B D C

41> =2b* +2¢* - d*
=b+c?+(b*+c?-adb)
=b* +c* +2bc cos A
=(b*+c* —a’)+a’ +2bc cos A
=2bc cos A + a* + 2bc cos A
= 4bc cos A + a’

Ex. 21. If a right angled AABC of maximum area is

237

inscribed within a circle of radius R, then (A represents area
of AABC andr,r,,r,,r, represent in-radius and ex-radii, and

s is the semi-perimeter of AABC, then
(b)l+l+l=\5+1

r1 r2 r3 R

d)s=(1++2)R

(@) A =R’

©r=K2-1)R

Sol. (a, b, ¢, d) For a right angled triangle inscribed in a circle

of radius R the length of the hypotenuse is 2R.
Then, area is maximum when its is isosceles triangle
With each side = +/2 R

S= %(2\6 +2)R=(2+ 1R

A:%\@RwﬁR:RZ

A R’
S (2+DR
= r=(\5—1)R
N 1, r 1 _1__ 1
n T, Ts r (\/5_1)R
W2+1
R
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JEE Type Solved Examples :

Statement | and Il Answer Type Questions

= This section contains 3 questions. Each question contains
Statement I (Assertion) and Statement II (Reason).
Each question has 4 choices (a), (b), (¢) and (d) out of
which only one is correct. The choices are
(a) Statement I is True, Statement II is True; Statement
II is a correct explanation for Statement I.

(b) Statement I is True, Statement II is True; Statement
1T is NOT a correct explanation for Statement I.

(c) Statement I is True, Statement II is False.
(d) Statement I is False, Statement II is True.

Ex. 22. Statement I /In a AABC, ifa<b<candr is

inradius andr,, r,,

respectively, thenr <r, <r, <r,.

r, are the exradii opposite to angle A, B, C

rrr
Statement Il For, AABC r,r, +r,r, +r,r, =22
r
Sol. (b) Statement [a<b<c¢
s—a>s—b>s—c
s>s—a>s—b>s—c
A A A A
— < < <
s s—-a s—-b s—c
r<r <r<r
A A A
Statement I1 1, = T, = T, = r==
s—a s—b s—c¢ s

1 1 1 S
St ==
rn or, r, A r

JEE Type Solved Examples :
Passage Based Questions
Passage 1

(Ex. Nos. 25 to 27)
Ina AABC, lettanA =1, tanB=2,tanC =3 and ¢ = 3.

25. Area of the AABC is equal to

(a) 3f (b)3
(©) 24/3 ()32

26. The radius of the circle circumscribing the triangle
ABC, is equal to

() ‘/;T) (b) 5 (©+10 (d) ‘f

Ex. 23. Statement I If the sides of a triangle are 13, 14,
15 then the radius of in circle = 4

Statement I1 /n a AABC, A= \/s(s —a)(s —b)(s —c) where

a+b+c A
s=———andr=—
2 S
Sol. (a) s =21
A=+21-87-6=+37-2"73=3-7-4=84
r :é:%:4
s 21
cos’ A
Ex. 24. Statement I /In a AABC, X 2 has the value
a
2
equal to>—.
abc

Statement II /n a AABC, cos A_ [s=b)s—¢c)
2 bc
2 ac 2 ab
A

Sol. () — 2 =%=a)
a abc

cos’—

327

a abc

27. Let A denote the area of the AABC and Ap be the
area of its pedal triangle. If A =k Ap, then k is equal

to
(a)v10 (b) 24/5
(©)5 (d) 2710
Sol. (Ex. Nos. 25 to 27) We have,
. 1
tanA =1= sinA = ﬁ’
tanB=2 = sinB = 2,
N
3

tanC =3= sinC =

5



Using Sine law,

LT
2

3
a[z#zm [Asc =3]
Now, azx/g;bZZ\/g;c:3
1 3
25. (b) A =--/5-242sinC=+10-——=3
2 V1o
26. (a)Rzﬂzi‘/g'z‘Eg:@
4A 4-3 2
27. (c) We know that, A, = 2A cos A cos B cosC
1 1 1
=2X —=X—=X—XA
V25 1o
_A
5
A=54,
= k=5
Passage 11

(Ex. Nos. 28 to 30)
Let ABC be any triangle and P be a point inside it such that

/PAB = % / PBA = g /PCA = % /PAC = %’I Let Z/PCB = x

28. xis equal to

m 21
i by 22
(a) 5 (b) 5
(c)g (d) None of these
29. AABC is

(a) Equilateral (b) Isosceless

(d) Right angled
30. Which of the following is true
(a) BC > AC (b) AC = AB
(c) AC > AB (d) BC = AC
Sol. (Ex. Nos 28 to 30)
PA _ PB
sin20  sin10
PA  sin20°
PB  sinl0°
Similarly, In APBC and

apac, B o __sinx
PC  sin(80° — x)

PC  sin40°
-z = . L X
PA  sin30° B ¢
PA PB PC
— X —X—=1
PB  PC PA

(c) Scalene

28. (a) In APAB,
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sin20° sin x sin40°
sin10°  sin (80° — x)  sin30°

sin(80° — x) = 4 cos 10° sin 40° sin x = 2sin50° sin x + sin x

= sin(80° — x) sin x = 2sin50° sin x
= sin(80° — x) cos 40° = 2sin50° sin x
= sin(40° — x) =sin x

= x =20°

29. (b) LA=LC =50
30. (c) LABC =8(°
. AC is longest side.

Passage III
(Ex. Nos. 31 to 33)

Let AABC be any triangle and D, E, F feet of perpendicular from
vertices A, B, C on opposite side BC, CA, AB, respectively. Then,
the ADEF is know as pedal A of ABC. H is orthocentre of the
AABC. We note that ZHDC = ZHEC = 90°, so the points

H, D, C and E are concyclic.

In question AABC is assumed an acute angled triangle. In case
AABC be obtuse angled with A as obtuse angle. The angle of
pedal A will be 2A — 180°, 2B, 2C and side will be represented by
—acosA,bcosB,c cosC.

31. If [, m, n denote the side of a pedal triangle, then
[

m  n.

+ —+—isequal to
2 2 2

a- b ¢

a+b>+c? a+b>+c’
a)—— b) ————
()a3+b3+c3 (b) 2abc
3 3 3
atb tc (d)l+l+l
abc(a+ b +¢) a b ¢

32. If R be circum-radius of a A, then circum-radius of a

pedal Ais
2R
(@) R (b) 5
R R
(©) 3 (d) Py

33. The in-radius of pedal A of a AABC

(a)g (b) R sinA sinB sinC

A B C
(c) 2R cos A cosB cosC  (d) 4R sin; sin;sin—

Sol. (Ex. Nos 31 to 33)
31. (b)l=-acosA,m=bcosB,n=ccosC

[ m n cosA cosB cosC

Tt = + +

a b c a b c
_a’+b*+c’

2abc
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EF
32. (d) Circum-radius = ——— = lesinZA sin2B sin2C
2sin( LFDE) 2
_ Rsin2A _ R Semi-perimeter of pedal A,
2sin(180° —24) 2 S= %R(sinZA + sin2B + sin2C)
33. (c) Area of pedal A = ~(DE) DF sin(ZEDF) = ~(R sin2B) A
2 2 In-radius = — = 2R cos A cos B cosC.
(Rsin2C)sin(180° — 2A) S
JEE Type Solved Examples :
Matching Type Questions
Ex. 34. Match the statement of Column | with value of cosA =+ 1
Column II. 2
Column 1 Column 11 A =60° or 120°(g, s)
a’+ b -c?
(A) Inatriangle ABC if a* — 2(b* + ¢*)d* + b p. 30° (B) . cosC = B
+ B¢ + ¢ =0, then £4 “
: P or a’ +b° —c® +2abcosC
(B) Inatriangle ABC,Ifa” + b" + ¢ q. 60°

Squaring both sides, then
a* +b* +c* +2a°b* - 2a’c* - 2b*c?
=4a* b*cos’C
= 3a’b* = 4a°b’ cos’C

=d’b* + 2b°F + 28°d°, then ZC is

(C) Inatriangle ABC,Ifa* + b* + ¢ + 24°¢ r. 90°
=24°b* + 2b°F, then £B is

s. 1207 (ra* + b + ¢t =a’h? +2b%c? + 2c%a’
t 150° 5
or cos’C ==
Sol. (A) = (g, 5); (B) = (p, £): C — (r) 4 5
3
(A) wat =2(b* +c*)a’ +b* +b’c’ +c¢* =0 cosC = 1'7
= (b +c22— azzz —(2b22+c22)22+b4 +bct+c' =0 C = 30° or 150° (p, 1)
= (b Z+ c 2— a 2) =b’c (C) ccdt + bt et +2a%ct = 2a%b% + 2bc?
- (b te _ajzl = b* —2a’ + )b’ +(a® +c*)’ =0
2bc 4 N b —(a*+ ) =0
- coszAzl = a+ct =0
4 = cosB=0
B=90°(r)
JEE Type Solved Examples :
Single Integer Answer Type Questions
Ex. 35. In a AABC, ifr, +r, +r =r,, then find the value N 2s—(at+c) _ b
of (sec’A +cos’ B—cot’ C). (s=a)(s—c) s(s=b)
[Note All symbols used have usual meaning in a triangle.] = (s—a)(s=c)=s(s =)
= s’—(a+c)s+ac=s"—bs
Sol. (1) We have,r, +r, +r =,
A A A = (a+c—-Db)s—ac=0
A
= -— atb+c
= [s—a+s—c)_[s—b s) = (a+c—b)7( 5 )=ac



= (a+c) - b* =2ac

= a’ +c? +2ac — b* = 2ac

= a+ct=0b
I

So, /ZB="and LA + ZC =90°
2

Now,

sec’ A + cos’ B— cot’ C = sec’(90°~C) + cos*90°— cot’ C
= cosec’C +0— cot’C
=1
Hence, (sec’A + cos’ B — cot’C) =1
Alternatively We have,
(n+r)=(r,=-r)=0 (1)

A B C A B. C
As 1, +r,=4Rsin— cos— cos— + 4Rcos— cos —sin—
2 2 2 2 2 2

B A+ B
= 4Rc0ssin( CJ =4Rcos’— ...(ii)
2 2
A B C A . B C
Also, r, —r = 4Rcos— sin—cos— — 4Rsin—sin — sin —
2 2 2 2 2 2
B A+C B
= 4Rsinzcos( ) =4R sinzg ... (i)

. Using Eqs. (ii) and (iii) in Eq. (i), we get
4R(coszB - sinzBJ =0
2 2
= 4R cosB=0
= 4Bz§and4A+4C:90°
Hence, (sec’A + cos’B - cot’C) =1

Ex. 36. In AABC, letb=6,c =10 andr, =r, +r, +r then
find area of AABC.

[Note All symbols used have usual meaning in a triangle.]

Sol. (30) We have, n=r,+r,+r [given]
= (r=r)y=(r,+r,)
N s—(s—a)= 2s—(b+c)
s(s —a) (s=b)(s—c)
N (s—b)(s—c):1
s(s —a)
LA A
= tan"—=1 = — =45
2 2
Hence, A =90°

Now, area of AABC = %bc sin A

- %(6) (10) sin90°

=30 sq units.
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Ex. 37. Consider an obtuse angled triangles with side
8 cm, 15 cm and x cm (largest side being 15 cm). If x is an
integer, then find the number of possible triangles.
Sol. (5) Since, 15 be the largest side
x” + 8 —15°

16x
for obtuse angled — 1 < cos® <0
—16x < x* —161<0

cosO =

15
X
(/
8
= x’ <161
= x <13 (1)
and x* +16x —161>0
= (x+23)(x—=7)>0
or x>7 ..(1i)
. 7<x<13
= x €{8,9,10,11, 12}

Hence, number of possible values of x is 5.

Ex. 38. Let ABC be a right angled triangle at C. If the
inscribed circle touches the side AB to D and (AD) (BD) =11,
then find the area of AABC.
Sol. (11) We have,

(AD)(BD) = 11 A

= (s—a)(s—-b)=11

= (25 —2a)(2s — 2b) = 44 2.

=(b+c—-a)(a+c—-Db)=144 b

= ¢’ —(b—a) =44

= 2ab=44 c 5
[Asc® =a’ + b’]

= ab =22

Now, area (AABC) = éab = %(22) =11

Ex. 39. Consider a AABC and let a,b and c denote the

lengths of the sides opposite to vertices A, B and C,
respecively. Suppose a =2,b =3,c =4 and H be the
orthocentre. Find 15(HA)*.

Sol. (196) We know that, HA = 2R cos A, where
b*+c*—a® 9+16—4

cosA =
2bc 24
21 7
24 8
49 15
SinA=,1-—= —\/7
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Now, =2R
sin A
2%X8 16
= 2R=—=—+
Ji5 15
HA=2RcosA=i><Z
Ji5 8
14
J15

Hence, 15(AH)*= 196.
Ex. 40. In a AABC, the internal angle bisector of ZABC
meets AC at K. If BC =2, CK =1and BK =3\2/E, then find

the length of side AB.
Sol. (3) Using cosine law in ABKC,

18
4+ =1
4
cos—=——F——
2 32
z.i.z
2
B
D
a=2
c=2m
A C
3+9
_ 5_ 5 5
2 1242 442
2 B (2-2-2m 5
Now, x =% COS*=¥'7

a+c 2 2m + 2 4\/5

Subjective Type Examples

Ex. 42. Two sides of a triangle are given by the roots of
the equation x* — 2/3x +2=0. The angle between the sides

is g Find the perimeter of A.

Sol. We have, two sides of a triangle are given by roots of the
equation x° —2\3x +2 = 0.

= a+b=2\3
and  ab=2with Z£C = g ()
using cosine law, we have
cosC = M
2ab

[using Eq. (i)]

W2 4m 5

= - = R
2 m+1 42
5
- 3=_"
m+1
= 3m+3=5m
3
m=—
2
AB=2m
c=3

Ex. 41. In AABC has AC =13, AB=15 and BC =14. Let O

be the circumcentre of the AABC. If the length of perpendic-
ular from the point ‘O’ on BC can be expressed as a rational

™ in the lowest form, then find (m + n).

n
Sol. (41)A = \/s(s —a)(s—b)(s—c)
=21-8-6-7 = /84
R:@: (14)(13)(15) _2-13-15 _ 65
4A 4-84 4-12 8

= m+n=33+8=41

1 _a*+b -ct

: —
2 2ab
= ad+b-c’=ab
= (a+b)* —2ab—c*=ab [using Eq. (i)]
= 12—4-c¢*=2

ct=6;c= \/g
.. The perimeter of A

—a+b+c=2/3+6

Ex. 43. If in AABC, ZA =90° and c, sin B, cos B are
rational numbers, then show a and b are rational.
Sol. Let AD be perpendicular from A to BC.



Then,

=
=
Similarly,
=

Now,

cosB= @
c
BD =ccosB
BD is rational.
AD =csinB

AD is rational.

B

sinC = cosB =

w‘% ol Sy
o

= bis rational.

Since,

cosC =sinB=D—bC

= DC is rational.
Hence, a = BD + DC is rational.
Thus, a is rational and b is rational.

Ex. 44. If the sides of a triangle ABC are in AP and a’ is

the smallest side, then express cos A in terms of b and c.

Sol. Since sides of the triangle are in AP.

ie.a b carein APandleta<b<c.

Now,

Ex. 45. If A, B and C are angles of a triangle such that

2b=a+c
COsA = 7# to-a
2bc
b+t —(2b—c)
- 2bc
bt —4b’ -+ dbe
- 2bc
_ 4bc -3b°
~ 2be
COSA = 4 —3b
2c

ZA is obtuse, then show tan Btan C <.
Sol. Since, A is obtuse angle,

then
=
=
=
=
=

or

90° < A < 180°

90° < 180 — (B + C) < 180°
-90°<—-(B+C)<0
90°>B+C>0

B+ C <90°

B<90°-C

tan B < tan(90° — C)
tan B < cotC

tanB-tanC < 1

If A is obtuse, then tan AtanC < 1.

()

[using Eq. (1)]
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EXx. 46. If A is the area and 2s the sum of the sides of a
2

triangle, then show A < S—,

343
Sol. We have, 2s=a+b+ec,
A’ =s(s—a)(s=b)(s—c)
Now, AM > GM
st(s—a)+(s—b)+(s—c)
4
> {(s — a)(s = b)(s — c)}'"*
N 43_232(142)1/4 . %ZAI/Z
32
= AL — (1
. @
Also, (s—a)+(s—b)+(s—¢)
3
> {(s —a)(s = b)(s — c)}'”
2 1/3
or 3s —2s > i
3 s
2 1/3 2 3
or 2> (Aj or A <>
3 s s 27
- A< S (ii)
< 3\/5

Thus, from Egs. (i) and (ii);

A<

S
33
Ex. 47. In a triangle, ifr, >r, >r,, then showa >b > c.

Sol. We have, >, >,

A A A
= > >

s—a s—-b s-c

s—a s—-b s-c
<

= <
A A A
= s—a<s—-b<s—c
= —a<—-b<—-c or a>b>c

Ex. 48. ABC is a triangle and D is the middle point of
BC. If AD is perpendicular to AC, then prove that

2c? — a2
cos A-cosC =M.
3ac
Sol. D is the mid-point of BC
- BD = DC = g

Draw BE perpendicular to CA (produced).
Z/DAC = ZBEC =90°

In A’s ADC and EBC,
Z/BEC = ZDAC =90°

and ZC is common.
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Hence, ZCDA = ZCBE =90° - C
In A’s ADC and EBC are similar
DC DA _CA
BC BE CE
and if DA =y, then BE =2y

= = EA=b

b 2b
Now, cosC=—="
b
and cos(m— A)=—
c
cosA =— k
c
2b° )
cosA-cosC=—-— ..(1)
ac
/ , a’
In AADC, y* + b’ = N
= 4y’ +4b’ =4’
In ABAE, 49*+b*=c* = ¢ +3b° =a’
2 2
= p=2"° (i
3 )
2 2 _ 2
From Egs. (i) and (ii), cos A -cosC = %
ac

Ex. 49. In a AABC, prove that
a’cos(B—C)+b’cos(C — A) +c’cos(A — B) =3abc
Sol. First term of LHS = a’ cos(B — C)
= a’[acos(B — C)],where a = 2Rsin A
=a’-2Rsin A - cos(B - C)
= a’2Rsin(B + C)cos(B — C) [asA+B+C=m
s sin A =sin(nt — (B + C))=sin(B + C)]
=a’-R[2sin(B + C)-cos(B — C)]
=a’-R[sin2B + sin2C]
=a’- R[2sin Bcos B + 2sin C cos C]
=a’[bcosB + ccosC] (1)
[as, 2R sin B=band 2RsinC = c]

Similarly,
b’ cos(C — A) = b*[acos A + ccosC] ...(ii)
and c¢’cos(A — B) =c*[acos A + bcos B] ... (iii)

*. From Egs. (i), (ii) and (iii), we get,
a’cos(B—C)+ b’ cos(C — A) + ¢’ cos(A — B)
=a’bcos B + a’ccosC + b’acos A +

b’ccosC + c’acos A + c’bcos B

=ab(acosB+ bcosA)+ ac(acosC +ccosA) +

be(bcosC + ¢ cos B)
=ab-c+ac-b+bc-a [using projection formula]
=3abc

a’cos(B-C)+b*(C — A)+ c’cos(A — B) = 3abc

Ex. 50. In a triangle of base ‘a’, the ratio of the other
sides is r (<1). Show that the altitude of the triangle is less

than or equal to

1—r?

Sol. Let D be the foot of the altitude from A,

Q
a

B D C
and BC =a, AB=c¢, AC =cr, AD =1=CsinB
abc

¢’ -b

2
ar ac‘r
Now, = =

1-r° c*=ri?

[using Sine law]

_asinBsinC

 sin’C —sin’B

_ asin BsinC

" sin(C — B).sin(C + B)

_asinB.sinC

~ sin Asin(C — B)
csinB l

" sin(C - B) sin(C — B)
ar

= [< >
1-r

Ex. 51. Three circles touch one-another externally. The
tangents at their points of contact meet at a point whose
distance from a point of contact is 4. Find the ratio of the
product of the radii to the sum of the radii of circles.

Sol. Let r,, r, and r, be the radii of the three circles with
centres at C,, C, and C,. Let the circles touch at P, Q

and R.

Also, CC,=r+r,
C,C,=r,+r,
C,C =r+r

Let O be the point whose distance from the points of
contact is 4.



Then, O is the in-centre of AC,C,C, with OP = OQ = OR = 4
being the radius of the in-circle.

Hence, 4= AGC,Cy =S (1)

%[C]CZ +c,c,+c,c] B

where, s =1, +r, +1,,
§'=s(s = C,C,)(s ~ C,C,)(s — C.C,)
=Snr,T,.

SZ

=2 = SHIls _ NI
2 2

s s

~.Eq. (i) gives,

r1+rz+r3

Hence, the ratio of the product of the radii to the sum of the
radii=16:1.

Ex. 52. The internal bisectors of the angles of a AABC
meet the sides BC, CA, AB in D, E and F, respectively. Show
that the area of the ADEF is equal to,

2Aabc
(b+c)(c+a)a+b)
Sol. AD is the internal bisector of ZA.
BD BA ¢
= _ = = —
DC AC b
BD DC BD+ DC a
= _— = =
c b c+b b+c
= Bp=-% pc=_%
b+c b+c
B
Similarly, Br="%
a+b

= Area of ABFD = %(BF -BD) -sin B

Area of ABFD _ (BF-BD)-sinB
Area of AABC

acsin B
B ac
“(a+b)(b+ec)
Now, area of ADEF = AABC — (ABFD + ADEC + AAFE)
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Area of ADEF _
Area of AABC

{- ABFD + ADEC + AAFE
AABC

- { ac + cb N ab }
(a+b)(b+c) (c+a)b+a) (a+c)b+c)

B 2abc A

“(a+b)(b+c)c+a)

2abc A
(a+b)(b+c)c+a)

= Area of ADEF =

Ex. 53. Let D be a point on the side BC of a AABC such
that BD : DC =m:n and ZADC =0, ZBAD =o. and
ZDAC =. Prove that
(i)(m+n) cot® =mcoto. —ncotf
(ii))(m +n) cot® =ncot B—mcot C

Sol. (i) Given, BD _m  nd £ADC =0
DC n
A
("] B
B m D n C
Since, ZADB = (180° — 0), ZBAD =0
and ZDAC =
ZABD =180° — (ot +180° —0) =0 — o
and ZACD =180° — (0 +B)
From AABD,
BD AD .
— = (1)
sinot  sin(® — o)
From AADC,
olol AB
sinfB  sin {180° - (0 + )}
DC AD
or =

= ...(ii)
sinfp sin(0 + )

On dividing Eq. (i) by Eq. (ii), we get
BDsinf _ sin( + B)

DCsino.  sin(6 — o)
m sinf _ sinBcospP + cosOsinf
o n sino.  sin®coso — cosOsinal
or msinf(sin® cosot — cosOsinat)

= nsina(sin6 cosP + cosOsinf)
or (m+n)cotd = mcoto — ncotf

(ii) Substituteot =6 — Band 5 =180° — (0 + C) in the
above result,

Simplify and obtain (m + n)cot® = ncot B — mcotC.

Note This is known as m —n theorem.
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Ex. 54. The base of a triangle is divided into three equal
parts. Ift,,t,, t, be the tangents of the angles subtended by
these parts at the opposite vertex, prove that :

l.{.i l+i =4 1+i2
tl t2 tZ t3 t2

Sol. Let the points P and Q divide the side BC in three equal
parts

Such that BP = PQ=QC = x

Also let, ZBAP =, LZPAQ =B, ZOAC =y
and ZAQC =6

From question, tano =t, tanf = t,,tany =t,.
Applying, m:nrule in triangle ABC, we get

(2x + x)cotB = 2x cot(a + P) — xcoty ..(i)
From AAPC, we get

(x + x)cotB = xcotP — xcoty ...(ii)
A
SN
0
B P Q (o}

On dividing Eq. (i) and Eq. (ii), we get
3 2cot(a + ) — coty
2 cotP — coty
4(cotot - cotP — 1)
cotf + cota

or 3cotP — coty =

or 3cot’f — cotPcoty +3cota - cotf — cotat - coty
= 4cotd - cotP — 4
or 4+ 4cot’P = cot’P + cotal - cotP +
cotP - coty + coty - cotal
or 4(1+ cot’p)=(cotp + cota)(cotP + coty)

1 1 1)1 ¢
or 41+~ |=|—+— || —+—
t2 tl tZ tZ t3

Hence, the result.

Ex. §5. In a AABC, ifcot A +cotB+cotC = \E Prove
that the triangle is equilateral.
Sol. cot A + cotB+ cotC = \@

On squaring both sides, we get
cot’ A + cot’ B+ cot’C + 2cot A-cot B + 2cot B-cotC +

2cotC-cotA =3 (1)
Also, cotAcotB+ cotBcotC + cotCcotA =1 ...(ii)
From Egs. (i) and Egs. (ii), we have
cot’ A + cot’ B+ cot’C — cot Acot B — cotC cot B —
cotCcotA =0

or é{(cotA — cot B)? + (cot B — cotC)°

+(cotC — cot A)*} =0
= cotA =cotB = cotC
[Since RHS is zero, thus each square must be zero]
= A=B=C

i.e. the triangle is equilateral.

Ex. 56. In the AABC, if(a’ +b*)sin(A—B)=(a’ — b?)
sin(A + B). Prove that the triangle is either isosceles or right
angled.

Sol. Let a - b - -k (say).
sinA sinB sinC
= a=KsinA, b= KsinB
and ¢ =KsinC.

Now, the given relation is,
(a® + b*)sin(A — B) = (a’ — b*)sin(A — B)
= K*(sin® A + sin® B)sin(A — B)
= K*(sin® A —sin” B)sin(A + B)
=  (sin®A +sin® B)sin(A — B) = sin*(A + B)-sin(A — B)
or  sin(A — B)[sin’A +sin’*B—sin*C]=0
Hence, either the first factor = 0;
or the second factor =0
Ifsin(A-B)=0=>A-B=0=A=8B
= triangle is isosceles.
Ifsin A +sin’ B —sin’C =0
2 2 2
%+%—%=O or a®+b*=c?
= the triangle is right angled.

=

Hence, the result.

Ex. 57. The sides of a AABC are in AP. If the ZA and
ZC are the greatest and smallest angles respectively, prove
that 41 —cos A)(1—cosC) =cos A +cosC

Sol. Since A is the greatest and C is the smallest angle, ‘@’ is
the greatest and ‘c’ is the smallest side.

= a, b, c are in AP.
= 2b=a+c.
or 4Rsin B =2R[sin A + sinC]
. B B .(A+Cj (A—Cj
or 2-2sin—-cos — = 2sin -cos
2 2 2 2
or ZSinB=cos(A_C) '.'A+C =90°—§
2 2 2 2
A+C A-C .
or  2cos . = cos — (1)

Now, LHS = 4(1 — cos A)(1 — cosC)
=4-2sin’ A/2-2sin°C/2
=4(2sin A /2-sinC /2)°



2
=4I:COSA;C —cosA+C} [ [using Eq. ()]

[ A-C } (A+C)
=|2cos —cos
+C _
RHS —cosA+cosC—ZCos cos .
A+C A+C ,A+C
=2cos +COoSs =4cos"——

2

[using Eq. ()]
Hence Proved.
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Ex. 59. In any AABC, if
c
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Ex. 58. Perpendiculars are drawn from the angles A, B, C
of an acute angled A on the opposite sides and produced to

meet the circumscribing circle. If these produced parts be
o, B,y respectively, then show that

cosO = ,COs O = ,Cos Y =
b+c a+c a+b
where 0, ¢ and s lie between 0 and m, prove that
tan +tan2 q)+tan =1
2 2
. a
Sol. Given, cosO =
b+c
1—tan’—
= -_¢
1+ tan29 bte
2
= taan—b-'—c_a (1)
2 a+b+c

£+é+£=2(tanA+tanB+tanC)

a B v

Sol. Let AD be perpendicular from A on BC when AD is

produced, it meets the circumscribing circle at E.

From question, DE =q..

Since, angles in the same segment are equal,
LAEB=ZACB= ZC

and LAEC = ZABC =4B

From the right angled triangle BDE,
BD

tanC = — @
E @)
From the right angled triangle CDE,
tan B = o ...(ii)
DE
A
B C
E
On adding Eqs. (i) and (ii), we get
tan B + tanC = BD+ D
DE
_BC_a ...(iii)
DE «

Similarly, tanC +tanA = % (iv)
and tanA + tanB= < (V)
Y

On adding Eqgs. (iii), (iv) and (v), we get
4 b + &= 2(tan A + tan B + tanC)
a By

Similarly, tan®—=

2 a+b+c
and ant ¥ - 2tb-c
2 a+b+c
On adding Eqs (1), (ii) and (iii) we get
, 0 _a+b+c
tan +tanf B —
2 2 a+b+c
9 29+tan2E=1

= tan® — + tan
2

Ex. 60. The product of the sines of the angles of a

...(i)

...(iii)

triangle is p and the product of their cosines is q. Show that

the tangents of the angles are the roots of the equation;

gx’ — px* +(1+q@x-p=0
Sol. From the question, sin A -sinB-cosC = p

and cosA-cosB-cosC=p
= tanA~tanB~tanC=£
q

Also, tan A + tanB + tanC = tan A -tan B-tanC
= tanA +tanB+ tanC _P
q

Now, tanAtanB + tanBtanC + tanC tan A

...(ii)

_ sinA-sinB-cosC +sin B-sinC-cos A +sinC-sin A- cos B

cos A-cos B-cosC

[sin Asin BcosC +sinCsin(A + B)]

[sin A-sin B-cosC + sin’C]

[sin Asin Bcos C +sin C(sin B+ cos A + cos B-sin Asin C)]
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1
=—[1-cos’C +sin Asin BcosC]
q

= l[1 + cos C{— cosC + sin Asin B}]
q

= l[l + cosC(cos(A + B) + sin Asin B)]
q

=l[l+COSACOSBCOSC]=1[1+(]] ...(iif)
q q
The equation whose roots are tan A, tan B, tan C will be
given by

x’ —(tan A + tan B + tan C)x* + (tan A tan B +
tan BtanC + tanC tan A)x
—tan A-tan B-tanC =0
or x3—px2+(l+a]x—p=0
q q q
[using Egs. (i), (ii) and (iii)}

or g’ —-px*+(1+qx—-p=0 Hence Proved.

Ex. 61. Given the base ‘a’ of a triangle, the opposite
angle A, and the product k* of the other two sides, show that

. . ‘s A
it is not possible for ‘a’ to be less than 2k sin —.
2

Sol. Given, b-c = k*

V+ct-a°
Now, cCoOsA=—————
2bc
, . (kY
or 2kzcosA=bz+(bJ -a
A
c b
B 5 c

Since b is real,
(a® +2k*cos A) — 4k* 20
= (a’ +2k’cos A +2k*)
(a® +2k*cos A —2k*) =0
= (a®+2k*-2cos’A/2)
(a®> —2k*-2sin* A /2)>0
= (a’ + 4k’ - cos’ A /2)
(a* — 4k*sin®A/2)>0
= a’ — 4k’sin’ A/2>0
[as, a® + 4k®cos® A/2 is always positive]
= (a+2ksinA/2)(a—2ksinA/2)=0
= a< —2ksinA/2
or a>2ksinA/2

But ‘@’ must be positive.

[since, 2k sin( A /2) is real]

= a < —2ksin A/2is rejected

Hence, a > 2k sin A/2

i.e. for the triangle to exist,
a=2ksinA/2

Ex. 62. In a AABC, having sides a, b, c if C =60°, prove
that

1 + 1 _ 3
a+c b+c a+b+c
a+b-c*

2ab

Sol. cos C = but C = 60°

1 _a+b-c’
2 2ab

ab=a"+0b" - ¢’

On adding 2ab both sides,

: 3ab=a’ + b’ +2ab - ¢’

= 3ab=(a+ b)* - c?

= 3ab=(a+b+c)a+b-c) (1)

1 N 1 _ a+b+2c

b+c ab+cla+b+c)

Now,
a+c

On multiplying numerator and denominator by 3,
3a+b+2)
_3ab+3c(a+b+c)
B 3(a+b+2c)
_(a+b+c)(a+b—c)+30(a+b+c)

[using Eq. (i) for 3ab]

B 3a+b+2)
“(a+b+c)a+b+2c)
B 3
_(a+b+c)

11 3

a+c b+c=(a+b+c)

Ex. 63. Let1<m<3.InaAABC, if 2b =(m +1)a and

1 [(m=1)(m+3
COsSA= E w, prove that there are two values to
m

the third side, one of which is m times the other.
Sol. From the formula for cos A,

we can write 2bc cos A = b* + ¢ - a°
+1
p=|" a
2
+1)?
(m + 1)accos A ={(m4) - l}a2 +c?

— {(m + 1)2 - 4}a2 + ¢t

but

4
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Sol. Let Z/BDC =a., then ZDAB =180° — (0 +a.)

applying sine formula to AABD, we get

= {(m —)(m + 3)}a2 +c? ()

4
But from the given values of cos A,
we can write
(m=1)(m+3) _ mcos’ A,
4
. Eq. (i) gives as AA180° — (6+0) g
(m + 1)accos A = ma’cos’ A + ¢? AB 8D
or maccos A — ¢’ = ma® cos’ A — accos A — = —
(macos A —c)=acos A(macos A —¢) sinf sin(9 + o)
. AB ~ /pz + qz
o sin®  sin® cosa + cosOsina
but in ABCD,
q
2

(¢ —acosA)(c —macosA)=0
P and cosa =
pitq

sinQ = ————
IR

AB = (p* + q*)sin0
qsin® + pcosH

This implies ‘¢’ has two values;
acos A and macos A, and the latter is m times the former.
Hence proved

Hence proved.

Ex. 64. In any AABC, if D be any points of the base BC,

such that == =™ and /BAD =0, £ZDAC =B, ZCDA =6
EXx. 66. Prove that in AABC,

n
A
cot— +cot— +cot—
2 2

and AD = x then prove that
(m+n)?-x*=(m+n)(mb® +nc’) —mna’
Sol. In AADC, (a +b +C)2
AD® + DC* = 2AD-DC - cosb = AC* =
) o8 a’+b*+c? cot A +cotB +cotC
) na na .
ie. x° +( . j - ZX( . J-cose =b’ ..(i)  Sol. LHS (denominator) = a* + b* + ¢*
men A [0+ —a?)+(c +a — b))+ (a’ + b —cP)]
= [2bc cos A + 2cacos B + 2abcos C |
cosA cosB cosC
= 2abc +
a b c
a b ¢ - K

but, = = =
sinA sinB sinC
..Denominator (on LHS)

= 2abe [cot A + cot B+ cotC] (1)

nalm+n c

malm + n
B D
In AABD, AD? + BD® —2AD-BD-cos(nt —0)= AB’
2
ie. x*+ ( ma )
+ ,
men LHS (numerator) = (a + b + ¢)°
—ZX[ ma )cose:cz ...(i) = K’[sinA +sin B +sinC]’
m+n ; 5 .
=16K* cosz—cosz§cosZE [usmg Tsin A = 4Hc0s}
On adding m times Eq. (i) and n times Eq. (ii), we get 2
, mna Y 2 On multiplying and dividing by 2K sin A sin Bsin C, we get
(m+n)x® + =mb" + nc piymg &by 8
n'l +'n 16K° coszé~c052§-cos2£
= (m+n)’.x*=(m+n) = (2K’ sin Asin Bsin C) 2 2 2
(mb* + nc?) — mna? 2K’sin A -sin B-sinC
coszé-COSZE-cosz—
Ex. 65. ABCD is a trapezium such that AB, DC are paral- = (ZQbC)E. 2 2 2
lel and BC is perpendicular to them. If Z/ADB =0, BC = p K g(sincosA (sinBcos B)(sincos}
2 2 2 2 2
2abc A B C
= cot—~cot5-cot5

and CD = q, show that
AB— (p* +q*)sin®

pcosO +gsin
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Since A, B, C are angles of a triangle,

A B C A B C
cot—-cot—-cot— = cot— + cot— + cot— ...(iii)
2 2 2 2 2 2
From Egs. (ii) and (iii)
2abc .
Numerator (on LHS) = e [ZcotA/2] (iv)
On dividing Eq. (iv) by Eq. (i), we get
cotA/2+ cotB/2+ cotC/2  (a+b+c)

cot A + cot B+ cotC (a® +b* +¢?)

Ex. 67. If the sides of a triangle are in AP, and its great-
est angle exceeds the least angle by 0., show that the sides
1—cosa

are in the ratiol+ x:1:1— x, where x = .
7 —cosOl

Sol. Let AABC be the given A in which A is the greatest and
C is the least angle.

Then, according to the hypothesis

A-C=a (@)
But A+C=mn-B ...(ii)
~.From Eq. (i) and Eq. (ii), we get
A=T, %" B
2 2
and c="_¢ +B ...(ii)
2 2
Again by hypothesis,
a+tc=2b

sin A +sinC = 2sin B

. ([A+C A-C . B B
= 2sin cos = 4sin—-cos —
2 2 2 2

[A+C:7: B}

2 2 2

B . B B
= 2cos—cos = 4sin—-cos—
2 2 2

2
o B
= cos(zj = Zsing [using Eq. (1)]
o
cos—
sin—=—2
2 2
2 cos a/2
B/2 o
1+ -
N e T =

o —B
cos
a_sinA _ 2

But —= =
¢ sinC o+ B
cos
2
_ cos®/2-cosB/2+ sino./2 - sin B/2

© cos0L/2- cos B/2 — sinot/2 - sin B/2

[using Eq. (iii)]

On dividing numerator and denominator by coso./2.cos B/2
_ 1+ tano /2. tanB/2
1—tano/2. tan B/2

Write tano./2- tan B/ 2 from figure;
2sin®o /2 1— cosal
1+ =202 gy 2220
_ 7 —cosOl 7 — cosQL
- 2sin’ol /2 [ [L=cosa
7 — cosOl

7 — cosQ
. 1— coso
givenx = | ——
7 — cosQL

_a+c _
1+x 1-x 2

1+ x

1-x

a _ C

b

a b c

1+x 1 1-x

Thus, the sides are in the ratio 1+ x:1:1 — x.

Ex. 68. In a AABC, iftan A/2, tan B/2, tanC/2 are in
AP. Show that cos A,cos B, cos C are in AP.
Sol. Given tan A/2, tan B/2, tanC/2 are in AP.
. tan A/2 —tan B/2 = tan B/2 — tanC/2
sinA/2 sinB/2 _sinB/2  sinC/2
cosA/2 cosB/2 cosB/2 cosC/2
sin A/2-cosB/2 —sin B/2-cos A/2
cos A/2-cos B/2
_sinB/2-cosC/2 —sinC/2-cos B/2
- cos B/2-cosC/2

. [A-B . (B-C
sin sin
- 2_J_ 2 )
= .
cos — cos —
A . B+C
but cos— =sin
2 2

..(ii)

and

= sin(B ; C] -sin(B ; C) [from Egs. (i) and (ii)]

= cosB —cosA =cosC — cosB
Hence, cos A, cos B, cosC are in AP.



. .,A . ,B
Ex. 69. Ifa, b, c are in HP, then prove that sin® —, sin® =,
2 2

sin’ < are also in HP.
2

Sol. Given that 2_1 + 1

a ¢
ie. 2ac = b(a + c) (1)
we want to prove

2 1 1

= +
sin®= sin’>— sin’—
. 2ac be ab
1.e., = +
(s—a)(s—c) (s—b)(s—c) (s—a)(s—Db)

{using sin = w sinB = (s-a)(s—¢)
2 be ac
and sin— C WT
2 ab J

2ac _ bla+c)
(s—a)(s—c) - (s—a)(s—c)
_ blatc)s—b) _blsta+c)—bla+c)]
C—a)s—b)s—c)  (s—a)s—b)s—c)
b(sa+ sc —2ac . .
= s _( YRV —)c) [using Eq. ()]
_ b(sa—ac+sc—ac)
"~ (s—a)(s—b)(s—c)
_bla(s—c)+c(s—a)]
~ (s—a)s—b)(s—c)

Consider LHS

[using Eq. ()]

_ ab N be _
(s=a)(s=b) (s=b)s~c)
Ex. 70. Ifr,,r,,r, are the ex-radii of AABC, then prove
that
L L Y L O - D SO
oo, b a c b a c
Sol. We know, r, = A s Ty = A I3 = A
s—a s=b s—c¢
1Hs =3¢ - p bl =)

A

n

= iZbc(s —a)= i[Zbcs = X(bc)a]

Z@ -s — 3abc =l abc2£—3abc
A a A a

_ abe Zf but ¢ = 4R
A A
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:4R[ZS—3} =ZR{ZZS—6}
a a
—op x40 TC
— 2R Z(l+b+c)—6}
L a
- 2R 3+Z(b+c)—6:|
a

— 2R (b+c+
a b c

=2R++C+++—3}

:@+g+@+g+ﬁ+3_ﬂ

Hence proved.

=2

=

Ex. 71. Ifr and R are radii of the incircle and
circum-circle of AABC, then prove that :

8rR{cos* A/2 +cos’ B/2 +cos’ C/2}

=2bc +2ca +2ab—a’ —b* — >,
Sol. LHS :S(A) (“b"j{z cos’ A /2}
S 4A
=—Z(2cos A/2)= —Z(l+cosA)
:@Z b’ +c* - ad
s 2bc

—@Z 2bc + b* + ¢* - a —@Z (b+c) —d
s 2bc s 2bc

_ (abc)z(a +b+c)b+c—a)
s 2bc
_ (abc)ZSz(b +c- a}
s 2bc
=3Xa(b+ c — a)=X(ab + bc — a*)
=2bc + 2ca + 2ab — a® — b* — ¢’
-, 8rR{cos’ A/2 + cos’B/2 + cos’ C/2}
=2bc +2ab+2ca—a* - b* - ¢’

where a+b+c¢c=2s

Ex. 72. Prove that
rl4r) +r) +r?=16R* —a® —b* = c*.
where r = in-radius, R = circumradius, r,,r,, r, are ex-radii.
Sol. LHS =r®+r) +r} +r!
=16R*sin® A/2-sin® B/2sin*C/2 +
16R*sin® A/2-cos? B/2-cos’C/2
+ 16R* cos® A/ 2sin” B/2.cos* C/2 + 16R* cos* A /2
-cos’ B/2-sin’ C/2
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=16R’sin” A/2 [sin® B/2-sin* C/2 + cos® B/2-cos” C /2]
+ 16R? cos® A/2 [sin® B/2-cos?C/2 + cos® B/2-sin” C /2]
= 4R%sin® A/2 [(2sin® B/2)(2sin* C/2) +
(2cos® B/2)(2cos* C/2)]
+ 4R*cos® A/2[(2sin® B/2)(2cos*C /2) +
(2cos® B/2)(2cos’ C/2)]
=4R’sin® A/2[(1 — cos B)(1 — cosC) + (1 + cos B)

(1+ cosC)]+ 4R’cos’ A/2[(1 - cosB)(1+ cosC)
+ (1 + cos B)(1 - cosC)]

=4R*sin® A/2[2+2cosBcosC]+ 4R*cos* A /2

[2—2cosBcosC]

=8R’ + 8R’* cos Bcos C(sin” A/2 — cos® A/2)

=8R* — 8R’cos A.cos BcosC

=8R’ + 4R? [cos(A + B) + cos(A — B)]- cos(A + B)
=8R’ + 4R’ [cos’C + cos’ A — sin® B]

=8R* + 4R’ [1—sin’C +1—sin®* A —sin’ B]
=16R> — 4R’sin®* A — 4R’*sin’ B — 4R’sin*C

=16R* —a’ - b* — ¢’ =RHS

Ex. 73. Tangents are parallel to the three sides are drawn
to the in-circle. If x, y, z are the lengths of the parts of the
tangents with in the triangle, then prove that X + % +Z =1,

a c
Sol. Let PQ = x, PQ parallel to BC.
SR =y, SR parallel to AC.
TU =z, TU parallel to AB.
Let I be the in-centre of the AABC.
Consider AAPQ,

_AQ AP
sinA sinB sinC
sin B b
= X=—X

By sine rule,

A -
Q sin A a
_sinC _c
sin A a

Also ‘r’ will be ex-radius of AAPQ.
(x + PA + AQ]
2

tan A/2

bx cx
X+t

=|—@4 4 \tanA/2
2

= thanf&/z = gtanA/Z.
2a a

Similarly in ABRS,
BR = Ey; BS = ﬁy andr = gtanB/Z
b b b

c c sy
“BR+BS+y=—y+-y+y="2
{ y by by y b}

andin ACTU, CT = 92, cU = 2 and r =Ztan &
c c c 2
We also know that,
r=(s—a)tan A/2 = (s — b)tan B/2
=(s—c)tanC/2

sx sx
—tanA/2=(s—a)tanA/2 = —=s—-a
a a

%tanB/2=(s—b)tanB/2 = %=s—b

gtanC/2=(s—c)tanC/2 = g=s—c
c c

On adding s(x+y+z)=3s—(a+b+c):s
a c

Ex. 74. In a AABC, ifcos A +2cos B +cosC =2. Prove

that the sides of the triangle are in AP.
Sol. cos A +2cosB+ cosC =2
or cosA + cosC =2(1 — cos B)

= 2COS(A;C)'COS(A;C)=4SinzB/2

(A - cj . B
= cos =2s1n5

2
A+C n B . B
as cos =cos| —— — |=sin—
oo 455 eof -3 omd]
cj (A+C)
=2cos .

A c . A . C A C
= co0s—-cos— + sin—-sin— = 2cos—-cos —
2 2 2 2 2 2

[
COos
2

A . C
—231n—~sm5

A C
= cot—-cot— =3
2 2

N \/ s(s —a) \/ s(s —c¢) _3
(s=b)(s—c) \V(s—a)s—Db)




s

(s—b)

= a+c=2b
. a,b,carein AP.

= =3 = s=3s-3b = 2s=3b

Ex. 75. In a cyclic quadrilateral ABCD, prove that
. B _(s—a)(s-b)

tan 2 =) —d) a, b, c and d being the lengths of
sides AB, BC,CD and DA respectively and s is semi-perime-
ter of quadrilateral.
Sol. From AABC, we get
AC? =a* + b* + 2abcos B ...(0)
and from AADC,
We have, AC®=c’+d’ + 2cd cos D

=c? +d* + 2cd cos(180° — B)
= AC?=c¢* +d* — 2cdcos B
From Eq. (i) and Eq. (ii)
a+b-c'-d

(i)

cosB=
2(ab + cd)
C
D
AA“”ﬁ
A
. B 1- B
Now since, tan®— = ST o8P
2 1+ cosB

,B 2ab+cd)—(a* +b* —c*-d°)
tan®— =
2 2ab+cd)+(a®+b—c*-d%)
(e +d) ~(aby
" (a+b) —(c—ady
_(c+d+a-b)(c+td—-a+b)
(a+b-c+d)a+b+c—d)
_(2s —2b)(2s —2a) _(s—a)(s—Db)
T (25 —2c)(2s —2d)  (s—d)(s —c)
[sincea+ b+ c +d=2s]

:B_(s—a)s-b)
2 (s—d)(s—c)

Ex. 76. If x, y, z are the distances of the vertices of the

AABC respectively from the orthocentre, then show that

a b ¢ abc

o=

X 'y z Xxyz

Sol. Let H be the orthocentre. Then,
/BHC =180° — ZHBC — ZHCB
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=180° — (90° — C) — (90° — B)
=B+C=n-A

So, m(AHBC)z%BHUCHﬁanBHC

1 1
=5yz-sin(n—A)=5yzsinA ..()
A
H
v Z
B C

Similarly,

ar (ACHA) = ézxsinB ..(ii)

ar (AAHB) = %xysin Cc ...(iii)

1 1 1
~. (AABC) = EyzsinA + szsinB + ExysinC

[from Eqgs. (i), (ii) and (iii)]
sin B

1 { sin A sinC }
xyz + +
x y z

...(iv)

as we know, R = @,i.e. A= @
4A 4R

. Eq. (iv) reduces to;
abe p _xyzfa b ¢
4 4R\x y z
a b ¢ _abc

= R
X 'y z Xyz

Ex. 77. In the AABC, a similar AA” B’ C’ is inscribed so
that B'C" =ABC. If B’ C’ is inclined at an angle © with BC,

then prove that Acos6 = l
2

Sol. AABC and AA’B’C’ are similar,

where /B'"A’C’'=/BAC=A
/A'B'C'=/ABC =B
/B’'C"A’=ABCA =C

In AAC’B’, LZAB'C'=0+C

N
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So, using sine law on AAC’B’,
AC" _BC
sin(0 + C)  sinA
AC’ _ ABC _ ha
sin(0 + C) sinA  sinA
InABA'C’, ZBA'C’'=/ZA'C'B-—ZA’0OC"=C -0
BC' _AC
sin(C —0) ~ sinB
BC’ AMAC AD

=2AR

So,

= = =2AR
sin(C —0) sinB sinB
Bc = A’C = Afrom similar A
BC AC

Thus we get, AC’ = 2ARsin(0 + C)
and BC’ = 2\Rsin(C —0)
C=AB=AC’+ BC’ =2\R {sin(C +0) + sin(C — 0)}
=2AR-2sinC - cos0
C 1 C 1 1

cosO = = . = . =
4ARsinC 4AR sinC 4AR 2\

AcosO = 1
2

Ex. 78. The circle inscribed in the triangle ABC touches
the side BC, CA and AB in the point A,, B, and C, respec-
tively. Similarly the circle inscribed in the AA,B,C, touches
the sides in A,, B,, C, respectively and so on. If A B, C, be
the nth A so formed, prove that its angle are

T . T | T . T T .
S A-Z | Z-@) " B-=|and= -(2)™"
3()( 3)3()(3) 3()
(C - ;t) Hence prove that the triangle so formed is ulti-

mately equilateral.

Sol. Let I be incentre of the in-circle, ZBA,C, = %(n - A)

A1=n—;(A—73I)

Similarly, A, = T_ 1(A1 - n)

w

So on,
(s
3 2 3
33
3 2 3
When n — o then ;) becomes zeros or
A=B=C ="
3

Hence, the triangle will be equilateral.

Ex. 79. In a AABC, prove that :
acotA+ beotB+ ccotC <
3 <

2r < R

Sol. r= 4Rsiné~sin§~sin£
2 2 2

= 2R|:COS (A ~ B) — cos (A-'—Bﬂsinc
2 2 2

(A+Bj (A—B) . ,C

= R| 2cos - Cos —2sin” —
2 2 2

= R[cos A + cos B+ cosC — 1]

= 2r + 2R =2R[cos A + cos B + cosC]
= acotA +bcotB+ccotC =2r +2R>2r + 4r
acotA + bcotB + ccotC
= 2r <
3
2R
=?(cosA+cosB+cosC)
<2z3
3 2
N 2rSacotA+bcotB+cotCSR

3

Ex. 80. If A, B and C are angles of a triangle, then prove

(B—c) [C—Aj (A—B)
COS COS COS
that E = 2 + 2 + 2 >6
B+C C+A A+B
COoS COoS COoS
( 2 ) ( 2 ) ( 2 )

Sol. Here, A+ B+C=m
(B—C) (C—A] (A—Bj
COS COS COoSs
2 2 2
+ +
(B+C) (C+A) (A+Bj
COS COS COos
2 2 2
(B—CJ (C—AJ (A—B)
COS COS COS
2 2 2
= + +
n(3) (3] ()
sin | — sin | — s | —
2 2 2

= E=




A (B—Cj B (C—A)
2cos—cos 2cos—cos
_ 2 2 2 2

+
sin A sin B
. C (A—B)
2sin—cos
2 2
sinC
.[B+Cj (B—C) .(A+C) (C—Aj
2sin cos 2sin cos
2 2 2 2
= +
sin A sin B
A(A+BJ (A—B)
2sin cos
2 2
+
sinC

sin B + sinC + sinC + sin A 4 sin A + sin B
sin A sin B sinC

sinB sinA sinC  sinB sinA sinC
= + + + + +
sinA sinB sinB sinC sinC sinA

as A, B, C are angles of triangle

= 0<A BC<m

= sin A,sin B, sinC >0
1 .

= E>2+2+2 {asx+22,1fx>0}
X

= E>6

Ex. 81. If A is the area of a A with side lengths a, b, ¢ then
show that A < 1 JJ(a+b +c)abe. Also, show that equality
4

occurs in the above inequality if and only ifa=b =c.
Sol. We know, A = \/s(s —a)(s—Db)(s—c)

=\/;(b+c—a)(c+a—b)(a+b—c)

Since, sum of two sides is always greater than third side.
b+tc-ac+a-b,
atb-c>0
= (s—a)(s=Db)(s—¢c)>0
let(s—a)=x,(s=b)=y,(s—c)=2z
Now, x+y=2s—a-b=c,y+z=a
and z+x=b
Since, AM > GM, then 2\/5 <x+y=c

WyzSy+z=a2Vzx <z+x=b
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8xyz < abc

= (s—a)s—-b)s—c)< é(abc)
= s(s—a)(s=b)(s—¢c)< %s(abc) < 1—16(a + b+ c)(abc)

= A< iwlabc(a + b + c) and equality holds if
x=y=z=a=b=c

Aliter RHS = —wlabc(a +b+c)

—423 4R A —11/ é
4 r
=A / - (1)
2r A B C

\/8sin.sin.sin
2 2 2

. . A B . C
Consider, sin — -sin—-sin 5

ol {2

. A . B .
8sin—.sin —.sin —
2 2 2

Thus, from Egs. (i) and (ii); A < i,/(a + b+ c)abe

and equality holds, x = ;cos(A ; B)

and cos(A _B)=1

2
= A=Bandcos(A+B)=1
2 2
= sm%=1zC—60°
A = B=60°

Thus, the equality holds of triangle is equilateral.



Properties and Solutions of Triangles Exercise 1:
Single Option Correct Type Questions

. In the adjoining figure, the circle meets the sides of an
equilateral triangle at six points.

If AG=2 GF =13, FC =1and HJ =7, then DE equals to
(a) 2422 (b) 74/3

(c)9 (d) 10

. Ina AABC, ifa=13,b=14 and ¢ = 15, then LA is equal
to (All symbols used have their usual meaning in a
triangle.)

.14 . 13 . 13 .42
- b = = d —
(a) sin 5 (b) sin 5 (c) sin . (d) sin 3

. In a AABC, if b=(+/3 — 1)aand ZC =30°, then the value
of (A — B) is equal to (All symbols used have usual
meaning in the triangle.)

(a) 30° (b) 45°

(c) 60° (d) 75°

. In a AABC, if ZC =105°, ZB = 45° and length of side

AC =2 units, then the length of the side ABis equal to
(a) 2 ()3
(V2 +1 (3 +1

. If Pis a point on the altitude AD of the AABC such that
/CBP = E, then AP is equal to
3

(a) 2a sin% (b) 2b sin?

(c) 2¢ sin? (d) 2¢ sin%

. In AABC, if2b =a + c and A — C =90°, then sin B equals

[Note All symbols used have usual meaning in AABC.]

7 5 V7 5
(@) ? (b) ? (c) T (d) ?

. Let ABC be a right triangle with length of side AB=3
and hyotenuse AC =5.If D is a point on BC such that

BD _ ﬂ, then AD is equal to

DC  AC
@+ s c)% (d)#

5 05

(

10.

11.

12.

13.

14.

. Two medians drawn from the acute angles of a right

angled triangle intersect at an angle % If the length of

the hypotenuse of the triangle is 3 units, then the area of
the triangle (in sq units) is VK, then K is
@3 X NG

e (d) None of these

. If in a right angle AABC, 4sin A cos B—1=0and tan A

is finite, then
(a) angles are in AP
(c) angles are in HP

(b) angles are in GP
(d) None of these

a b c
LetA=|p q r|and B=A*
1 1 1

If(a—b)* +(p-q)* =25(b—c)* +(q¢-r)* =36and
(c —a)® +(r — p)* =49, then det Bis

(a) 192 (b) 864
(c) 3456 (d) 25 x 36 x 47

If in a AABC, the incircle passing through the point of
intersection of perpendicular bisector of sides BC, AB,

then 4 sin — sin — sin — equals to
2 2 2

(a) V2

(©~2 +1

(b)2 -1
1
d) -
()
If two sides of a triangle are roots of the equation

x% —7x +8=0and the angle between these sides is 60°,

then the product of in-radius and circum-radius of the
triangle is

8 5
@2 OF
© % (@8

If median AD of a triangle ABC makes angle % with side

BC, then the value of (cot B— cot C)? is equal to
(a) 6 (b) 9
() 12 @) 15

If the perimeter of the triangle formed by foot of
altitudes of the AABC is equal to four times the
circumradius of AABC, then AABC is

(a) isosceles triangle (b) equilateral triangle

(c) right angled triangle  (d) None of these



15.

16.

17.

18.

19.

20.

21.

In a triangle with one angle 2;, the lengths of the sides

form an A.P. If the length of the greatest side is 7 cm, the
radius of the circumcircle of the triangle is

@13 23 0 (@) V3 em

53

N2 by 22 N

3 cm  (b) 3 cm  (c) 3 cm
Sides of a triangle ABC are in AP. If a < min {b, ¢}, then
cos A may be equal to

3c —4b 3c —4b
b

(a) b (b) ”
4c - 3b (d)4c—3b

2b 2c

(©)

The product of the sines of the angles of a triangle is p
and the product of their cosines is q. Then, the tangents
of the angles are the roots of the equation

(@) gx” = px* + (14 g)x~p=0

(b) gx’ —px* (1 - q)x = p=0

(©gx* —px* + 1+ q)x+p=0

(d) None of the above

Let C be incircle of AABC. If the tangents of lengths
t,,t, andt, are drawn inside the given triangle parallel

t t t
to sides a, b and c, respectively, then Lyt2 43
a c
equal to
(2) 0 (M) 1 (©) 2 @ 3

If the sine of the angles of AABC satisfy the equation
AxP —c¥a+b+o)xi +lx+m=0
(where q, b, ¢ are the sides of AABC), then AABC is
(a) always right angled for any I, m
(b) right angled only when

I =c(ab + bc + ca)=c Zab, m = —abc
(c) right angled only when

cZab abc
l=—m=-—

4 8

(d) never right angled

In a triangle ABC, medians AD and CE are drawn. If
AD =5, Z/DAC = i and ZACE = E, the area of the
8 4

triangle is

50 25 25 25
() ; (b) ; (c) ? (d) 7

In a triangle ABC,a>b>c.If
a® +b3+c3

=8, then the maximum value of a

sin® A +sin® B+sin® C

is

()~ (b) 2
2

(©) 8 (d) 64
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22,

23.

24,

25.

26.

27.

28.
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A triangle ABC exists such that
@ @b+ c+a)b+c—a)=5bc
(b) the sides are of lengths V19, /38, V116

(C)[bz_2ch+(€2}7_2(12}+(‘12_2sz=0
a c

B+C
(d)cos( . )

If a AABC, a, b, A are given and b,, b, are two values of
the third sides b such that b, = 2b,. Then, sin A is equal to

j =(sinB + sinC) cos(

9q% — ¢* 9q% — ¢*
(a) 3 2 (b) 2
a 8c
2 _ 2
(c) 9a8b2 ¢ (d) None of these

1
In a triangle ABC, if cot A = (x3 +xt+ x)?,

1 -1
cotB=(x+x"'+1)2andcotC=(x"> +x 2 +x71)2,
then the triangle is
(a) equilateral
(c) right angled

(b) isosceles
(d) obtuse angled

In a AABC, a, b, A are given and ¢y, ¢, are two values of
the third side c. The sum of the areas two triangles with
sidesa, b,c, and a, b, c, is
(a) %bzsinZA

1, .
(b) Ea sin2 A
() b*sin2A
(d) None of these
In AABC, ifa=10and bcot B+ ¢ cot C =2(r + R), then
the maximum area of AABC will be
(a) 50 (b) V50
(c) 25 s
Three circles touch one-another externally. The tangents
at their point of contact meet at a point whose distance
from a point contact is 4. Then, the ratio of the product
of the radii to the sum of the radii of circles is
(2)16: 1 (b)1:16
(c)8:1 (d) None of these
Let a, b, ¢ be the sides of a triangle. No two of them are
equal and A € R If the roots of the equation
x% +2a+b+c)x +3Mab + be + ca) = 0 are real distinct,
then

4 5
(®k<§ (b)x>g

4 5
‘d”e(g’ 5)
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29.

30.

31.

32,

33.

34.

35.

Textbook of Trigonometry

In triangle ABC, if P, Q, R divides sides BC, AC and AB,

respectively, in the ratio k : 1 (in order). If the ratio

area APOR 1 1 then k is equal to
area AABC ) 3
1
1 b) 2
(a) : (b)
©3 (d) None of these

Let f(x +y)= f(x)- f(y)for all xand y and f(1)=2If in
a triangle ABC, a= f(3), b= f(1) + f(3), c = f(2) + f(3),
(@cC (b) 2C

(c)3C (d) 4C

Let a, b, ¢ be given positive numbers, then values of x, y

and z € R which satisfies equations x + y+z=a+b+c¢

and 4xyz = —(a’*x + b%y + c?z) = abc are respectively.

b+c a+c a+b abc
a , , b)—, —, =
® 2 2 2 ()2 2 2
(C)a;—b’a;—c’b;—c (d) None of these

If t,’, ‘t,” and ‘t;’ are the lengths of the tangents drawn

from centre of x-circle to the circumcircle of the AABC,

1 1 1.
then — + — +t—is equal to

tf ty t3
abc a+b+c
e (N P
(a)a+b+c (®) abc
a+b+c 2abc
c)——— d)——
© 2abc ()a+b+c

In triangle ABC, LA > E.AA1 and AA, are the median
2

and altitude, espectively. If ZBAA, = LA AA,
= /A,AC, then sin® ?-cos ? is equal to

3a° 3q°
a b
( )16b2c ( )64ch
3a* 3a°
c d
© 4b%c (@ 12b%

In an ambiguous case of solving a triangle when a = \5,

b=2 /A= % and the two possible values of third side

are ¢; and c,, then
(@) ¢, — ¢y =26
(@] —cyf =4

(b)|e, — ¢, = 46
(d)fe; —c,f =6
If R, is the circumradius of the pedal triangle of a given

triangle and R, is the circumradius of the pedal triangle
of the pedal triangle formed, and so on R, R,..., then

the value of ZRi’ where R (circumradius) of AABC is 5
i=1

is

(2) 8 (b) 10

() 12 @) 15

36.

37.

38.

39.

40.

41.

42.

43.

4.

If in a triangle | 1 - AT L 2, then the triangle is
T2 s
(a) right angled (b) isosceles

(c) equilateral (d) None of these

If the median AD of a triangle ABC makes an angle 6
with side AB, then sin(A —0) is equal to
(a) Esin 0 (b) Csin®
c b
(c) %cose (d) None of these
In a AABC, angles A, B, C are in AP, then
. 4/3—4sinAsinC |
lim is
a4 |A=C|
(@1 (b) 2
()3 (d) 4
In a triangle ABC, (a+ b+ ¢)(b+ ¢ — a)= Abc if
(@) A <0 (b)A>6
()0<A<4 @A>4
In the triangle ABC, if (a® + b*)sin(A — B)

=(a® — b*)sin(A + B), then the triangle is
(a) either isosceles or right angled

(b) only right angled

(c) only isosceles triangle

(d) None of the above

In a AABC, sides a, b, ¢ are in AP and

2 2 1 8“

—+ + =
1191 317! 515! (2b)!
tan A tan Bis equal to

1 1
(b) 3

, then the maximum value of

(a) -

) (d) -

1
(c) Z 5

If a, b, c be the sides of a triangle ABC and if roots of the

equation a(b — ¢)x* + b(c — a)x + ¢(a — b) = 0 are equal,

then sin 2 (A), sin? (Bj, sin? (Cj are in
2 2 2

(a) AP (b) GP
(c) HP (d) AGP
The ratio of the area of a regular polygon of n sides

inscribed in a circle to that of the polygon of same
number of sides circumscribing the same circle is 3 : 4.
Then, the value of n is

(@) 6 (b) 4
(c) 8 (d) 12
.2 .
In any AABC, n{sm Atsind+ 1] is always greater
sin A
than
@9 (b) 3
(c) 27 (d) None of these



45.

46.

47.

48.

49.

50.

51.

52,

53.

If the incircle of the triangle ABC, passes through it’s
circumcentre, then the cos A + cos B+ cos C is

(a) -2 (b) V2

(c) /2 (d) None of these

The perimeter of a triangle is 6 times the arithmetic

mean of the sines of its angles. If the side ais 1, then A is
equal to
(a) 30° (b) 60°

(c) 90° (d) 120°

If there are only two linear functions f and g which map
[1, 2] on [4, 6] and in a AABC, ¢ = f(1) + g(1) and a s the
maximum value of r?, where r is the distance of a
variable point on the curve x* + y® — xy = 10 from the
origin, then sin A :sinC is

(@1:2 (b)2:1

(c)1:1 (d) None of these

A circle is inscribed in an equilateral triangle of side a.
The area of any square inscribed in this circle is

2 a’ a’ a’
(a)a (b) " (c) 3 (d) o

In any triangle ABC, if sin A, sin B, sin C are in AP, then

. B .
the maximum value of tan — is
2

1 1
(a) —ﬁ (b) ﬁ
(c) % (d) None of these
sin B

2
In a AABC,2cos A = and 2™ B is a solution of

sinC
equation x2 —9x +8=0, then AABC is

(b) isosceles
(d) right angled

(a) equilateral
(c) scalene

A triangle is inscribed in a circle. The vertices of the
triangle divide the circle into three arcs of length 3, 4
and 5 unit, then the area of the triangle is equal to

(a) M sq unit (b) %3_1) sq unit
m T

I T (R
21 2n

If a, b and c are the sides of a triangle such that b-c = A2,
then the relation in a, A and A is

(a)c > stin(%) (b) b > 2ksin(§)
(A
(c)a=> stm(?) (d) None of these
In AABC, AD is an altitude from A on side BC. If b > c,
Zc=23°and AD = %, then £Bis

b —¢

(a) 110° (b) 113° (c) 120° (d) 130°
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84. If in a triangle ABC,a=5,b= 4 and cos(A — B) = %,
then the third side c is equal to
(2) 3 M) 6
©7 d) o

55, In AABC, if AB=x, BC = x +1, ZC = . then the least
3

integer value of x is
()6 (b) 7
(c) 8 (d) None of these

56. Three circular coins each of radii 1 cm are kept in an

equilateral triangle so that all the three coins touch each
other and also the sides of the triangle. Area of the
triangle is

() (4 + 243) cm? (b) i(lz +743) cm?

© i(4s +743) cm? (d) (6 + 443) cm?

57. The sides of a triangle are in AP. If the angles A and C

are the greatest and smallest angle respectively, then
4(1 - cos A)(1 = cos C)is equal to

(a) cos A — cosC (b) cos AcosC

(c) cosA + cosC (d) cosC — cos A

88. If in AABC, c(a + b) cos % B=Wa+c)cos % C, the triangle

is

(a) isosceles

(b) equilateral

(c) right angled but not isosceles
(d) right angled and isosceles

59. In a triangle, the line joining the circumcentre to the

incentre is parallel to BC, then cos B + cos C is equal to
3
— b) 1

(a) ) (b)

1
(0)— (d) 5

60. In the given figure, ABis the diameter of the circle,

centered at O. If ZCOA =60°, AB=2r, AC =d and
CD = [, then [ is equal to

B D
(@]
C
A
d
(a) d3 (b) 5
(c)3d (d)@
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61.

62.

63.

65.

68.

69.

70.

1.
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In a triangle ABC; AD, BE and CF are the altitudes and R
is the circum radius, then the radius of the circle DEF is
(a) 2R (b) R

(c) g (d) None of these

In a right angled triangle ABC, the bisector of the right
angle C divides ABinto segment x and y and

A-B
tan
2

(@@+t=01-1)
©1:(1+1)

) =t, then x: yis equal to

b)Y —1):(1+1)
@) (1-1):1

A variable triangle ABC is circumscribed about a fixed
circle of unit radius. Side BC always touches the circle at
D and has fixed direction. If Band C vary in such a way
that (BD)-(CD) = 2, then locus of vertex A will be a
straight line

(a) parallel to side BC

(b) right angle to side BC

(c) making and angle % with BC
(d) making an angle sinfl(gj with BC
A tower of height b subtends an angle at a point O on

the level of the foot of the tower and at a distance a from
the foot of the tower. If a pole mounted on the tower

66.

67.

also subtends an equal angle at O, the height of the pole
is

a’ —b? a® +b*
b b) b
@ [a2+b2] ®) [az—bz]
at —b? a® +b*
c)al —— d)a
© [a2+b2J @ [az—sz
A balloon is observed simultaneously from three points

A, Band C on a straight road directly under it. The
angular elevation at B is twice and at C is thrice that of
A. If the distance between A and B is 200 m and the
distance between B and Cis 100 m, then the height of
balloon is given by

(a)50 m (b) 50+/3 m
(c) 5002 m (d) None of these
A vertical pole (more than 100 m high ) consists of two

portions, the lower being one third of the whole. If the

. (1 o
upper portion subtends an angle tan l(j at a point in
2

a horizontal plane through the foot of the pole and
distance 40 ft from it, then the height of the pole is
() 100 ft (b) 120 ft

(c) 150 ft (d) None of these

Properties and Solutions of Triangles Exercise 2 :

More than One Correct Type Questions

If area of AABC, A and £C, are given and if the side ¢
opposite to given angles is minimum, then
2A 2A

= b)b =

@ sinC ®) sinC
4A 4A

= b=

©a sinC @ sin®C

If A represents area of acute angled AABC, then
\/azb2 —4A* + \/b2c2 —4A? +\/c2a2 — 4A? equals to
(a) a® + b* + ¢*
2 2 2
b) a“ + b2 +c

(c) ab cosC + bc cosA + ca cosB
(d) ab sinC + bcsin A + ca sin B

In AABC, the value of ¢ cos(A —0) + acos(C + 0) cannot
exceed (0 € (0, 2m)) [Letters have usual meanings]

(a) a (b) b

(c)c (d)s

In AABC, if ac =3, bc = 4 and cos(A — B) = Z, then

72.

(a) measure of LA is T
2
(b) measure of ZB is g
C
(c) cotg =7

2
(d) circumradius of AABC is e
7

In AABC, leta=5,b=4and cos(A — B) = % then which

of the following statement(s) is (are) correct?

[Note All symbols used have usual meaning in a
triangle]

15
(a) The perimeter of AABC equals o

(b) The radius of circle inscribed in AABC equals g

41
(c) The measure of ZC equals cos lg

(d) The value of R(b? sin2C + ¢* sin2B) equals 120



73.

74.

75.

76.

77.

In which of the following situations, it is possible to
have a AABC?

(All symbols used have usual meaning in a triangle)
(a)(a+c—b)(a—c+ b)=4bc
(b) b?sin2C + cos’sin2B = ab

2
(c)a=3,b=5,c=7andC=?Tc

_cj :COS(A : c)

In a AABC, let BC =1, AC =2 and measure of ZC is 30°.
Which of the following statement(s) is(are) correct?

(a) 2sin A =sinB

(b) Length of side AB equals5 — 243

(c) measure of LA is less than 30°

(d) Circumradius of ZABC is equal to length of side AB

(d) cos( A

Let one angle of a triangle be 60°, the area of triangle is
10\@ and perimeter is 20 cm. If a > b > ¢ where ¢, band ¢
denote lengths of sides opposi9te to vertices A, Band C
respectively, then which of the following is(are) correct?
(a) Inradius of triangle is V3

(b) Length of longest side of triangle is 7

NG

1
(d) Radius of largest escribed circle is I

(c) Circum-radius of triangles is

Ina AABC,ifa=4,b=8and ZC =60° then which of the
following relations is(are) correct?

[Note All symbols used have usual meaning in triangles
ABC.]

(a) The area of AABC is 83

(b) The value of Zsin® A =2

2
(c) Inradius of triangle ABC is 3
3+4/3
4
(d) The length of internal angle bisector of ZC is ﬁ

Given an isosceles triangle with equal sides of length b,

base angle o < % and R, r the radii and O, I the centres of

the circumcircle and incircle, respectively. Then

1
(aR= Eb cosec o

(b) A =2b*sin20.

bsin2o
(0 r =
2(1 + cost)
b 005(3706)
7]
2sin 0L cos| E
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78.

79.

80.

81.

82,

83.

84.
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There exist a triangle ABC satistying
(a) tan A + tanB + tanC =0

() sinA _sinB _sinC
2 3 7
(¢)(a+ b)’ =c? + aband 2(sin A + cosA) =3

(d)sinA + sinB = [\/g; 1] cosAcosB = ? =sin Asin B
Let a, b, ¢ be the sides of triangle whose perimeter is P
and area is A, then
(@)P*<27(b+c—-a)lc+a—-Db)a+b—c)

(b) P? <3(a® + b* + ¢?)

() a*+ b2+ 434

(d)P*<25<A

If in AABC, A =90° and ¢, sin B and cos B are rational

number, then
(a) a is rational
(b) a is irrational
(c) b is rational
(d) b is irrational

In AABC, which of the following statements are true
(a) maximum value of sin2A + sin2B + sin2C is same as the
maximum value of sin A + sinB + sinC

(b) R > 2r, where R is circumradius and r is inradius

() R* > _abe
(@a+b+c)

(d) AABC is right angled if r + 2R =5, where s is
semiperimeter

If  is the length of median from the the vertex A to the
side BC of a AABC, then

(a) 417 =2b* + 2¢* — a*

(b) 41°
(c) 41* = a® + 4bccos A

(d) 41* = (2s —a)* - 4bcsin2(§)

=b%+ ¢ + 2bccos A

If A, A}, A,, A, are the areas of the inscribed and
escribed of a AABC, then

(ar «/7 \/7 \/71‘1+r2+r3

(b)F f f -+

c) + + s
VR R

d) A, + A, + JA; =VR(4R + 1)

If a, b, A be given in a triangle and ¢, and ¢, two possible
2
, then

values of third side such that ¢ +¢,c, +c2 =a
A is equal to
(a) 30°
(c) 90°

(b) 60°
(d) 120°
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86.

87.
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D, E and F are the middle points of the sides of the

triangle ABC, then

(a) centroid of the triangle DEF is the same as that of ABC

(b) orthocentre of the triangle DEF is the circumcentre of ABC
(c) orthocentre of the triangle DEF is the incentre of ABC

(d) centroid of the triangle DEF is not the same as that of ABC

The sides of AABC satisfy the equation 2a* + 4b* + c?

=4ab + 2ac. Then
(a) the triangle is isosceles
(b) the triangle is obtuse

(7 _ a1
(¢) B =cos (g) (d) A =cos (4)

If A represents the area of acute angled triangle ABC,
then \/azbz —4A* + \/bzc2 —4A® + \/cza2 —4A? is

equal to

a® + b* + ¢

(a) a® + b + ¢* 5

(b)

(c) abcosC + bccosA + cacosB
(d) absinC + bcsin A + casin B

In triangle, ABC, if2a2b% +2b%c? =a* +b* +¢*, then
angle Bis equal to
(a) 45°

() 120°

(b) 135°
(d) 60°

89.

90.

91.

If H is the orthocentre of triangle ABC, R = circumradius

and P = AH + BH + CH, then

(@) P=2(R+r)

(b) max. of P is 3R

(c) min. of P is3R

d)P=2R-r)

If inside a big circle exactly n(n = 3) small circles, each
of radius r, can be drawn in such a way that each
small circle touches the big circle and also touches

both its adjacent small circles, then the radius of big
circle is

b
1+ tan—
b
(a) r(l + cosec —) (b)| ——1
n T
cos—
n
r{sin T + cos on T
271
(c) rl:l + cosec —:| (d) 2n n
n sin—
n

If in triangle ABC, a, b, c and angle A are given and
csin A <a<c, then (b, and b, are values of b)

(a) b, + by =2ccos A (b) b, + b, =ccosA

(c) bb, = c* — a* (d) bb, = c* + a°

Properties and Solutions of Triangles Exercise 3 :
Statement | and || Answer Type Questions

This section contains 15 questions. Each question

contains Statement I (Assertion) and Statement II
(Reason). Each question has 4 choices (a), (b) and (d)
out of which only one is correct. Choices are

(a)
(b)

(c)
(d)

92,

93.

Both Statement I and Statement II are correct and
Statement II is the correct explanation of Statement I

Both Statement I and Statement II are correct and
Statement II is not the correct explanation of
Statement I

Statement I is correct but Statement II is incorrect
Statement II is correct but Statement I is incorrect

In a AABC,
a’>+b® +c’ =c*(a+b+c)

(All symbol used have usual meaning in a triangle.)
Statement I The value of ZC =60°.
Statement IT AABC must be equilateral.

In a AABC, leta=6,b=3and cos(A — B) = %

[Note All symbols used have usual meaning in a triangle.]

94.

95.

96.

Statement I /B = g

Statement II sin A = 2

NG
Statement I If in a triangle ABCsin® A +sin®
B+sin® C =2, then one of the angles must be 90°.
Statement II In any triangles ABC
cos2A + cos2B+ cos2C =—1—4cos AcosbcosC

Statement I If A, B, C, D are angles of a cyclic
quadrilateral then Xsin A =0.

Statement II If A, B, C, D are angles of cyclic
quadrilateral then, X cos A =0.

Statement I In any triangle ABC, the square of the

2
length of the bisector AD is bc| 1 — a .
(b +c)?

Statement II In any triangle ABC length of bisector AD
2bc

2)
cos| — |
(b+c) 2

is




97. Statement I If ] is incentre of AABC and I | excentre

opposite to A and P is intersection of II, and BC, then

IP-1,P=BP-PC
Statement II In a AABC, I is incentre and I, is

excentre opposite to A, then IBI, I, C must be square.

98. All the notations used in statement I and statement II are

usual.

cosA _cosB _cosC

Statement I In triangle ABC, if
a b c
+r, +
then value of 1272773 i equal to 9.
r
Statement IT If AABC: —% = b _ ¢
sin A

where R is circumradius.

- 2R

sinB sinC

99. Statement I In a triangle ABC iftan A : tan B:tanC = 1

:2:3, then A = 45°

Statement Il If p:q:r=1:2:3,thenp =1
2
100. Statement I In any right angled triangle ¢ ;
R
always equal to 8.

Statement IT a® = b% +¢?

101. Statement I perimeter of a regular pentagon inscribed

in a circle with centre O and radius a cm equals
10asin 36° cm.

Statement II Perimeter of a regular polygon inscribed

in a circle with centre O and radius a cm equals
O

360
(3n —5) sin( 6
2n

j cm, then it is n sided, where n > 3.

+b% +c¢% .
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102.

103.

104.

105.

106.

Statement I In any triangle ABC
acos A+bcosB+ccosC<s.

Statement II In any triangle ABC

. (A) A (Bj . (cj 1
sin| — |sin| — [sin| — | < —
2 2 2 8

A B
Statement I In a AABC, if cos 2 E + cos? 5 + cos?

CH e

1 . .9
= y( x4 2), then the maximum value of y is 3
x

Statement II In a AABC, sin é-sin E -sin E < 1
2 2 2 8

Statement I In any triangle

acos A+bcosB+ccosC<s

Statement II In any triangle sin(A) sin(Bj sin(cj < 1
2 2 2 8

2 2 2
+b° +
Statement I In triangle ABC, % > 4\@

Statement II Ifa; >0,i=1,23,...,n which are not
identical, then

m m m m
a, ta, +...+a a, +a, +...+ta .
! 2 n >(1 2 ") Jifm<Oor

n n

m>1

Statement I AA , BB, CC, are the medians of triangle
ABC whose centroid is G. If the points A, C,, G and B are
concyclic, then ¢ 2 4% b? are in AP.

Statement II BG-CC, = BC,-BA

Properties and Solutions of Triangles Exercise 4 :

Passage Based Questions

Passage I
(Q. Nos. 107 to 109)

R is circumradii of AABC, H is orthocentre. R, , R, , R; are

circumradii of AdHB, AAHC, ABHC. If AH produced meet

the circumradii of ABC at M and intersect BC at L.
ZAHB =180° -C
c

—————=12R,
sin(180° — C)
.c =2R,
sin C

R, =R

107.

108.

109.

R,R, + R,R, + R, R, is equal to

(a) 2R? (b) 3R?
(c) 5R? (d) R?
Area of AAHB

(a) 2R cos A cos B cosC

(b) R* cos A cosB cosC

() 2R* cos A cosB sinC

(d) None of the above

Ratio of area of AAHB to ABML, is

(a) cosB:2cosA (b)2:1

(c) cosA:cosB cosC (d) None of these
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Passage 11
(Q.Nos. 110 to 112)
Let ABC be an acute triangle with BC = a,C4 = band 4B = c,
where a # b # ¢. From any point ‘ p’ inside AABC let D, E, F
denote foot of perpendiculars from ‘P’ onto the sides BC, CA
and AB, respectively. Now, answer the following questions.

110. All positions of point ‘P’ for which ADEF is isosceles lie
on
(a) the incircle of AABC
(b) line of internal angle bisectors from A, B and C
(c) arcs of 3 circles
(d) None of the above

111. Let A(7,0), B(4, 4) and C(0,0) and ADEF is isosceles with
DE = DF. Then, the curve on which ‘P’ may lie
(@) x=4o0orx+y=7o0r 4x =3y
(b) x=4or x* + y* =4x + 4y
(€)3(x* + y?) + 196 = 49 (x + y)
(d) None of the above
112. If ADEF is equilateral, then ‘P’
(a) coincides with incentre of AABC
(b) coincides with orthocentre of AABC

(c) lies on pedal A of ABC
(d) None of the above

Passage I11
(Q.Nos. 113 to 115)
In an acute angled AABC, let AD, BE and CF be the

perpendicular from 4, B and C upon the opposite sides of the
triangle. (All symbols used have usual meaning in a triangle.)

113. The ratio of the product of the side lengths of the ADEF
and AABC, is equal to
1

(@) 3(abc)g
Ya+b+c)

(b)

(c) cos A cosB cosC

. (A) . (B).[(C
(d) sm(;) sm(;j sm(;j

114. The orthocentre of the AABC, is the
(a) centroid of the ADEF
(b) circum-centre of the ADEF
(c) incentre of the ADEF
(d) orthocentre of the ADEF

115. The circum-radius of the ADEF can be equal to

abc a

a) — b

® 8A (b) 4sin A

(c) R (d) r cosecé cosecE CosecE
2 8 2 2 2

Passage IV
(Q.Nos. 116 to 118)

Let a, b, c are the sides opposite to angles A, B, C respectively

inaAABCtanA_B = a_bcotgand 4 - b =<
a+b 2 sind sinB sinC
Ifa=6,b=3andcos(4 —B)=%
116. Angle C is equal to
b i 3n 27
r b il |
(a) . (b) ) (c) . (d) 3
117. Area of the triangle is equal to
(a)8 (b) 9
(c) 10 (d) 11
118. Value of sin A is equal to
1 2
— b) ==
(a) NG (b) NG
© = @
25 V3
Passage V

(Q. Nos. 119 to 123)

When any two sides and one of the opposite acute angle are
given, under certain additional conditions two triangles are
possible. The case when two triangles are possible is called the
ambiguous case.

In fact when any two sides and the angle opposite to one of
them are given either no triangle is possible or only one
triangle is possible or two triangles are possible.

In the ambiguous case, let a, b and £4 are given and ¢, , ¢, are
two values of the third side c.

On the basis of above information, answer the following
questions

119. Two different triangles are possible when
(a) bsinA <a (b) bsinA <aand b >a
(c) bsinA <aand b <a (d) bsinA <aanda =b

120. The difference between two values of ¢ is

(a) 2¢/(@* ~ b?) (b) \/(@* = b?)
(¢) 24/(a® — b%sin® A) (d) /(a* = b*sin® A)

121. The value of ¢ —2c,c, cos2A +c? is
(a) 4acos A (b) 4a*cos A
(c) 4acos®* A (d) 4a*cos® A
122. If /A = 45° and in ambiguous case (a, b, A are given)

c,, ¢, are two values of ¢ and if © be the angle between
the two positions of the ambiguous side c then cos9 is

cc 2¢c,c
(a) 2122 (b)2122
¢ +c, ¢ tc,
) NS ) 25/¢icy
(¢ +¢3) (¢ +¢3)



123. If 2b=(m + 1)a and cos A =% ((m_l)(m-i-g)), where
m
1<m<3 thenc—lis
Ca
(a)morl (b)(m—1)or
m (m—
(c)(m+1)0r(m+1) (d)(m + 3)or mt3)

Passage VI

(Q.Nos. 124 to 126)

Consider a triangle 4BC, where x, y, z are the length of
perpendicular drawn from the vertices of the triangle to the
opposite sides a, b, c respectively. Let the letters R, r, S, A
denote the circumradius, inradius semi-perimeter and area of
the triangle respectively.

2 g2, 2
124. Ifb—x + Y0 w, then the value of k is
c a b k
() R ) S (c) 2R d ZR

1 1 1
2 2 2

125. If cot A+ cot B+ cotC =k
x° Y oz

} then the

value of k is

(a) R? (b) R

(c)A (d) a®+ b?+ ¢t

c¢sin B+ bsin C N asinC +csin A

x y

126. The value of

bsin A +asin B ,
+———————isequal to
z
S

R
(a) " (b) A (c) 2 (d)o6
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Passage VII

(Q.Nos. 127 to 131)

AL, BM and CN are perpendicular from angular points of a
triangle ABC on the opposite sides BC,CA and AB
respectively. A is the area of triangle 4BC, (r)and R are the
inradius and circumradius.

127. 1f perimeters of ALMN and AABC and A and , then the

value of & is

w

@ )
1R A

(c) X (d) E

128. 1f areas of A’s AMN, BNL and CLM are A, A, and A,

respectively, then the value of A; + A, + Aj is
(a) A2 + 2cos AcosBcosC)

(b) A2 + 2sin Asin BsinC)

(c) A(1 —2cos AcosBcosC)

(d) A(1 — 2sin Asin BsinC)

’

129. 1f area of ALMN is A’, then the value of AX is

(a) 2sin Asin BsinC (b) 2cos AcosBcosC
(c) sin Asin BsinC (d) cosAcosBcosC
130. Radius of the circum circle of ALMN is
(a) 2R (b) R
R R
= H
(c) ) (d) .

131. If radius of the incircle of ALMN is r’, then the value of
r’sec Asec BsecC is
(a) 4R (b) 3R
() 2R (d) R

Properties and Solutions of Triangles Exercise 5:

Matching Type Questions

132. Match the statement of Column I with values of
Column II.

Column 1 Column 1l

(A) Ina AABC,let ZC = E, r =inradius, R = () atb+c
2

circumradius then 2(r» + R)

(B) If/, m, nare perpendicular drawn from  (q) a—b
the vertices of triangle having sides a, b
and cthen

\/ZR(bl + oan + a—bn)+ 2ab + 2bc + 2ca

c a

(C) InaAA4BC, R(b*sin2C + sin2B) () a+b
equals

(D) In a right angle triangle ABC, ZC = %, (s) abe

A+ B . (4-B)
siIn———
2 2

then 4R sin
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133.

134.

136.

137.

138.

139.
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Match the statement of Column I with the values of
Column II.

Column | Column 1l

(A) Inatriangle ABC (¢ —a)* = b* —acand (p) A4 =30°

cos B + sinC =%

(B) 4,B,Carein AP.andC =34 (qQ) B=60
(C) The length of the bisector of angle (r) C =90
= V3ca anda=»b
(c+a)
(D) 1 + 1 _ 3 (s) A=B=C
a+b b+c a+b+c =60°

Match the statement of Column I with values of
Column II.

Column 1 Column 11

(A) InaAdBC,(a+ b+ )b+ c—a)=rbe, (p) 3
where A € I, then greatest value of A is

(B) InaAABC,tan 4 + tan B + tanC = 9. If (q) 9(3)"?
tan 4 + tan’ B + tan’>C = k, then least

value of k satisfying is

(C) Inatriangle 4BC, then line joining the (1) 1
circumcentre to the incentre is parallel to
BC , then value of cos B + cosC is

(D) IfinaA4ABC,a=5b=4and (s) 6
cos(4 — B) = %, then the third side cis
equal to

135. Match the statement of Column I with values of Column

I
Column 1 Column 11
(A) InaAABC,if (p) AABC is equilateral
2a* + b* + & = 2ac + 2ab, triangle
then
(B) InaAA4BC,if (@) AABC isright
&+ b+ & =2b(c+ a), angled triangle
then
(C) InaAA4BC,if (r) AABC is scalane
&+ b+ E =be+ ca3, triangle
then
(s) AABC is scalane
right angled triangle
(t) Angles B,C, A are
in AP

Properties and Solutions of Triangles Exercise 6 :

Single Integer Answer Type Questions

If in AABC,AC=§,a=ﬁandb= 2+\5, then find

the sum of digits in the measure of angle A (in degree).

In the figure as shown, find the number of digits in the

length of AB. c

195 125
A s B
2 2 2
+b° +
1fA=" B=""and C = 2% then in AaBc, =2 *¢
7 7 7 R®
equals to

If A, B, C the angles of an acute angled AABC and

(tan B + tan C)* tan® A tan® A
D= tan® B (tan A + tan C)? tan® A |
tan® C tan® C (tan + tan B)*

then the least integral values of

. Ina AABC, cos A-cosC +

140. In a AABC, P and Q are the mid-point or ABand AC,

respectively. If O is the circum-centre of the AABC, then
Area of AABC
the value of| ————————

cot B cot C equals to
Area of AOPQ

. With usual notation in AABC, the numerical value of

a+b+c a b c¢).

— || =+ =+ —is
A,y )\,

Mc? —a?)

3ca
median through A and AD 1 AC, then the value of A is

, where AD is the

. In a triangle ABC, medians AD and CE are drawn. If

AD =5, Z/DAC = g and ZACE = %’ then the area of the

triangle ABC is equal to %a, thena+bisequal to......... .

. In AABC, - é, then the value of 16 (Z tan(?D must

r

be.



145.

146.

147.

148.

Sacos? (Aj
. \2z)

In a AABC, the maximum value of 120
a+b+c

must be

The sides of triangle are three consecutive natural
numbers and its largest angle is twice the smaller one.
The largest side of the triangle must be

In AABC, ZC =2/A, and AC = 2BC, then the value of
a’® +b* +¢?
————— (where Ris circumradius of triangle) is

If a, b and A are given in a triangle and ¢,, ¢, are the

possible values of the third side, and
¢l +c2 —2c,c, cos A =Xa® cos® A, then the value of A

iS ceeeenn. .
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149.

150.

151.

152.
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In triangle ABC, a=5, b =4, ¢ =3. G is the centroid of
triangle. If R, be the circumradius of triangle GAB then

the value of 4 R12 must be
65

A triangle ABC is inscribed in a circle of radius 1 and

centre at O. The lines AO, BO, CO meet the opposite

sides at D, E, F. Then L + 1 + = isequal to ........... .
B CF

3 3 3
+b° +
In AABC,a>b>cand if @ b +e =3,

sin® A +sin® B+sin® C

than the maximum value of ais ............ .

In a cyclic quadrilateral PQRS, PQ = 2 units, QR = 5 units,
RS =3 units and POR = 60°, then SP is ......... .

Properties and Solutions of Triangles Exercise 7 :
Subjective Type Questions

153.

154.

155.

156.

157.

158.

159.
160.

In a AABC, the angles A and B are two values of 0
satisfying /3 cos 0 +sinO = K; where | K| <2, then show

triangles is obtuse angled.
If in an obtuse angled triangle the obtuse angle is 3% and

the other two angles are equal to two values of 0

satisfying atan® + bsec® = ¢, where | b| <y/a® + ¢,

then find the value of a® — ¢ 2.

In a AABC, a, ¢, A are given and b;, b, are two values of
third side b such that b, =2b,. Then, the value of sin A.
If P is a point on the altitude AD of the AABC, such that
ZCBP = g, then find the value of AP.

2 2
—-C

2aR

If R denotes circum-radius of AABC, evaluate

In AABC, A =2?n, b—c =33 cm and ar (AABC)
93
2

2 .
="""cm* . Solve for side a.

Find the value of tan A, if area of AABC is a® — (b — ¢)®.

In a AABC, B=90°, AC = h and the length of

perpendicular from Bto AC is p such that h = 4p. If
AB < BC, then measure ZC.

161.

162.

163.

164.

165.

166.

Ifin a AABC,sin® A +sin® B+sin® C
=3sin A -sin B-sin C, then find the value of determinant

a b c

b ¢ al

c a b
In a AABC, the side g, b and ¢ are such that they are the
roots of x®> —11x? + 38x — 40 = 0. Then, the value of
cos A 4 cos B + cosC

a b c

In a AABC the sides a, b and ¢ are in AP. Evaluate

( A c) B
tan — + tan— |: cot —.
2 2 2

. . . .3
The sides of a A are in AP. and its area is 5 X (area of an

equilateral triangle of the same perimeter). Find the ratio
of its sides.
If AD, BE and CF are the medians of a AABC, then
evaluate (AD? + BE® + CF?):(BC?® + CA* + AB?).
AD is a median of the AABC. If AE and AF are medians
of the AABD and AADC respectively, and AD = m,,

2

AE = m,, AF = m,, then find the value of%.
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167.

168.

169.

170.

171.

172.

173.

174.

175.

176.
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B-C A-B
If X =tan -tan é; Y =tan -tan E;
2 2
- B
7 = tan -tan ? then find the value of

X+Y+Z+XYZ.

Let AABC be equilateral on side BA produced, we choose
a point P such that A lies between P and B. We now
denote ‘@’ as the length of a side of AABC; r; as the
radius of incircle of APAC; and r, as the radius of the
excircle of APBC with respect to side BC. Determine the
sum (r; +r,) as a function of ‘a’ alone.

A hexagon is inscribed in a circle of radius r. Two of its
sides have length 1, two have length 2 and the last two
have length 3. Prove that r is a root of the equation

2r® —7r-3=0

The base of a triangle is divided into three equal parts. If
0,,0,,0, be the angles subtended by these parts at the
vertex, then prove that

(cot®, + cotB,)(cotB, + cot®,) =4 cosec0,

If the circum-radius of a A is , and its sides are in

54
/1463
GP with ratio 3, then find the sides of the triangle.

Prove that a? + b? + ¢? + 2abc <2, where a, b, ¢ are the
sides of triangle ABC such thata+b+c =2

Let points P, P,, Py P, _, divides the side BC of a

Py
AABC into n parts. Let ry, r,, 75, ...,r, be the radii of
inscribed circles and let p;, p,, ..., p, be the radii of
excribed circles corresponding to vertex A for triangle
ABP,, AP,P,, ..., AP, _,C and let r and P be the
corresponding radii for the triangle ABC. Show that
N I T

E PZ ...P P.

n

A polygon of n sides, inscribed in a circle, is such that its
sides subtend angles 20., 4a, ..., 2na at the centre of the
circles. Prove that its area A, is to the area A, of the
regular polygon of n sides inscribed in the same circle, as
sinnd, : nsino.

AL A, A, ..

circumscribed about a circle of centre O and radius ‘@’. P
is any point distant ‘¢’ from O. Show that the sum of the
squares of the perpendiculars from P on the sides of the

2
polygon is n(a2 + c}

, A, is aregular polygon of n sides

2

Show that in any AABC, a® cos3B + 3a’b cos(2B — A)
+3ab® cos(B—2A)+b> cos3A=c"

177.

178.

179.

180.

181.

182.

183.

184.

185.

186.

187.

188.

Let ABC be a A with altitudes hy, h,, h; and inradius r.
hy+r hy+r hg+r
+ +

Prove that > 6.
1—r hy—-r hy-r
IfinaAABC,aCOSA+bCOSB+CCOSC=a+b+c,then
asin B+ bsinC +c¢sin A 9R

prove that A is equilateral.

In AABC, ‘R’ is the length of altitude drawn from vertex
A on the side BC. Prove that :

2Ab* +c?)>4h* + a”. Also, discuss the case when
equality holds true.

Consider a AABC. A directly similar AA;B,C, is inscribed

in the AABC such that A;,B, and C, are the interior

points of the sides AC, AB and BC, respectively. Prove
tArea(AAlBlCl) S 1

Area(AABC)  cosec? A + cosec® B+ cosec’ C

Find the angle at the vertex of an isosceles triangle
having the maximum area for the given length I’ of the
median to one of its equal sides.

Consider a AABC and points A; and B, on side BC such

that ZBAA, = ZB,AC. If incircle of ABAA, and B,AC
touch the sides BA, and B,C at M and N respectively,
1 1 1 1
prove that — +—=——+—.
BM MA, BN NC

An equilateral triangle PQR is circumscribed about a

given AABC. Prove that the maximum area of APQR is

a’® +b® +c?
2V3

and A is its area.

2A + . Where a, b, c are the sides of AABC

Ina AABC,r,,ry, 1 are the radii of the circles which

touch the incircle and the sides emanting from the
vertices A, B, C respectively. Prove that,

\/VAFB +\/FBVC +\/T’C}’A =r

Find the points inside a A from which the sum of the
squares of distance to the three sides is minimum. Also,
find the minimum values of the sum of squares of
distances.

In a scalene acute AABC, it is known that line joining
circumcentre and orthocentre is parallel to BC. Prove

that the angle A e [: ;E)

Consider an acute angled AABC. Let AD, BE and CF be

the altitudes drawn from the vertices to the opposite
. EF FD DE R+r
sides. Prove that: — + — + — = .
a b c R

Two circle, the sum of whose radii is ‘a’ are placed in the
same plane with their distance 2a’” apart. An endless
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string is fully stretched so as partly to surround the
circle and to cross between them. Prove that length of

4
string is (3“ + 2\@)@

If A, is the area of A formed by joining the points of
contact of incircle with the sides of the given triangle
whose area is A. Similarly A;, A, and A are the
corresponding area of the A formed by joining the points

of contact of excircles with the sides. Prove that
Ay " A, " Ay A,

A A A A
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190.

191.
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Let P be the point inside the AABC. Such that
Z/APB = /BPC = ZCPA. Prove that

a’ +b® +c°
PA + PB+ PC = fw\@A,wherea, bc, A

are the sides and the area of AABC.

In an acute angled AABC, the points A”, B" and C” are
located such that A’ is the point where altitude from A
on BC meets the outward facing semi-circle drawn on
BC as diameter, points B’, C” are located similarly. Prove
that

{ar(BCA")}* + {ar(CAB’)}* + {ar(ABC’)}* = {ar(ABC)*}

Properties and Solutions of Triangles Exercise 8 :
Questions Asked in Previous 10 Years' Exam

(i) JEE Advanced & IIT-JEE

192.

193.

194.

195.

Ina AXYZ, let x, y, z be the lengths of sides opposite to

the angles X, Y, Z respectively and 2s = x + y + z. If
STX_S7Y_ 572 ndarea of incircle of the AXYZ is
4 3 2

S—R, then
3

[More than one correct option 2016 Adv.]
(a) area of the AXYZ is 66

(b) the radius of circum-circle of the AXYZ is %«/g

X .Y  Z 4
(c) sin—sin—sin— = —
2 2 2 35

) sinz(X - Y) _3
In a triangle, the sum of two sides is x and the product

of the same two sides is y.If x* —c? =y, where c is the
third side of the triangle, then the ratio of the in-radius

to the circum-radius of the triangle is
[Single correct option 2014 Adv.]

(a) 3y b 3y
2x(x+c) 2¢(x+c)

© 3y d 3y
4x(x+c) de(x+c)

Consider a AABC and let g, b and ¢ denote the lengths of
the sides opposite to vertices A, Band C, respectively.

a=6b=10and the area of the triangle is 15~/3. If ZACB
is obtuse and if r denotes the radius of the incircle of the

triangle, then r? is equal to......
[Intger Answer Type 2013 Adv.]

In a APQR, P is the largest angle and cos P = 1 Further
3

in circle of the triangle touches the sides PQ, QR and RP

196.

197.

198.

RP at N, L and M respectively, such that the lengths of
PN, QL and RM are consecutive even integers. Then,
possible length(s) of the side(s) of the triangle is (are)

[More than one correct option 2012]

(a) 16 (b) 18 (©) 20 d) 22

If APQR is a triangle of area A witha=2b = % andc = g,

where a, b and ¢ are the lengths of the sides of the

triangle opposite to the angles at P, Q and R,

2sin P—sin 2P

2sin P +sin 2P
[More than one correct option 2012]

3 45
@ (b) —

4A
3 45)
2 d | =
o) (2]
If the angles A, Band C of a triangle are in an arithmetic

progression and if g, b and ¢ denote the lengths of the
sides opposite to A, B and C respectively, then the value

respectively. Then, equals

of the expression %sin2C+sin2A is
c a [Single correct option 2010]
3
(c) 1 (&) V3

(a) (b) o

| =

Let ABC be a triangle such that ZACB = % Ifa bandc

denote the lengths of the sides opposite to A, Band C,
respectively. Then, the value(s) of x for which
a=x?+x+1,b=x%—1andc=2x+1is (are)

[Single correct option 2010]
(b) 1++/3

(d) 4+/3

(a) —(2++3)
(©) 2++3
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199.

200.

201.

Textbook of Trigonometry

In a AABC with fixed base BC, the vertex A moves such
A
that cos B+ cos C = 4sin? ; If a, b and ¢ denote the

lengths of the sides of the triangle opposite to the angles
A, B and C respectively, then

[More than one correct option 2009]
(a) b+c=4a
(b) b+c=2a
(c) locus of point A is an ellipse
(d) locus of point A is a pair of straight line

Let ABC and ABC’ be two non-congruent triangles with
sides AB=4, AC = AC’ =2+/2 and /B =30°. The
absolute value of the difference between the areas of

these triangles is [Integer Answer Type 2009]

A straight line through the vertex P of a APQR intersects
the side QR at the point S and the circum-circle of the
APQR at the point T. If S is not the centre of the

circumcircle, then
1 2

1
(@) —+ —<—
PS 0S x SR

[More than one correct option 2008]

ST

b= Ls 2
PS ST~ JOSxSR
L+t
PS ST QR
(d)i+i>i
PS ST QR

Passage
(Q.Nos. 202 to 204)

Consider the circle x> + y* = 9and the parabola y* = 8x. They

intersect at P and Q in the first and the fourth quadrants,
respectively. Tangents to the circle at P and Q intersect the
X-axis at R and tangents to the parabola at P and Q intersect
the X-axis at S.

202.

203.

204.

205.

[One correct option 2007]
The radius of the in-circle of APQR is

(a) 4 (b)3
8
- d
(c) 3 (d) 2
The radius of the circum-circle of the APRS is
(@5 (b)3+/3
(¢)3+2 (d) 243

The ratio of the areas of APQS and APQR is
(@)1:+2 (b)1:2
(¢c)1:4 (d)1:8

Internal bisector of ZA of AABC meets side BC at D. A
line drawn through D perpendicular to AD intersects the
side AC at E and side AB at F. If a, b, c represent sides of

AABC, then [More than one correct option 2006]

206.

207.

(b) AD = bec cos A
+c

(a) AEis HM of b and ¢ 5

(d) AAEF is isosceles

In-radius of a circle which is inscribed in a isosceles
triangle one of whose angle is 211 /3 is +/3, then area of
triangle (in sq units) is
(a) 43

(b)12 -7+/3

(©)12+ 743

(d) None of the above

[Single correct option 2006]

In a A ABC, among the following which one is true?
[Single correct option 2005]

(@) (b +c) cos —=asi (B;C)

2
+C . A
(b)(b+c)cos( . )—asm;

(c)(b—c) cos(B;C)zacos(g)

(d)(b_c)C°S§:asin(B;Cj

b

o

(ii) JEE Main & AIEEE

208.

209.

210.

Let a vertical tower AB have its end A on the level
ground. Let C be the mid-point of ABand P be a point on
the ground such that AP = 2AB. If ZBPC =3, then tanf3
is equal to [2017 JEE Main]

(@) (b)

() (d)

O | |

ABCD is a trapezium such that ABand CD are parallel
and BC L CD, if ZADB =6, BC = p and CD = q, then AB
is equal to [2013 JEE Main]
pcos 0+ gsin®

P+ 1
p?cos 0+ ¢*sin®

pcos 6+ gsin O
(p® + q%)sin®

© (pcos 0+ gsin6)?

For a regular polygon, let r and R be the radii of the
inscribed and the circumscribed circles. A false
statement among the following is [2010 AIEEE]

(a) there is a regular polygon with LA

(b) there is a regular polygon with

(c) there is a regular polygon with

(d) there is a regular polygon with — =

[SSIE ) DN | =
v | & &=

Sl IR



211. In a AABC, let ZC = g if r is the in-radius and R is the

circum-radius of the AABC, then 2(r + R) is equal to
[2005 AIEEE]

(@) cta M) a+b+c
(¢c) a+b d) b+c
Exercise for Session 1
1. (a) 2. (a) 3.(c) 4.(c) 5.(c) 6. (a)
7.d)  8.(c) 9.(b) 10.(c) 11.(c) 12.(d)
13.(c) 14.(a) 15. (a) 16. (c) 17.(b) 18.(a)
19.(c) 20.(a)
Exercise for Session 2
1. (a) 2. (a) 3.(b) 4. (d) 5.(a) 6. (c)
7.d)  8.(c) 9. 10.(b) 11.(d) 12.(c)
13.(b)  14.(b) 15. (d) 16.(c) 17.(a) 18.(c)
19.(c) 20.(a)
Exercise for Session 3
1. 1018.81 sq. cm 2.2.5 3.2cm 7.7:2 9.%
26.(1) 27.0 28. a’b”
Exercise for Session 4
1.acotd 2. 24 4.4/3 5. ﬁ 6. 2a°b*?
a+b
9% 10. acosec(A/2)
Exercise for Session 5
1. gcot1 2. gcosecE 4. cosec n
2 2n n 9
6.7,3
Exercise for Session 6
1.2 2.2 3.6 4. % 5 nana
a+b
Exercise for Session 7
1.% 2.sinA4 + sin B + sinC 3.% 4.6 6.r=1
7.% 9.2-3):24/3
Exercise for Session 8
4. Rtan o 5. M
sin 42°
Chapter Exercises
1. (a) 2. (a) 3.(¢c) 4.(c) 5. (c) 6. (c)
7.(b)  8.(c 9. (a) 10. (b)  11.(b)  12.(b)
13.(c) 14.(d) 15.(a) 16.(d) 17.(a) 18.(b)
19. (b)  20.(c) 21. (b) 22.(d)  23.(b) 24.(c)
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212 If in AABC, the altitudes from the vertices A, Band C on
opposite sides are in HP, then sin A sin B and sin C are in

Answers

25.(a)  26.(c)

31.(a) 32.(b)

37.(b) 38.(a)

43.(a) 44.(c)

49.(b)  50.(a)

55.(b) 56.(d)

61.(c) 62.(b)

67.(b) 68.(a)

70. (b,d)

73. (b,c)

76. (a,b)

79. (b,c)

82. (a,b,c,d)

85. (a,b)

88. (a,b)

91. (a,c)

92.(c) 93.(d)

98.(a) 99.(c)
104. (a) 105. (a)
110. (¢) 111. (c)
116. (b) 117. (b)
122. (b) 123.(a)
128.(c) 129. (d)

(b) AGP
(d) Gp

27. (a) 28. (a)

33.(d) 34. (c)

39. (¢) 40. (a)

45. (b) 46. (a)

51. (a) 52.(c)

57.(c)  58.(a)

63. (a) 64. (a)

69. (c)

71. (b,c,d)

74. (a,c,d)

77. (a,c,d)

80. (a,c)

83. (a,b,c,d)

86. (a,c,d)

89. (a,b)

94. (a) 95. (d)
100. (a)  101. (c)
106. (b)  107. (b)
112.(d) 113.(c)
118.(b)  119. (b)
124.(c)  125.(c)
130.(b)  131.(a)

132. (A) = (1), (B) = (p), C = (s) , (D) = (q)
133.(A) = (p, 9, 1), (B) = (p, 9, 1), C = (g, 8) , (D) =¢q
134. (A) = (p), (B) =(q), C = (1), (D) = (s)

135. (A) = (p, 1), (B) =(q,5), C=(q, 1, 1)

136. (9)
142. (2)
148. (4)

137. 3)
143. (8)
149. (5)

94> - &

87

158. (/63 — 24/3)

155.

161. (0)
164.(3:5:7)

167. (0)

s

192.(a,c,d)
196. (b,c,d)
200. 4 sq units
205. (a,b,c,d)
210. (a,b,d)

138.(7)  139.(2)
144.(8)  145.(9)
150.(2)  151.(2)

156. 2c¢sin (E]
3
159, (ﬁj
15
162. (ij
16

[2005 AIEEE]

29.(b)  30.(a)

35.(b) 36.(a)

41.(b)  42.(c)

47.(c)  48.(d)

53.(b) 54.(b)

59.(b)  60.(a)

65.(b)  66.(d)

72. (b,c,d)

75. (a,c)

78. (c,d)

81. (a,b,c,d)

84. (b,c)

87. (b,c)

90. (a,d)

96.(a) 97.(c)
102. (a) 103.(a)
108. (c) 109. (c)
114. (c) 115.(a,b,c,d)
120. (b) 121.(d)
126. (d) 127.(b)
140. (4) 141.(4)
146. (6) 147.(8)
152.(2) 154.2ac

157. (sin (B = C))

160. (15°)

163. (3)
3

165. (3: 4) 166. m? + m? — 2m?
168. [“3) 171. (1, 3, 2)
2 2 4

4(s—a)(s—=b)(s—¢c)s

185.A . =
e @+ b+ P

193.(b) 194.(3) 195.(a,b)
197.(d)  198.(b) 199. (b, ¢)
201.(d)  202.(d) 203.(b) 204.(c)
206.(c) 207.(d) 208.(c) 209.(a)
211. (¢)  212.(c)



x 2

Solutions .

5 X
1.
105° N\
C 457N g
_ 2cos15° 22(+/3 + 1)
sin 45° 22
3+1
x+k+y=16 AP ¢
Also, (t+7)xt=2%x(2+13) 5. 2B B
- r=3 sin— sm(90° j
Now, x(x+k)y=6x(6+7)
and Yy +k)=1x14
Solving, we get x =10 — «/ﬁ,y =6 —~/22 and k = 2+/22.
+b+
2. Wehave,s:aTbc:ﬂ P
2A A5 B/3
Noz2, sinA = — B D C
be 5
2 4 = in—
=2 J21.8.7-6 == = AP—2csm3
14-15 5
4 6. Given,2b=a+ ¢
= A=sin"'=
5 = 2sinB =sin A + sinC
Alternatively By using cosine rule in AABC, we get N Z(ZSiHECOSEJ _ ZSin(A + Cj cos(A - C)
b? + ¢* —a? 2 2 2
COSA=——"—
B 90° 1
2bc = 2sin— = cos( ) =—
_(14)* + (15)° — (13)? 2 2 2
2(14) (15) N sinB =L
196 + 225 — 169 2 f
420 = cosE —f
252 3 2 V' 5Tk
0<A <
420 5 2 [
4 Hence, sinB =2 sm— COS —
Hence, A= sin”!= 2 2 4
5 7 BD _AB
3. Using Napier’s Analogy DC AC
B = AD s the angle bisector
2b A
AD = ¢ cos—
b+c 2
_2X5X3 /1+ cosA
8 2
1+
) s
an = cos—
2 a+b 2 41 2
5 _15 2 3x5x45
e CIROE RN N
1+ (3 -1) f
A=B _ ﬂ
=30 2

- A-B=60°



_2 —
8. Slope of GC = —b slope of AG = i
a

2a
3b
tan30° = ziabz anda® + b? =9
1+—
22
C(0, b)

30°
A
0 a
39 e
N i _ 3ab
V3 2a?+ b
= lab = a’ + b
2 33
9
= Vk=——=13
3.3
= k=3

I
9. 4sin A cosB =1, so A and B cannot be E

[asif B = g, then cosB=0andif A = g, tan A is not defined)

T b
= C=—B=—-A
2 2
. TE
= 4sin A cos(;—A]zl
1 1
= sinfA=- = sinA=-
4 2
T b
= A=— = B=—
6 3

So angles are in AP.

10. det A is twice the area of the triangle with vertices
(a, p) (b, q) (c, r) with sides 5, 6,7.

A =s(s —a)s = b) (s —c)
= 16A* =18-8-6-4
det B =(det A)*=4A* =18-8-6 = 864

11. Given that the circle passes through the circumcentre of
AABC. Therefore, the distance between circumcenter, incentre

=JR*-2R =7

= rP+2rR-R*=0
2
r r
= (—j +2—-1=0
R R
= . 2 —1land
R

A. B.C
cosA + cosB+ cosC =1+ r =1+ 4sin—sin—sin—
R 2 2 2
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12. Letaand b the roots of x> —7x + 8 =0. Then,a + b =7, ab =8

13.

14.

15.

Also, C =60°
2 2 2
Now 1_a"+ b —c¢
2 2ab
= ab =(a + b)* —2ab — ¢*
¢* =(a+b)* —3ab="49 —24 =25
= c=5
Thus, r.R= abe -8 3
2a+b+c) 27+5) 3
Applying m—n theorem
(BD + DC)cotg = DC cosB — BD cotC
= (cot B—cotC)* =12
A’C =b cosC,B’C =a cosC

A’B’=c¢ cosC
Similarly, A’C’ =b cosBand B'C’ =a cos A
Now, 4R =a cosA + b cosB + ¢ cosC
= sinAsinBsinC =1

= This is only possible when ZA = /B =/C = g, so triangle

is not possible.

Let the sides of the triangle be 7,7 —d, 7 — 2d.

Since, the given angle is the greatest (being obtuse) angle of
the triangle, it is opposite to the greatest side of the triangle

and we have,

72=(7-d)? + 7 -2d)-27-d)(7 - 2d)cos2?n

=

=

=
=

7% =2 % 7% — 42d + 5d°-2(7* - 21d + 2d2)(_71)

d*-9d +14=0
d-7)d-2)=0
d=2 (d =71is not possible)

Therefore, the sides of the triangle are 7 cm, 5 cm, 3 cm.

1 2n
Area of the triangle A = 5 x5 X3 x sin?

1543
4
_ 7X5X3

VLN
4

_7Xx5%3 743

153 3

cm? and the radius of the circumcircle
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16.

17.

Textbook of Trigonometry

-+ Sides are in AP and a < min{b, ¢}
Casel If min(b,c)=b

Then, a, b, ¢ are in AP.
ie,2b=a+c

cosa it -a
2bc
b+t -@b-c)
B 2bc
_ d4bc —-3b° _4c-3b
T 2c 2

Case Il If min{b, ¢} =c
Then q, c, b are in AP.

ie,2c=a+b
cosabitet-a
2bc
_b*+ P —(@c—b)?  abc -3¢
- 2bc "~ 2be
_4b-3c
)

Given, sin Asin BsinC = p

and cosAcosBcosC =q
= tan Atan BtanC P
q
Also, tan A + tanb + tanC = tan Atan BtanC
= tanA + tanB + tanC = P
q

Now, tanAtanB + tanBtanC + tanCtan A
sin Asin BcosC + sin BsinC cos A

+ sinCsin A cos B

cosAcosBcosC

1
= —[sin Asin BcosC + sinC(sin Bcos A
q9

+ cosBsin A)]

[sin Asin BcosC + sinCsin(A + B)]

[sin Asin BcosC + sin®C]

[1 - cos®*C + sin AsinBcosC]

[1 4+ cosC(—cosC + sin Asin B)]

[1 4 cosC(cos(A + B) + sin Asin B)]

1
=—[14 cosAcosBcosC]=—[1+ q]
q q

The equation whose roots are tan A, tan B, tanC will be give by
x* —(tanA + tanB + tanC)x*

+ (tanAtanB + tanBtanC + tanCtan A)x
—tanAtanBtanC =0

1+
or x3—£x2+7qx—£:0

q q q
or g+ pxt A+ Qx—p=0

Hence, (a) is the correct answer.

18.

= h_h-er
a h h
t 2A
— 1122 (where A =ar(AABC))
a sh
1
f 2. ah f a
= A2 5 h_qo
a sh a s
Similarly, Z=1 b and t—3=l £
s c s
ﬁ+ti+ti:3_w
a b ¢ s
=3-2=1

19. sin A, sin B, sinC are the roots of the equation
AP —cHa+ b+ +ix+m=0

2
+b+
sinA+sinB+sinC=C((1736)
c
_a+b+c
c
a b ¢ a+b+c
or —_—t —+ —=—
2R 2R 2R c
Then, c=2Ra+b+c#0

ie, 2RsinC =2R.
20. Let O be the point of intersection of the medians of triangle

ABC (Fig. 12.10). Then, the area of AABC is three times that of

AAOC, O being the centroid of AABC, divides the median
through B in the ratio 2 : 1.
B

/8 W4
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And the height of AAOC is one-third that of AABC. Now, in C-B<C+8B
AAOC, AO = (E) AD = B Therefore, applying the sine rule to or M <1
3 3 sin(C + B)
AAOC, we get sin(B — C)
- or —_—>—1
Sin(f) sin(B + C)
_10 8 2 2 2 2 2 42
= 0C=—- b —c c“—a a“—b
;i T 3 (T Hence, Tt ;— + 7 0
g sin| sin " a b c
) @:
Area of AAOC ==+ AO-OC -sin ZAOC B-C . . B+ C
2 cos 5 =(sin B + sinC)cos| 5

T
sin| _ n _ n
:ljj () COS(B C)zZsin(B C)cos(B C)cos(B C)
2 3 3 ( j 2 2 2 2
sin| B_C
COS( 5 )iO

. T
_50. sm( 8 JCOS(EJ N 50 _25 sin(B+ C) =1
sin(E) 189 B+C= n
4 2
= AreaofAABCzS-?z% Then, LA:g
23 . 3 .3 B2+ ¢ — a2
21. We have, (2R)*(sin” A + sin” B + sin” C) —3 23. We have, cos A = T

sin® A + sin® + sin®C ) ) )
= b° —2bccosA+(c"—a")=0
= R =1, the radius of the circumcircle is 1. ( )

Greatest length of a side of a triangle inscribed in a circle can It is given that b, and b, are roots of this equation.

be equal to the diameter of the circle and hence the maximum Therefore, b, + b, =2ccos A and bb, =¢* - a*
value of the greatest side a is equal to 2.

= 3b, =2ccos A and 2b? = ¢ — a*
22. @):(b+c+a)b+c—a)=5bc

(since b, = 2b, given)

= (b + ¢)* —a® =5bc % 2 .
) ) ) = 2| —cosA| =c"—a
= b+ ¢“ + 2bc —a” =5bc 3
= 2bccos A =3bc = 8c(1 —sin® A) =9¢* — 94°
cosA=> impossible. . 9q% — ¢*
2 = sinA = 3
8
(b): Leta = /19, b = 38, ¢ = V116 , ¢
19438 — 116 Hence, (b) is the correct answer.
cosA = 24/194/38 24. We have, cot(A + B) = cotAcotB ~1
5 205 ) ’ cot B + cot A
=— ———— < —1impossible. 1 L 1
2\/722 V722 Cx2(xP x4+ 1)2x (P + x+1)2 -1
b =c* sin’B-sin’C - 1 1
(©: Pr sin? A x2(x%+ x+1)2 + x2(x + x +1)2
sin(B + C)sin(B — C) B W x+1-1
- sin A - . . .
sin(B - C) (x% + x +1)2 +(x2+x2)
- 1
sin A 2 3 -t
x(x + 1)x2
sm(B C) - B2O = ( )1 x2(x* + x+1)2
sm(B+C) (2 + x+1)%(x+1)
oI B>C L ) s 1
— - TI9\2 —
Then, B+C>B-C =X+ x4+ xT)E=cotC
sin(B + C) = A+ B=CandA+B+C=m
sin(B — C) c="

2
and if B<C
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25.

26.

27.
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A+ b:-a?
2bc
= ¢> —2bccosA + b2 —a’ =0

We have, cos A =

It is given that ¢, and ¢, are roots of this equation.

Therefore, ¢, + ¢, =2bcos A and ¢,c, = b* — a°

= k(sinC, + sinC,) = 2ksin Bcos A
= sinC, + sinC, = 2sinBcos A

Now, sum of the area of two triangles

1 1
=—absinC, + —absinC,
2 2
1 . .
= gab(smCl + sinC,)
1 .
= gab(ZsmB cosA)

=b-bsinAcosA = %bzsinzA

Hence, (a) is correct answer

bcotB + ccotC =2(r + R)

B C
= 2RsinB- C?s + 2RsinC- c‘os =2(r + R)
sin B sinC
= cosB+cosC=1+%
A B, C
= cosB + cosC =1 + 4sin—sin—sin—
2 2 2
= cosB + cosC = cosA + cosB + cosC
cosA =0
b4
= A=—
2
= at=b*+c?
= b% + ¢® =100

Using AM 2G.M., we get
2 2
b% >b%? = bc <50
Hence, area of AABC = ébc <25

Let i, r, and r; be the radii of the three circles with centres at
C,, C, and C;. Let the circles touch at P, Q and R.

Also, CICZ =ntrn, C2C3 =rt+rn, C3C1 =r+thK

28.

29.

Let O be the point whose distance from the points of contact
is 4.

Then, O is the incentre of the AC,C,C,; with OP = 0Q = OR =4,
being the radius of the incircle

Hence, 4 = AGCL, _A (i)

CC,+CC+ GG °

5[

Wheres =rn, +r, + 15,
A% =5(s = C,Cy)(s = C,C3)(s — C3C,) = s(1)(1,)(73)
A* s(r)(n)(r)

(i) gives 16 = —- 5
s s ntr ot

"3

Hence, the ratio of the product of the radii to the sum of the
radii =16: 1.

Hence, (a) is the correct answer.

* Roots are real and distinct.

o A>0

= 4a+b+c)—12Mab + be + ca) >0

= (a® + b* + ¢* + 2(ab + be + ca)) - 3Mab + bc + ca) > 0

Sa?
= —>BA-2 ()
sap ¢ ) )
Now, in a triangle

Difference of two sides < third side

ie, la=bl<c|b—c<aand|c—a| <b
= (@a=b¥+(b-c)i+(c-a)’<a®+b*+c?
= a® + b® + ¢* <2(ab + be + ca)
2
or 2—a<2 ..(id)
Zab

From Egs. (i) and (ii), we get
2

3%—2<Z—a<2 = 3X-2<2 = )¥<é
Yab 3

Area of triangle

Area of AARQ,
b « ke 1. KA
k+1) k+1 2 (k +1)°
o kA
Similarly, area of ABPR = Area of APCQ = 5
(k+1)
Now APQR 1
AABC 3
3k
2
or _ ety 1
A 3
or 2k* -5k +2=0
or k= 1 2
2



30. . f(x+y) = f(x) f(y)

for x=y=1
f@=2°
for x=1Ly=2
f@) = f()f@e)=2°
fln)=2"
a=fB)=2"=8

b=f(1)+ fB3)=2+8=10
andc = f@2)+ f3)=2"+2=12

3 1
cosA ==and cosC =~
4 8

cos2A =2cos’A —1

9
=2Xx—-1
16

=cosC

1
8
2A=C
31. Given,x+y+z=a+b+c ..(0)
and a’x + b%y + ¢’z + abc = 4xyz divide by 4xyz, we get
2 2 2
a b c

4z dxz
)

' 2£2 asz(Z\/%j[z nyJ =1

For using the trigonometric identify
cos’ A + cos’ B + cos’C + 2cos A cosb cosC

=,A+B+C=m

c
2/xy

=1

4xyz
2

a
Let —— = cos A, =cosC

b
2/yz 2xz

Where A, B, C are acute angle’s

= cosB,

From Eq. (i)
x+y+z=a+b+c
= x+y+z=2\yzcosA+ 2+vxz cosB + 2,/xy cosC

=x+ty+z-2 yzcosA—Z\/;
cosB —2,/xy cos(m —(A+ B))=0
= x+y+z-2 yzcosA—Z\/;
cosB + 2,/xy cos(A+ B)=0
= x+y+z-2 yzcosA—Z\/;
cosB + ZM(cosA cosB —sinAsinB) =0
= x(sin®B + cos®B) + y(sin® A + cos® A)
+ 2z —2,/yzcosA —2+/xz cosB
= ZM(COSA cosB —sinAsinB) =0
= (\/;sinB - \/;sinA)z + («/;cosB + {y cosA - «/;)2 =0
= xsinB = \/;sinA and /x cos B + 4y cosA =z
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b a
= \/;ﬁ‘i‘\/yﬁzﬂ/;

b a a+b
= — 4z = =z
2z 2z 2
. b+c a+c a+b
. By symmetricity x = 5 Y = 5 ,Z = 5

32. Let S and I, be respectively the centres of the circumcircle and
the excircle touching BC.
It can be shown that

SI, =/[R* + 2Ry,

In ASI,P,SI? = R* + ]

11
R*=2Rr=R*+1¢), 5 =—
T 2Rn

1 1 1

1
Similarly, S = 5=
t, 2Rr, t; 2Rn

1 1 1 1|1 1 1
tt t; ty 2Rln n n
1(s—a s-b s-c
= + +

2R| A A A
_1s__s _a+tbte

2RA 2RA abce

33. £BAA = LAAA, = LAAC

Clearly, triangle AA,C is isosceles

= AA =AC=b
AA, =AC=2
4
A
c b
i
B A @ A C
A A
Now, sin®* = cos— = —sin? ZSing-—
1. ,A  2A 1(AZC)2 BA,
=-sin“—-sin—=—| —— | -—=
2 3 3 20U b AB

2

1 a* 3a1_ 3d
2 16b* 4 ¢ 128b%
b* + ¢? —a?
34. - cosA=——"——
2bc
2 2 2
or c¢“ —2bccosA+b°—a"=0
3
c1+02=2bcosA=2><2><£:2\/§
2
and cc,=b*-a*=4-5=-1

e = o = (e + ¢y)” = deey

=J12+4=14=4
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35. Circumradius of triangle ABC, R =5

5
.. Circumradius of pedal triangle, R, = P and so on.

Now, YR =R +R,+Ry+ ..

i=1

=5+ >+ S+ .00
2 2
5
=5-——=10
1
1_7
2
36. |1-1|1-1|=2
r 3
A A
s—a s—a
1- 1- 2
= A A
s—b s—b
= [1—3_17](1—3_6):2
s—a s—a
= (b—a)c—a)=2(s —a)’
= 2(be — ab — ac + a%) = (2s — 2a)*
= 2bc —2ab —2ac + 2a* = (b + ¢ — a)*
= 2bc — 2ab — 2ac + 2a°
=b%+ ¢* + a® + 2bc — 2ac — 2ab
= b+ c?=a*
= 2bccosA =0
LA =90°

37. Prove thatsin(A — ) = %sine

In AABD,
BD  AD
sin® sinB
- AD = ppSin®) ()
sin 0

B a a c
3 b—3
In AACD,
CD _ AD

sin(A - 0) sinC

- AD + cp-—S1C ...(ii)
sin(A — 0)

From Egs. (i) and (ii), we get

(BD) sinB _ sinC (D)

sin® sin(A — 0)

sin B sin®
= [
sinC  sin(A - 0)
b sin(0)
¢ sin(A-0)
= sin(A — 0) = %sinﬂ

38. A, B, Carein AP.= B =60°

1_(:2+az—b2

= cos B = cos60° = —
2 2ca
= a®+c?=b*+ac
= (a—c)*=b*—-ac
= la — | =+/b* —ac
= |sinA —sinC| = /sin* B — sin AsinC
A+C A-C /3
= 2cos sin———|= ./— —sin AsinC
2 4
A-C
= 2lsin 5 =,/3 — 4sin AsinC
2sin A-C
. 3 — 4sin AsinC . 2
So, that lim = lim =1
A—C |A -] A-c |A-(|

39. We are given that(a + b + ¢)(b + ¢ — a) = Abc, or
(b + ¢)* —a® = Abc. That is, b + ¢* + 2bc — a® = Ab, or
b+ c? —a® =(h —2)be.
2, 2 2 _
Therefore, cos A = b+ —a = A2
2be 2

As A is the angle of a triangle, -1 < cos A < 1.

Therefore,

_1 <M<l
2
= 0<A<4
40. Let—*° b =k (say)

sin A - sin B - sinC
= a=ksinA, b =ksinB, ¢ = ksinC
Now, the given relation is
(a® + b?)sin(A — B) = (a* — b%)sin(A + B)
or k*[sin® A + sin® B]sin(A — B)
= k*[sin® A — sin® B]sin(A + B)
= [sin® A + sin® B]sin(A — B)
=sin®(A + B)sin(A — B)
or sin(A — B)[sin® A + sin® B —sin®C] =0

Hence, either the first factor = 0, or the second factor = 0

If sin(lA—B)=0

= A-B=0

= A=B

= Triangle is isosceles.

If sin® A + sin® B —sin®’C = 0



41. -

at bt ¢t

= e el
or ad+bi-c*=0
or at+ b=t

= The triangle is right angled.
2 2 1 8!
+

T 1090 3171 5151 (2b)!
1 1 1 1 1 8
= +—t —+—+ —=
1190 3171 5151 3171 9111 (2b)!
1(10! 10! 10! 10! 10!)
= —_ — —+ —+ —+ —
10101190 317! 5151 7131 9!7!
8u
(@2b)!
1 10 10 10 10 10 8
— (G + Cy+ Co+ TC, + TCy) =——
10! (2b)!
- 2 g 2™
100 (2b)! (@b)!
= a=3b=5
Also, 2b+a+c = 10=3+¢
= c=7
a=3b=5c=7
tanA + tanB
% > ytan Atan B ...(1)
2 2 2
+b° -
Also, cosC=¥
2ab
_9+25-49 1
30 2

. C =120° and A, B <60°
tan A + tan B + tan C =tan A tan B tan C
= tanA + tanB — f = —«/gtanAtanB

= tanA + tanB — f = —«/gtanAtanB

s tanA + tanB = \/g(l — tan Atan B) (i)
Also, tanA + tanB > 0
= \/5(1 —tanAtanB) >0
= tanAtanB <1 ...(iii)

From Egs. (i) and (ii), we get
—\/5(1 — taznAtanB) > ,/(tan A tan B)
Let tanAtanb = A

V31 = A) =24h

= 332 —10A +3>0
= BA-1)(A=3)=0
A—-3<0 [from Eq. (iii)]
3L-1<0
= 7\51
3
1
tanAtanb < —

3
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43.

44.
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alb—c)+ blc—a)+cla—-b)=0
x =1is a root of the equation
ab —c)x* + blc —a)x + cla—b)=0

Then, other root =1 (" roots are equal)

cla—0b)
|X] =
alb —c)
= ab —ac =ca — bc
b+ 2ac
a+c
:.a, b, c are in HP
Then, l, l, 1 are in AP.
a c
= i, i, s are in AP.
abc
= i—1,3—1,i—lareinAP
a b c
N (S—a)’(s—b)’(s—C)inAP
a b c
abe
Multiplying in each by ———————— then
pyme Y5 —a)s —b)s —c)
be R c«a R ab are in AP.
(s=b)(s=c) (s—c)s—a) (s—a)s—Db)
- (s—=b)(s— c)’ (s —c)s — a)’ (s —a)(s —b) are in HP.

be ca a

A B
or sinz(—), sinz(—), sinz(gj are in HP.
2 2 2

Let a be the radius of the circle, then the ratio of the area of
regular polygons on n sides inscribed to circumscribing the
same circle is given by

1 ,.(2n
~na‘sin| —
S 2 n 3 of T 3
57:71'5 :Z = cos’| — :Z
2 naztan(—) n
n
(TC) 3 Tom
or cos| — |=— or —=—
n 2 n 6
= n=6

1
H(sinA +1+ — j
sin A

1
© sinA + — =2
sin A

(if A =90°)

Then, sinB + >2

sin B

and sinC + >2

sinC

.'.(sinA+ ! +l)(sinB+ !
sin A sin B

H(sinA +

. 1
+1)(smc+ — + 1)>27
sinC

+1j>27

sin A

sinA + sinA + 1
or I — [ >27

sin A
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From the given information it is evident that distance between
I (incentre) and O (circumcentre) should be equal to inradius of

triangle.
A

B C

If 7 and ‘R’ be the inradius and circumradius respectively,
then

Al =r cosec é = 4Rsin§sinE
2 2 2

and AO:R,AOAI:A—(E—C)
2 2
_C-B
2
2 2 2 C -
Now, IO” =0A® + AI° —2(0OA)(AI)cos
= rP=R%+ 16stin2§sin2§

B . C C-B
—8R? sin;sing cos( )

2
2 2 . B.C(..B.C C-B
= r°=R“(1 4+ 8sin—sin—| 2sin—sin— — cos
2 2 2 2 2

2 . B. C(. B.C B C
=R 1+ 8sin—sin—| sin—sin— — cos—cos—
2 2 2 2 2 2
2 . B.C(.B.C B C
= R“(1 + 8sin—sin—| sin—sin— — cos— cos—
2 2 2 2 2 2

B B+C
R 1- SSmEsm—cos( 5 D

A. B . C
Rz(l 8sin—sin—sin— j
2 2 2
2

R 1-

’j R* — 2R

U

)_l_o

2
R
—2+1/4+
\/5—1 as—>0
= 1+—=+2

= cosA + cosB + cosC =\/5

=~

Hence, (b) is the correct answer
6(sinA + sinB + sinC)

a+b+c=
3

= a+b+c=2(sinA +sinB + sinC)

in B inC
- 1+ smt 2(sinA + sinB + sinC)

sinA sinA

. a b c
(using ——=——=—
sinA sinB sinC

47.

48.

= sinA + sinB + sinC = 2sin A(sin A + sin B + sinC)

= sinA = 1
2

= A =30°

Let linear function is F(x) = Ax + B
[1,2] >[4, 6]

= F(1)=4

= A+ B=4

and F(2)=6

: A=2,B=2

Then one function is F(x) =2x + 2 = f(x) (say)
F@-G:A+B—6}

A=-2,B=8

F@)=4=2A+B=4

Then, other function is F(x) = —2x + 8 = g(x) (say)
c=f1)+g1)=4+6=10
Now, x> + y* — xy =10

-3
xX—-— 2
2) ,

(10)? [m ]

NG

is an ellipse whose cente (0, 0).
Maximum distance from origin on any point on ellipse = Semi
major axis = /10

r=410

a=r*=10

a=c=10

o sinA:sinC=1:1

Let a be the length of each side of the equilateral triangle ABC.

Then,

Then r, the radius of the in-circle = (%)AP (the altitude,

median and the angle bisector of angle A)

C

Area of the square PQRS inscribed in this circle
= PQ° = OP* + 0Q°
2 2

a a
=2X =—
4X3 6

2

=2r



49. 2sinB =sin A + sinC

=sinA + sin(A + B)
=sinA + sinAcosB + cos Asin B
= sinB(2 — cos A) =sin A(1 + cos B)

sin B sin A
—1 =
1+ cosB 2-cosA
B sin A
= tan—=——=k
2 2-cosA
= sinA + 2k —kcosA
= sinA + kcosA =2k
= sin(A + o) = , where tanol = —
14k 1
= <1 = 2k<\1+k
V1 + K2
= 4k* <1+ K = 3kE-1<0
= k<=
T3
. B. 1
= Maximum value of tan— is —.
2 3
50. v x* -9x+8=0
x=18
= 2tanzB =18 = 2tanzB :20, 23
tan® # 0
tan’B=3 = tanB =\/§
ZB =60°
. sin B
Also given,2cos A = —
sinC
= 2cosAsinC =sinB
= sin(A + C) —sin(A - C) =sinB
= sin(A — B) —sin(A — C) =sinB
Then, sin(A - C) =0
= A=C
= A+ B+ C=180°

A+60°+ A=180°
A =60°=C, B=60°

51. We have,
arc(BC) =3
arc(CA) =4
arc(AB) =5
A
N
a
B D C

(suppose)
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Let r be the radius of the circle, then

3=ro,4=13,5=ry ( Angle = ar.c j
radius

Now,3+4+5=r(00+pB+7y)=r-2n

r=—
T

AABC = AOBC + AOCA + AOAB

1 1 1
= —rsino + —r’sinP + —r’siny
2 2 2

o))

1 36| . @ . 2T . 5w
=—-X 7 sin— + sin— + sin—
2 m 2 3 6

>\ (1)
a b ¢ _ b+c
sinA sinB sinC sinB + sinC
b+c)

. (B + c) (B - c)
2sin| —— |cos|
2 2
_ b+c)
B A (B—Cj
2cos— cos|
2 2

sin A

A (B —c)
COS— COS|
2 2

and

(52

> stin? [from Eq. (i)]

A
Hence, a > Zklim?

2 2 2
+c¢°=b

53. cosB=21¢ "7
2ac

TN
JL S

A
W)
A



282

54.

55.
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T2c 2AD)
_sinA 1
"~ 2sinC 2sinC
sinA —1

2sinC

In AACD, cosB =

AD . b 1
— =sinC=——=
b AD sinC

= 2cosBsinC =sinA -1
= sin(B + C) —sin(B —C) =sinA — 1
= sinA —sin(B —C) =sinA —1
= sin(B-C) =1
B-c="
2

B=C+§=23+90=113°

/B =113°
A-—
31 1 - tan®
We have, — = cos(A — B) = -
32 1+ tan®
= 63 tan — 2=
2
= tanA_B—L
2 63
A-B a-b»b C
Now, tan = cot—
2 a+b 2
_ 1 _5-4_C
J63 5+4 2
C o3
= tan—=——
2 9
C
1—tan2(—j
Also cosC = 2
o C
1+ tan (—)
2
1_63
3 g 18 1
= < i
1483 144 8
81

¢t =a®+ b* —2abcosC
1
=25+ 16—2-5-4~(§J=36

Hencec =6

Using cosine rule, we get

x2=u+1f+b2—ax+1wam§

= 0=2x+1+b%—(x+1)b

= b —(x+1)b+2x+1=0

Since b is real, we have

= (x+1)2—4@2x+1)>0
= x2—6x-320
= x23+x/ﬁ

The least integral value of x is 7.
56. Letr =1cm
a=BC=BD+ DE + EC

= BD+ CC, + BD
=2BD + C,C,
=2rcot30° + 2r
=2r(\3 + 1)
= 2(\/5 + 1) cm

.. Area of triangle

I II+1

ABC =

=\/§(4 + 2J§) cm?

=6+ 4\/§)cm2
A

57. Wehave,2b=a + ¢

2sinB =sin A + sinC
A+C A-C

. B B .
4sin—cos— = 2sin cos
2 2 2
B —
=2c0s— oS
2 2
. B A-C
2sin— = cos
2 2
A-C

ie,. 2cos = cos

A+C A-C

Now, cosA + cosC =2cos cos 5
C A+C
=2cos 2cos
2
A+ C
=4cos" ——

A C
4(1 — cosA)(1 — cosC)= 4.251n25-25in25

()

[using Eq. (i).]

.. (i)



58.

59.

( A c)z { A-C
= 4| 2sin—sin— | = 44 cos -
2 2 2
{ A+C
= 44 cos
2

From Egs. (ii) and (iii), we get
2cosA + cosC = 4(1 — cosA)(l - cosC)

— COS

We have, c(a + b)cos B=b(a+c) cos C

-b s(s c)

+b) ) b(+)

or (a+ b)W:(a + c)m

Squaring,

(a+ b)e(s —b)=(a+ c)*b(s —c)

ors[c(a + b)* = b(a + ¢)*] = be[(a + b)* = (@ + c)*]=0
— ba® —2abc — be?}

or s{ca® + 2abc + cb*

Chap 03 Properties and Solutions of Triangles

60.

...(iii)

—be(b-c)2a+b+c)=0

or s{be(b —c¢) —a’(b —c)} —be(b —c)(2a + b+ ¢) =

or (b — c){s(bc —a*) —bca + b+ c)} =0

or (b = c)s(be —a®) = be@@s + a} =0

or —(b = c)s(be + a*) + abc} =0

Since, a, b, c are all positive and so s(bc + az) +abc #0

It follows that b — ¢ = 0.
Hence AABC is isoceles.

M is the mid point of BC
Mc=2
2
OC =R
OM=ID=r
. AOMC
R*=r*+ a—z
R? (2Rsin A)
4
= R?cos2A =r?
= COSA=% = r=RcosA

cosA + cosB + cosC
.A. B C r
=1+ 4sin—sin—sin— =1+ — =1+ cosA
2 2 2 R

cosB + cosC =1

61.

62.
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AC:d,OA=OB=r,CD=BD=l,4COA=§
AC? = 0A* + OC? - 240 OCCOS%
2 2 21 2
or d°=2r"=-2r‘==r
2
Also, ABOD=A=F _T
3x2 3
n BD 1
or tan— = —=-
3 OB r
= I=r3=d3
In pedal ADEF,
A
FL c
B = D‘ C
EF =acosA
DE =ccosC
DF =bcosB

If circum radius of ADEF is R,
Then, R, =

(acosA)(bcosB)(ccosC)

1

4+ DF - DEsin(ZEDF)

(Here, AEDF =180° —2A)

abc cos AcosBcosC

1
él-g-b‘:osB-ccosC-sin(lSOo —2A)

_acosA 2RsinAcosA
2sin2A  4sinAcosA
R
Rl = E
Let CD be the bisector of C, so that AD = xand BD =y
inaacp, AL _ D aia- L
sin45° sinA \/Ex
BD 'D D
Similarly in ABCD, = ¢ = sinB = D
sin45° sinB \/Ey
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63.

64.
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sinA _y sinA —sinB _y—x
sinB  x sinA +sinB  y + x
[By Componendo and Dividendo]
B
Y
D
// X
45
B
C A
A+B. A-B
2cos 5 sin 5 y—x
1 =
A+B A-B
2sin cost = YEX
2 2
A-B -
= tan =Y=-* [As A+ B =90°]
2 y+x
- t
= yox_* (given)
y+x 1
1+t
= again by Componendo and Dividendo, Y- P
X -1

= x:y=Q1-1t):1+1)
BD=(s—b),CD=(s —c)=(s —b)(s —c)=2

= s(s —a)(s —=b)(s —c)=2s(s —a)
N A% = 2s(s —a)
2 —
= A—z = As —a) =1 (radius of incircle of triangle ABC)
s s
a
= — = constant.

S

1
Now, A = EaHa, where ‘H,’ is the distance of ‘A’ from BC.

A 1aH,
= —== =1
s 2 s
2s
= H, = — =constant
a

= Locus of ‘A’ will be a straight line parallel to side BC.

Let AE is vertical lamp-post.

Given, AE =12 m
D c

E

-
.
-
-
-
.
-

12 5t

.
-
-
a
-
.
- o
B
-

b

AE

tan45° = —

AC
AC=AE =12m

tan60° =

3

AE
AB="==43
V3
BC =/AC? — AB* =,/144 - 48
=96 = 446
Area = AB X BC = 4+/3 x 4+/6 = 48+/2 sq m.
65. tana = é, tan20 = Z(bi/a)z P+ b
a 1—(b/a) a
17
o)
o b
o< 1
a
N 2ba _ p+b
a’ —b* a
~ Zbaz—a2b+b3_p :>p_b(a2+b2)
a* - b* (a® - b?)
66. x =hcot3o ..(3)
(x+100) = hcot2a ... (ii)
(x +300) =hcota ...(iii)
h
a 2a 3a
k=200 —k— 100 —t— x —i
A B C

From Egs. (i) and (ii)
— 100 = h(cot30. — cot2at)
From Egs. (ii) and (iii)
—200 = h(cot20 — cot o)

sin o sino
100 =h(f) and 200 = h(ij
sin30osin20l sin20sin oL
sin3o0 200 sin30
or =— — =2
sinat 100 sin o
= 3sino — 4sin® o0 — 2sino = 0
= 4sin 0 —sinot=0 = sinoL =0
1 T
or sinfa === sinz(—)
4 6
T
= o=—
6

3

T
Hence, H=200sin- =200=~ = 10043 [form Eq. (i)]



67. Obviously, from figure

68.

69.

70.

71.

/3 h
tanol = ——=—
40 120
3h
tanf=—=—
40 120
2h/3
6 hi3
a
40
Therefore tan6 = tan(3 — o)
3h_h
1
= = =120 120 1 - 120, 40
2 1 3h
14400

But h = 40 cannot be taken according to the condition,
therefore h = 120 ft.

¢ =a%+ b? —2ab cosC=(a — b)* + 2ab(1 — cosC)
—(@-bY + 22 (1~ cos0)
sinC

Hence, for ¢ to be minimuma = b
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cosC = cos(A — B) or cosC = cos(B — A)
C=A-B or C=B-A
n-(A+B)=A-Born—-(A+B)=B-A

...(1i) 2A=Ttor2B=Tr,Azg(Rejected)orBzg
But 43:% [As /B> /A]
Butzézéé:é:k(let)

a 3a 3
= b =4k, a =3k
Now, ac =3 C
= 37k =3
N 2o L b=tk S 3k
NG
_ 1 A B
= k=i T
2
R=2k=717
31
72. We have,a =5,b = 4and cos(A — B) = 2
(A—B) a-b Cc 1 C
As, tan = cot— =— cot—
2 a+b 2 9 2

1 — tan? (M)
Nz )

1 2A
Also A=-absinC = a*=—"—=bp* = cos(A - B) =
2 sinC z(A - BJ
1+ tan”| —
2A =absinC 2
= a’b® — 4N =a’b’ cos’C 51 170 cotzg
\/azb2 — 4N +\/b2c2—4A2 +\/02a2—4A2 = 32 ,
1+ — cot”"—
=abcosC + bccos A+ cacosB 1 2
ccos(A — 0) + acos(C + 0) = 31+ cot’==32 32 ’[ZE
81 2
=cos0(c cosA + acosC) +sinO(csinA —asinC)=b cos6=b 9
= Zeot?’ = =1 = cot’ = =2
Asac=3andbc =4
b 4 C 7
a3 Tt 175 2
As cosC = = =2 -C
b - 4-3 1 ?
= - == [£ B> ZA] 1+tanzg 1+z 168
b+a 4+3 7 2
B-A\ b- C P+ b=t
tan( ) = a cot— Also, cosC = w
2 b+a 2 2ab
_ _ _ 25+16—c* 1
- 1 — cos(B A):4 Scotg 126
1+ cos(B—A) 4+3 2 2(5) (4) 8
Now, verify alternatives.
(d) LHS = R(b*sin2C + c¢*sin2B)
=
= R@2b* sinC cosC + 2¢*sin B cos B)
=2R[4R? sin® BsinC cosC + 4R*sin®C cos B]
=2R(4R%)sin B sinC[sin B cosC + cosBsinC]
=8R*sin Asin BsinC
or =(2Rsin A) (2Rsin B) 2RsinC) = abc

() (4)(6) =120
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(@) a® = (c — b)* = 4bc
= a’® = (c* + b* - 2bc) = 4bc
a®=b%+ c? + 2bc
—2bc _ b% + ¢? — a?
2bc 2bc

= cos B = — 1 which is not possible.
(b) 2b%sinC cosC + 2¢%sin B cos B = ab

(b%c cosC + ¢?b cosB) B

ab
R
be

= —(bcosC + ccosB) =ab
abc c 1
= —=ab=>—=—
R 2R 2

= sinC=2 = c="

2 6

(¢c) Fora=3,b=5,c¢=7 wehave
a’+b*—c® 9+25-49

cosC =

2ab 2X3X%X5
15 -1
30 2
2T
C=—
3

(d) As cos[A — Cj = cos(A - C)
2 2

A . C
= 2sin—sin— = 0 which is not possible in triangle.

1 2 c
We have, —— = —— =—
sinA sinB  sin30°
So, 2sin A =sinB

Hence, option (a) is correct.
Also, ¢® =4+ 1 — 4c0s30°

=5-23

= c=+5-23

Asc>a= LA < ZC and ZB is obtuse.

1 1 1
Also, A==—X1X2X=-==
2 2
So, Rza—bc
4A
1X2X%X
SERALLLANPNY:
4A

Hence, option (d) is correct.

75. A=1043,5s =10

A
= r=—=+/3 and
s
r=(s —b) tan—
= s=b=3= b=7
= a+c=13
= ac =40
A
b
C
60°
B - c
From Eq. (ii), a® — 13a + 40 = 0
= a=5a=8
= c=8andc =5.
Hence,a =8,b =7andc =5(Asa>b>c)
A A .
= 5= Jhy = Sy = will give —: —: —
s—a s—b s—¢
b
Also, =2R
sin B
7 7
= 2R=— = R=—
&R
2
1 16 + 64 —c?
76. cosC=-=—10°%"¢€
2 64
= 02=48zc=4x/§
Also, a __¢
sinA sinC
. 4 43
sinA  +f3
2
= A =30°
As ZC =60° LA =30°
= ZB =90°
1
—ac
Now, r=é= = ac
s atbtc atb+c
2
_4(43)
4+ 43 +8
1643 43

12443 3443
Now, verify alternatives.
@r=t
3+43

(d) T the length of internal angle bisector of ZC is

Hence, options a and b are correct.

8
i

..(i)



b b
- =—cosec O
2sinot 2

77. R=

1 1
A= gbzsin(180" —20) = 5bzsirlzoc

2b ., sinol

sinQl 2 sinol
b(1 — cosa)sin2a. _ bsin2a
21 + cos’ o) 2(1 + cosa)

and cn:MR%aRn=R(1—%)

= R\/l — 4cosd + 4cos’o. = R(2cosoL — 1)

= R{2(2 cosZg - l) - l}
2
= R(4cosZE - 3)
2

o (04
R(4cos3— - 3cos—)
2 2

o
COS—

RCOS(S—OL) ‘ bcos[S—a) ‘
ZSinOCCOS(OL)‘
2

78. (a) Since, tan A + tanB + tanC = tan Atan BtanC

o
COS—

But here, tan A + tan B + tanC = 0, impossible
(b)

sinA sinB  sinC

2 3 7
a b ¢
or —=—=-
2 3 7
a+b ¢
= =°
5 7
a+b 5
or =-<1
c 7

a + b < cimpossible.
(0) (a+b)?=c*+ab

Chap 03 Properties and Solutions of Triangles

= a+b*-ct=-ab
1
= cosC =——
2
ZC =120°

and \/E(sinA + cosA) = NE)

ﬁ.ﬁsin(A . g} -
sin(A + Ej = ﬁ
4 2
A+ E = E
4 3
A=" possible
12
(d)
3+1
sinA + sinB = f
and cosAcosB =—=sinAsinB
cosAcosB —sinAsinB =0
cos(A+ B)=0
A+B="
2
B="-4
2
From Eq. (i),
3+1
sinA + cosA = Iz
( n) J3+1 m
= sinf A+ —|= =sin—
4 242
= A+ l= o
4 12
= 4=
6
="
3

Then, C = g possible.

79. nAABC,b+c—-a>0,c+a—-b>0,a+b—-c>0,so0
b+c—a)+(c+a-Db)a+b-c)

287

3
>{b+c—a)c+a—-b)a+b-c)”?
= pP227(b+c-a)cta-b)(a+b—c)
Also, (@a+b+c)+(b+c—-a)+(c+a-b)+(@@a+b-c¢)
4
S{a+b+c)b+c—a)c+a-b)(a+b—c)*
= %>(16A)“4
= P >4AY* or P* =256A
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For a given parameter, equilateral triangle has the largest area,
so the area of triangle

<3

4 \3

(for equilateral triangle,a =b =c = E)

3

Now, Pi=(@@+b+c)

=a? +b* + ¢® + 2ab + be + ca)

=3’ + b2 +c?) -2@*+ b2+t —ab

—be —ca<3(a® + b* + ¢P)

(equality holds iffa = b =¢)
Thus, A< f%
= a2+b2+c224\/§A

Let AD be a perpendicular fromA on BC.

BD
Then, —
c

=cosB

= BD is rational, similarly AD is rational.

AD

Now, sinC = cosB = 7 = b isrational
D

Since, cosC =sinB = TC

= DC is rational

Hence, a = BD + DC is rational

Hence, both a and b are rational numbers.
(a) : *.- Maximum value of

sin2A + sin2B + sin2C

andsin A + sin B + sinC is same that is 3.

(b) : " sin—sin—sin— < —
2 2 2

8
r
= —<—- = R22r
4R 8
) abe  _4RA _op., = Rer) <R
(a+b+c) 2s
25 abc (B =2r)
(a+b+c) B
(d)
/B =90°
r=(s—b)tan§=s—b
__b b
2sinB 2
= 2R=D

r+2R=s
-+ D is the mid point
AB? + AC* =2[AD* + BD?]

2
2+ b2 =2{l2 + (Ej }
2

83. -

84.

B D c

= R ] @
2
= 4l* +2b* + 2¢° - a?
=b2+ct+ (b + c* -dd)
=b%* + ¢* + 2bccos A
=%+ c? —a?®) + a® + 2bccos A
=2bccosA + a® + 2bccos A

=4bccosA + a®

A=mrt A =nr’, A, =l and A, = r!
(a):
JA + A, + JA =V (4 + 1)
(b):
L 1 L
_L l+l+i _L(EJ
Nl noon) Aml\r
_ 1 _ 1
VA
(0):
s s?
\/Erlrzr3 Jn A?
(s—a)s=b)(s—c)
_ s¥(s —a)(s = b)(s — c) s
AN An
1 1 _L
r mz JA
L 1 L
(d):
v A+ A A
=Jn( + 1+ ) =VR@ER + 1)
_ 2
cosa=te=a
2bc
= ¢* —2bccosA + b* —a* =0
¢ + ¢, =2bcosA, cc, =b* —a’
Given, ¢t +ec, +ci=a
= (c; + 02)2 —c¢cy = a*

= 4b?cos® A — (b — a?) = a*



= 4cos’A =1
= 2(1 + cos2A) =1
1 271
or C0S2A = —— =cos—
2 3
27
2A =2nm + —
3
T
A=nnt—nel
3
m 27
A=—or—
3 3
ie. A =60° or 120°

85. Let D, E and F be the mid points of the sides of AABC E and F

are mid-points of AC andAB , respectively.
A

B8 D C
So, EF || BC and EF = %BC

Thus, AD will also divide EF into equal parts.

Hence, DH is also median of ADEF.

Similarly BE, median of AABC, is also median of ADEF.
These two lines meet at G. So, the centroids of both triangles
are same.

The orthocenter, O of ADEF is the point of intersection of the
perpendiculars DH and EK drawn from D and E, respectively.

A

Since, EF || BC, DH is perpendicular to BC also,
Similarly, EK is perpendicular to AC.

So, orthocenter of ADEF and circumentre of AABC is the same
points.

86. (a* —2ac + c*) + (a* — 4ab + 4b*) =0

or (@=c)’ +(a—2b)*=0
a=canda=2b

Therefore, the triangle is isoceles.

a?+c-b* Tt 7

Also, cosB = =— ==
2ac 8b° 8
2, 2 2
cosate—a 1
2bc 4
87. 2A =absinC
= a’b? — 4A* = a®h?* cos’C

Chap 03 Properties and Solutions of Triangles

88.

89.

90.

91.

92.

289

= \/azb2 —4A? + \/bzc2 — 4N + \/cza2 — 4A?
=abcosC + bccosA + cacosB
a’ + b+ ¢t . .
= — (using cosine rule)

2a%% + 2b%* =a* + b* + ¢*

Also, (@ =b*+cH =a* +b* + ¢* —2a’? + b%? - %P
(a® =b* + ¢H)? =2c%°
2 _ 2, 2
a-b"+c 1
——————=+— =cosB
2ca \/5
or B =45° or 135°

AH =2RcosA, BH =2RcosB,CH =2RcosC

P =2R(cosA + cosb + cosC) = ZR(I + %) =2R+7r)

R
We know that in any triangle, r < 5

e¥

3

If R is radius of big circle, then sin(ﬁ) .
n R-r

|: ' ) 5 :IZ
r| sin— + cos—
T

or R= r(l + cosec (D = L 2n 2]

n . T
sin—
n
. b* + ¢ - a?
From the cosine formula, cos A = ST
c

or b*—(2ccosA)b + (c* —a*)=0
Which is s quadratic equation in b. Therefore,
csinA<a<c

Therefore, two triangles will be obtained. But this is possible
when two values of the third side are also obtained. Clearly,
two value of sides b will be b, and b,. Let these be the roots of
the above equation. Then,

Sum of roots = b, + b, =2ccos A and bb, = ¢* — a*

We have, a® + b3+ ® =c%a + ¢ + ¢°

= a®+ b =ca+b)
= (a+Db)@* +b*—ab)=c*a+1b)
at+b* -t 1 1
= ——  =— = cosC =—
2ab 2 2
£C =60°

Hence, A + B =120°
.. AABC need not be equilateral.
Statement I is correct and statement II is false.
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93. S : cos(A - B) =§

Z(A - Bj
1 —tan
2 4
- A-B) 5
1+ tanz( j
2
2tan2(A — B)
2 1
== =—
2 9
A-B 1
= tan( ):, [asa>b = A > B]
2 3
. - a-b C
Using, tan = cot—, we get
a+b
1 6-3
—= ot— = cot—=1
3 6+3
= ZC =90° = Statement I is false.
S, : Using sine law in AABC, we get
a c 97.
sin A - sinC
- a A az + bz
sinA . T
sin—
2
2
= 6 = «/E = sinA =—
sin A JE

= Statement II is true.
Statement II can be proved (by using A + B + C = m) to be

true. (conditional identities) From which we get
3 —2(sin A + sin®B + sin?C)=—1 — 4cos Acos BcosC

94.

= 3-22)=—-1-4cosAcosBcosC
= cosAcosBcosC =0
= one of the angles A, B, C is equal to 90°.
95. - A+ C=180°, B+ D=180°
. cosA =—cosC, cosB =—-cosD
= cosA + cosB + cosC + cosD
=(cosA + cosC) + (cos B + cosD)

=0+0
=0
2cosA=0
and sinA =sinC
and sinB =sinD
Then, >sinA =sinA sinB + sinC + sinD

=2(sinC + sinD) # 0
96. Area of AABC = Area of AABD + Area of AACD

1 1 A 1 A
= —bcsinA =—c- ADsin(—j +—-b- ADsin(—)
2 2 2 2 2

2bc cos(éj
2

besin A
b+c

. [A
b+ c)sm[?)

AD =

98.

2.2 _
Also, (AD)? = 4b“c i s(s —a)
b+c) be
_ bc2s(2s —2a)
(b + c)?
b (@+b+c)b+c—a)
(b+c)?
_ be{(b + ) —a?
(b+c)’
B ) C
rcr, ="
IBI, = —,
A
/
B 2 C
h
.. BICI,, is cyclic
Quadrilateral BP- PC = IP-I,P
Hence, (c) is the correct answer.
Statement II is true.
Statement [ tan A = tan B = tanC
A=B=Cie,a=b=c
h=rh=n
ntntrn _ 3.0
r r
A
_g.5°a_ atb+c
A b+c—a

Hence, (a) is the correct answer.

. Statement II is False. Because if p =2, ¢ = 4, r =6, then

piq:r=1:2:3butp#1

For statement [, let tan A = k, tan B = 2k, tanC = 3k, then from
tanA + tanB + tanC = tan Atan BtanC (in a triangle) we get
6k =6k>=k=0,1,—1butk =0, —1is not possible. Sok=1=
tanA =1= A = 45°. So, statement I is correct.



100.a° = b® + ¢ then, ZA =§
a=2RsinA =2R
a>+ b+ a’+d? 2a 2(2R)2
- 2 rR B r
101.-: zA04, ="

\Aa/

[

ZAOM = ZA0M ="
n

AA, =2MA,

(T
=2a s1n(—j cm
n

. . (2m
.. Perimeter =2an in| — |cm
2n
360"]
cm
2n

Perimeter is 10asin(36° ) cm

= 2ansin(

For, n=>5

102. Since L.H.S of the inequality in statement II is a symmetric
function of sines of the angles of the triangle, its maximum
value is attained. When A = B = C =60° and hence the
statement Il is true. Statement [ is true if
2R(sinAcosA + sinBcosB + sinC cosC)

< R(sinA + sinB + sinC)

or if 4sin Asin BsinC < 4cos(?) cos(?) cos(%)

[From conditional identities]
or if sin(é) sin(gj sin(g) < 1
2 2 2 8

Which is true by statement II

So, statement I is correct

A B C 1
103 - cos® = + cos’ = + coszg = 5(3 + cosA + cosB + cosC)
. A B C . .
*2cosA + cosB+ cosC=1+ 4s1n;sm551n5 (from identity)

A C
Then, coszg + cos’= + cos? =

o 2ol ZJof )
v 2o 2o <)
_ y(xz ¥ %) > 2y

(- AM = GM)

Chap 03 Properties and Solutions of Triangles 291

A B 1
y<1+ sin(—jsin(—)sin(gj <1+ -
2 2 2 8

9

9
*. Maximum value of y is s

104. . acosA + bcosB + ccosC <s

+b+
=2Rsin AcosA + 2Rsin B cosB + 2RsinC cosC < (u)

2
2
= R(sin2A + sin2B + sin2C) < E(RsinA + RsinB + RsinC)

=(sin2A + sin2B + sin2C) <(sin A + sin B + sinC)

= (4sin Asin BsinC) < (4 cos(gj cos(?) cos(gj}

{22 ) o)
ol o2}l
- ({2l

105. We know that, in any triangle
2

—2=A L
o (@)
2 2, 2 2 2
Now,a +b°+c 2(a%—b+c) =(2ij
3 3 3
> g X 343A [from Eq. (i)]

2 2 2
+ b+
%24\/5

106. - A, C,, Gand B, are concyclic then
BG- BB, = BC, - BA

C
= fBB BB, =—-C
2
2
= f(BB)
2( 2a% + 2¢% — b? c?
= fl== = 7 =2
3 4 2
= 2a% +2¢ —b* =3¢® or 2a° =b* + ¢

2 az, b? are in AP.
107. RR, + R,R, + R, R, =3R*
108. AH=2R cos A
BH=2R cosB

[“R =R,=R;=R]

A= %(AH) (BH) sin(180° - C)

A =2R? cos A cosB sinC
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109.2R? cos A cosB sinC : 2R? cos B'cosB cosC sinC
=cosA:cosB cosC

110. Let DE = DF then
BDPE is cyclic with BP as diameter

= BP = DE
sin B
= DF = BP sinB and DE = CP sinC

But DE = DF
BP sinC ¢

= = = ==
CP sinB b

Hence, locus of P is arcs of 3 circles

PB

111. 222
PC b 7

Hence, P will lie on circle (C).

112. For DE = DF = EF, P is a point(s) where the three arcs
intersect

113. ADEF is the pedal triangle of AABC.

Sides of the Pedal triangle are
a cosA,b cosB, c cosC i.e. Rsin2A, R sin2B, R sin2C.

R? sin2A sin2B sin2C

3 = cosA cosB cosC
8R’ sin A sinB sinC

. Required ratio =
114. Also, orthocentre of AABC is incentre of DEF.
115. Circum-radius of pedal triangle is g

Sol. (Q.Nos. 116 to 118)

1 - tan®
4 4
cos(A—-B)=— :>72_=7
3 1+ tan? 3
,A—
2 tan 1
= ==
2 9
A-B 1 1 6-3 C
= tan == —-= cot —
2 3 3 6+3 2
C
= cos;zl = C=90°

1 1
Area of triangle = Eab sinC = Area = 5 X6X3X1=9

a _ya’+b? _, 6

sinA 1 sin A

2

=\/E = sinA =

&l

116. (b)
117. (b)
118. (b)

119.: cos A :M or ¢?—2bccosA +b*—a*=0
2bc
For real roots, D > 0
= 4b*cos* A —4-1-(b* —a®) >0
= a® > bsin’ A
R bsinA <0
Also, ¢ + ¢, =2bcosA
and ¢, =b* —a’

Then, ¢, — ¢,| = (¢, + ¢,)* — 4cc,

= \/4bzcoszA — 4(b* - a?)

=2./(a* - b%sin* A)

Consider smaller root, say c,

Then, 2¢, =(c; + ¢y) = (¢, —¢y)

=2bcosA —24/(a* — b*sin® A)
= ¢, =bcosA —+/(a* — b*sin® A) > 0
= bcosA > y/(a® — b?sin® A)
= b*cos’ A >a® — b%sinA
= b*>a® or b>a

Hence, two different triangle are possible if bsin A < a and
b>a

120. From Eq. (iii), |¢, — ¢, = 2+/(a® — b?sin® A)
121. ¢} —2¢,c* cos2A + 2 =(c; + ¢;)* —2c,c(1 + cos2A)
=(¢ + ¢,)* — 4ccyco8” A

=(2bcosA)* — 4(b* — a?)cos® A

()
.. (i)

.. (iii)

[from Egs. (i) and (ii)]

= 4cos? A{b? — (b* - a®)}

2 2
=4a°cos” A

122.BD=B,D = (Cl ;Czj

C

0

5|8

22
et -

By D B,

[«— C, —*
| < Cy |




Now, in AACD, tan45° =

CD = AD = [cl * czj

=1

518

L= Gy

~In AB,CD, tan( j BD _ ( ) — %
2) CD (cl+c2] cl+c2

¢ —c
l—tan(fj 1—( 1+ 2]
_ _ G T6
cosO = 0 = 5
1+tan(f) 14+ )
2 ¢+ ey
2¢,c,
(cf +¢c3)
b4 o — g2
123.-: cosA=-_¢< "%
2bc

¢? —2bccosA + b*—a®=0
= 2 —2(m+ 1)AccosA + (m* +2m—3)A" =0

LA b _
(. 2 m+1 )u(say)J

¢ + ¢, =2(m+ 1)AcosA

or (€ + ¢,)" = &(m + 122 M=V +3)
4m
- mt D= 9 )
m

and (¢, — cz)2 =(c + c2)2 - 4cc,

=4(m + 1)* N> cos® A — 4(m* + 2m - 3))?

= 473{(m +1)? -W —(m+3)(m—1)}

4}\‘2(

m

_X(m=-1)(m+3) )

m

From Egs. (iv) and (v),

2 2
cgte, | [(m+1
¢ —Cy m—1

¢ tec m+1
= 1=t
¢ —C m-—1

m+1

m+1
= or
m-—1 1-m

At last using componendo and dividendo rule, we get

2¢, _2m 2 1
—L =—or—=mor—
2¢, 2 m m
Alternate method :
b4 e — g2
We have, cos A = vre-a
2bc

= 2bccos A =b% + ¢ - a?

293

(- 2b=(m+ 1)a)
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= (m+ 1)accosA = u 24 c? - gt
aZ
= (m+ 1)accosA = {(m + 1)* — 4}1 +cf

2
a
maccosA + accosA=(m-1)(m+ 3)2 +c?

=ma’cos’ A + ¢*

{..(m—l)(m+3)
’ 4

= macosA(c —acosA) —c(c —acosA)=0
= (c —acosA)(macosA—c)=0

¢ =acosAandc =macosA
If c,=acosAandc, =macosA

-

)

1
Then, a_-
c, m
S mor—
c, m
b
124. X + Y 1+ P _psinB + csinC + asinA
c a
_ b? + % + a?
2R
k=2R
Hence, (c) is the correct answer.
1 1 1 a’ b? & A +bi e+l
125, — + — + 5 =—+—+—=——
x° yS z" 4A° 4N 4A 4A

R
cotA + cotB + cotC =—
abc

BP+ct—at+ct+at -+ adt+bE-ch)

= i(l?2 +c2+4d%)

abc
I
abe| x* y? z*
4A°R(1 1 1
abe \ x*  y* 2P
_4A7RA L2+L2+i2
abc x° y° oz
- Lot

X, y° oz
k=A

Hence, (c) is the correct answer.
126 ZcsinB + bsinC 5 X + x i

X X

Hence, (d) is the correct answer.

= mcos? A}



294 Textbook of Trigonometry

Sol. (Q.Nos 127 to 131)
Here, AMNL is pedal triangle, then

MN =acosA
A
M
N
B i C
NL =bcosB

and ML =ccosC

and ZMLN =7 —2A, ZLMN =1 —2B

and ZMNL =1 —2C
127.).= MN + NL + LM

=acosA + bcosB + ccosC
= R(sin2A + sin2B + sin2C)
= 4Rsin Asin BsinC

-l )
2R \2R \ 2R
_abe _4RA 24
2R* 2R* R

and MzZsz%
r
A_r
w R
128. In AABM,
CoOsA=——- =&
AB c

AM = ccos A similarly AN =bcosA
A, = Area of AAMN

=%~AM~AN-sinA

(ccosA)(bcosA)(sinA)

DN | =

1
= (EbcsinAJ cos’ A= Acos’ A
=Acos® A
Similarly, A, = Acos?Band A, = Acos’C
A+ Ay + Ay = A(cos® A + cos®B + cos®C)
= A(1 —2cosAcosBcosC)

(from identity)
129. A’ = Area of ALMN
= é-MLNL-sin(TL —2A)

= % (ccosC)(bcosB)(sin2A)

1
= EbccosB cosC(2sin AcosA)

= (%bcsin A)(Z cos AcosBcosC)

A" = A(2cos AcosBcosC)

’

= XchosAcosBcosC
, . . , MN
130. Let R’ be the circumradius of ALMN, then R = ————
2sin(£MLN)
_acosA
2sin(mt — 2A)
_2RsinA cos A Rsin2A _ B
2sin2 A 2sin2A 2
131.-:r' = 4R'sin(£) sin(ﬂ) sin(ﬁj
2 2 2
Here, L=ZMLN =7 —2A,
M=ZLMN =7 - 2B
and N=/MNL=m -2C
and R’ = g (from Q. 4)
132.(A) — (1), (B) = (p), (C) = (s), (D) = (9)
(A)2(r+ R)= 2((3 - c)tan% + g)
B
_I9O°
c A
2(3 - Ej =a+b
2
. I .
(B)sinC = — (1)
b
sinB=" ..(i)
a
sind =" ...(iif)
c

ZR(ﬂj + ZR(@) + ZR(“—")
c a b
¢ bl a cm b an
sinc ¢ sinA a sinB b
A
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From Egs. (i), (ii), (iii) 134. (A) = (p), B) = (q), (C) = (1), (D) = (s)
ZR(EJF%JFE):azH,sz (A) (b + ¢)* —a® = Abe
c ¢ . or b*+ct—at =L -2)be
\/ —+—+7j+2ab+2bc+2ac—a+b+c (b +c?-a*) r-2
2bc 2
COR= Ak
2sin B 251nC cosA = <
Now,  Rb?sin2C + Rc’sin2B or A—2<2
=b%cosC + RcbcosB A<4
= bc(bcosC + ccosB) or A=3
abe (B) tan A + tan B + tanC = C =9 in any triangle
(D) We have, tanA + tanB + tanC = tan A tan BtanC
- tan® A + tan®B + tan’C
4esin(A+ B)sinA B an ar; an > 2(tan AtanB tanC)Z/ 3
A+B . A-B k 239)""
=2R| 2sin sin——
k>9.3"
=2R(cos B—cosA) = C( a_ é ) *R= c (C) Since, the line joining the circumcentre to the incentre is
c ¢ 2 parallel to BC
=a-b r=RcosA
133 . A B.C
L(A) = (P, q.7);(B) = (p, g 1), (C) =(q,7); (D) > ¢q 4Rsm?smgsmg = RcosA
2 2 2
(A)c" +a” —2ac=b" —ac —1+ cosA + cosB + cosC = cos A
N 2+ a?-b? : cosB + cosC =1
2ac (D)a =5b=4
1 1 . . 3 31
=—=c0sB=—=B=60°and cosB + sinC = - cos(A - B) =—
2 2 2 32
=sinC =1=C =90° and A =30° A-B a-b C
A+C tan 5 = +bCOtE
(B)A+ B+ C=180°, B = a
1
= B=60°,C + A=120° =gty
C=3A= A=30°,C=90° LA-B
1 —tan
) ) cos(A — B) 2_ B
(C) Length of tge bisector of angle B is 14 tan .
‘@ cos (B/2)
a 1 2 C
31 1 —gcot E
= = §=l+lcot2£
c+a a1 2
B 3
= cos(—) = £= c0s30° 31+ ﬂcotz£ =32 - 2cot2g
2 2 81 2 81 2
= B=60°a=b=A=B=60°=C 7eot2S =1
(D) We have,(a + b + c¢)(a + 2b + ¢) 9 2
=3(a+b)b +c) o222 a2 &7
= (a+ c)® +3b(a + c) + 2b* 2 7 2.9
7
=3(ab + bc + ca + b?) l—taan 1_g .
2
24 0% _p? cosC=——=4-=—~=—
a“+c"-b
= — =1 1+tan2£ 1+z 8
ac 2 9
1
= cosB:E C =+a*+b*—2abcosC
=25+16-5 =6

= B =60°
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135.(A) = (p, £);(B) = (g, r); (C) = (g, 1,1)

(A) - 2a* + b + ¢* =2ac + 2ab

= (@® + b* —2ab) + (a* + ¢* —2ac) =0
(a=b’+(@—-c)* =0

Which is possible only when

a-b=0a-c=0

R a=b=c

= A ABD is equilateral

LA=/B=/C=60°

B) v a®+ b2+ = b«/E(c + a)

= a? + b2+ ¢ —bey2 —aby2 =0
= 20 + 2b% + 2¢% — 2beN2 —2ab\2 = 0
(b% = 2bc2 + 2¢%) + (b% — 2ab2 + 2a%) = 0
= (b-cv2)>+(b-av2)?=0
Which is the possible only when
b-cv2=0b-av2=0
- b=c\2,b=a\2
ie. b% + b? =(c\/§)2 + (a\/g)2
= A +at=b"
cosB = M =0
2ac
ZB =90° also c+/2 = a2
= c=a
Then, LA =ZC =45°
Hence, LA =/ =45°
and ZB =90°(Q,S)
(C)- A +b*+ P =be+ a3
= a? +b* +c —bc—ca3 =0

= (Cf—a]z+(;—b)2:0

Which is possible only when

3
i—a=0and£—b=0
2 2
3
aziandbzE
2 2
32 2
Then, A+ =215 =2
4 4
2 2 2
+b° -
cosC:u:O
2ab
ZC =90°
V3
Also, .a = .C = .2 =
sinA sinC sinA 1

3
sinA = 7 =sin60°

= LA =60° £B =30°, LC =90°
2C=A+B

136. Applying cosine rule, 2ab cosC =a* + b* — ¢*

= 2\/51/2+\/§cos§=2+2+\/5—c2
V2 +2

i
Using cos— = ———
8 2

W@ _
2

=

= 02=2—\/5 = c=1l2—\/5

sinC _ sinA

Applying sine rule,
c a
N V2 - V2 _sinA
2\2-2 2
1
= sinA =—= = A=45°
V2

[ b is the longest side .. ZB will be the greatest .. A # 135°)]

Sum of the digitsis=4+5=9

125 195
137. Using sine law, —— = — = .c
sinx sin3x sin4dx
.2 195 39
3—4sin“x=—=—
125 25

.2 39 75-39 36
= 4sin“x =3 — —= =—
25 25 25

2 9 . 3
sin“x=— = sinx=-—
25 5

125 sin4x 2c0s2x 2sinx cosx
c= =125

sin x sin x
=(125) (4) (cos x) (1 — 2sin® x)

~(500) [ £)[1- 22 - 400
5 25 25

=(16) (7) =112
~.Number of digits in the length of side =3

138.4° + b* + ¢* =2R*(1 — cos2A + 1 — c0s2B + 1 — c0s2C)

2T 4m 6T
=2R? 3 — (cCos=—= + cos— + cos—
7 7 7

-1
= 2R2(3 - ()) =7R*
2
a’+b%+c?
R
139. D =2tan B tan B tanC (tan A + tanB + tanC)®
=2(tan A + tanB + tanC)*

=7

D
>2(3+/3)* =1458 = —— >1.458
1000
.. Least integer value is 2.

140. Clear PQ = g OA =R

and ZAOQ =B
OA cosB =R cosB
now ZAOQ = C sincePQ || BC



= |PQO = g e
= Area of AOPQ = %PQ- OQ sin| PQO
= % cosB cosC

1
Area of AABC = 5 absinc = aRsin B sinC

Area of AABC _ aRsinBsinC
Area of AOPQ  aR

—cosBcosC
4
=4tanB tanC
[Area ofAABC)COtB ccotC =4
Area of AOPS

A A .
a 2R sm?~2cos; Sm(g + 5)
141.30-% R S

A B
4Rsin— cos—cos—
2 2

COS— COS—

E(tang + tan%)ZZ(tané) =2§:ﬁ = [m}
c s

S

L ntrntr
"l a+b+ec
2
a b ¢ ntntrn
=4+ —4+ —=4| —=—2
LN n a+b+c
a+b+c a b ¢
5 |— || -+ —+—|=4
ntntr)\n n n
142. From the AABC,
2, 2 2
cosA =m (1)
2bc
From the ACAD,
AC b 2b
cosC=—=—-=— ..(id)
CD a/2 a
From the AABD,
BD _ AB
sin(A —90°) sin ZADB
al2 c
or =
—cosA  sin(90° + C)
a c
or —_— =
—2cosA  cosC
cosA = acosC
—2c
2b b
-4 «__ 0 [From Eq. (ii)]
—2c a c
A
B C
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b*+ ¢t -a® b

s.FromEq. (i), —m=—
a0 2bc c
or b% + ¢? —a?=-2b°
or ¢t —a?=-3b* ...(iii)
B
E D
@)
A 8 W4

C
b+ c¢* —a® 2b

2bc a
b? + ¢* - a*

Now, cosA - cosC =

ca

3b% + 3(c* - a?)
3ca

B a® —c? +3(c* —d?

- 3ca

B 2c? — a?)

3ca

[From Eq. (iii)]

= A=2

143. Let O be the point of intersection of the medians of triangle
ABC. Then, the area of AABC is three times that of AAOC.

2 10
Now, in AAOC, AO = gAD = 3 Therefore, applying the sine

rule to AAOC, we get
ocC AO

2]

a3

.}
O
I
-
S
&,
j=]
7~ N\
w3
N~

w
2.
5
VO
| a
N—

T T
sin| — |cos| —
s0 ""\8)"\s) _50_25
(n) 18
sin| —
4
.‘.AreaofAABC=3-§=§=5i
9 3 b
= a=5andb =3

a+b=5+3=8
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. A . B . = B =180° —3C
. 4Rsin—-sin—-sin— B c 1 . . .
144. " - 2 2 2C —tanZtan— = - sin2C _ sin3C _ sinC
" 4Rsin-cos—-cos— 2 2 n+2 n+1 n
2 2 2 A
A( B cj
Now, tan—| tan— + tan—
2 2 2
A B A C
=tan—-tan— + tan—-tan— n e+
2 2 2 2
B 1
=l—-tan—-tan—=1—-—-=— 607
2 2 2 2 B P C
A B cy) 1
16tan5 tan5+tan5 —5X16 N 2cosC:3—4sin2C:l
-3 n+2 n+1 n
A B c n+2 o 2n—1
acos’= + bcos’= + ccos®*— cosC = - andsin“C = "
145. 2 2 2 )
a+b+c ) [n+2) +(2n—l)_
_a(l + cosA) + b(1 + cosB) + c(1 +cosC) o 2n 4n
Aa+b+c) = n*—3n-4=0
_(a+Db+c)+(acosA+ bcosb + ccosC) n=4n=-1
2a+b+c) = n=4n#-1
_(@a+b+c)+(acosA+ bcosB + ccosC) Then, sides are 4, 5, 6.
2(@+b+c) . Largest side is 6.
1, acosA+ bcosB + ccosC 147. A+ B+ C=n
- 4s Given, C=24
=—+ 4—(sin2A+ sin2B + sin2C) = B=m-3A
s
T
a b ¢ AsO0<C<T=0<2A<T=0A<—
. = = =2R 2
[ sinA sinB  sinC } b
1 R By sine rule, —— = —
==+ —(4sin Asin BsinC) sinA  sinB
2 4s a 2a
or =
_1 EX( iii) sinA  sin(m —3A)
2 4s 2R 2R 2R a 24
or -_—
Ll e
. s . 13 . or 3 —4sin®A =2
=7(1+Ljsf(1+fj Lz L1 o
2 R 2 2 R 2 or sin A:Z or smAzg
2 A 2B 2 C
acos”— + bcos“— + ccos”— T 5T
2 _3 or A=—or—
Hence, <-— 6 6
a+b+c 4 .
A B C But 0<A<—
(acoszz+ bc0325+ ccoszg) 2
12 %X <12x==9 _T _n _T
a+b+c 4 = A—E,ZB—EandLC—;
= a? + b + ¢
146.Let AB=n,AC=n+1,BC=n+2 — 4R’[sin® A + sin® B + sin®C]
Further,

Let A =2C (since AB is the smallest and BC is largest)

By sine rule, we have 1 3 ,
sinA _sinB _sinC =4R {Z+1+Z:|=8R
n+2 n+l1 n

T n b
=4R% sin’= + sin*= + sin’ =
6 2 3

a’ + b + ¢
A=2C or -~ =3

. e
and B =180°—(A +3C)




b% + ¢ —a?

148. We have,cos A =
2bc

=c? ~2bcosA + b? — a* = 0, where is quadratic in ‘¢’

s +c,=2bcosA
and ¢, = b — a

¢ + ¢& —2¢,c,cos2A
= (¢, + ¢,)* —2¢,c, — 2¢,c, COS2A
= (¢, + ¢y)® —2¢,c,(1 + cos2A)
= 4b?cos® A — 2(b* — a?)-2cos’ A
=4a’cos* A
C12 + c§ —2c,c,cos A
=4a’cos’ A
Hence, the value of A = 4
2 2
149. AG == AA,, BG = - BB,
3 3
2
= AG=§ 2b% + 2¢% — @*
2
BG ==4[2a° + 2¢* - b°
3
2 2 [2 2 2 _ g2
= AG=—a, BG=—+b" +4c“asa”=b
3 3
10 2 4
= AG=?,BG=§1/16+36=gx/E
1
Also, AB=c=3andAGAB=§AABC=2

If R, be the circumradius of AGAB, then
(AG)(BG)(AB)
4Ag a5

10 4
0«/73

9 25X%13
X =

R =

unit

1513
42 3

65 9

1
150. We have EAD[ccosC + bcosB]=A
1 1 1
AD BE CF
_acosA + bcosB + ccosC

=

A

3 3 3
a +b’+¢
151. — 3 ;=8
sin” A + sin” B + sin” C

= 8R*=8 = R=1
a =2RsinA
a=2sinA

Now,

Hence, a is maximum when sin A is maximum.

152. From APQR,

1
PR? =27 +5° ~2:5-2:2=19

[Using Eq. (i)]

=2
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1
In APRS, PR? =3% + x% + 2~3x~5, where

SP=x=x"+3x+9
S

m
P, R

60°

Q
2 +3x+9=19
(x+5)(x—-2)=0
x+5=0
x=2

299

(not possible)

153. Since, A and B satisfying the given equation, therefore

= \/5 cosB + sinB

sinA —sinB

\/g cosA + sinA

=
cosB — cosA
SR
2cos
2
=
(37l 57)
2sin
2
= tan(A+B) L
NEY
+ B _T
= e
6
= A+B—E
3
Now,Czn—Ezz—n
3 3

Hence, triangle is obtuse angled.
154. We have, atan® + bsec0 =¢

= asin® + b =c¢ cos0
= acosO—asinO=">b

()

Now, let ot and f§ are the other two angles of the triangle, then

according to given condition we get
¢ coso —asino = ¢ cosP — a sinfd

= c(cosal — cosP) = a(sinal —sinf)

{28 )

I CE N EE
= £ cor 228
> tan 2B) 8
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2an| 2TB) [
47 A

a
tan(o. + B) = Y e
1—tan2(7j 1_1 a ¢

2ac
= tan(n -C)=———
a“—c
3n 2ac 3n
= tan| T —— | = — 2 ve=—
4 a“—-c 4
= tanTE __2ac
4 > ¢
= a’ —c% =2ac

155. Here, the quadratic for third side b is given by
b% —2bc cosA + (¢* —a®) =0

b + b, =2c cosA ..(i)
and b b,=c*-a’ ...(ii)
also, b, =2b, ...(1if)

From Egs. (i) and (iii), 3b, =2c cos A
and from Egs. (ii) and (iv),

2b} =¢* - a* (V)
From Egs. (iv) and (v), we have

2-4czcoszA_ 2 2

(iv)

¢ —a
9
= 8c? (1 —sin® A) = 9¢? — 94*
9(c? — g°
= 1-sin®A =(‘:72‘1)
8c
9(c? — g2
= sin®A =1 (c Za
8c
8c? —o(c? —g?
= sin A ¢ (Cz @)
8c
8c? —9¢? + 94*
= sinA = ¢ 02 a
8c
9a% — c?
sinA = a ZC
8c
B 2B
156. Z/BPA = 900 + (;), ZABP = ?
InAABP, — 2P _ ¢ = ¢
sin(ﬁ) sin[90° + B/3)] cos(B/3)
3
[by sine rule]

p=C sin (2B/3)
cos(B/3)

or

157.

158.

159.

Using — = _b = .C = R we get,
2sinA  2sinB  2sinC
b? —c*  4R*(sin’B —sin’C)
2aR 4R%*sin A
_ sin(B + C) sin(B — C) —sin(B - C)
sin A
We know that,
or ar (AABC) =;bc sin A
w3 1. . 2m
= —— =—bcsin—
2 2 3
= 9f:bc><§
= bc=18 ..()
Also, b—c=33
= b=c+33 (i)
From Eq. (i) and Eq. (ii), we get
(c+3v3)c =18
= ¢ +33c-18=0
—3\3 £ 27+ 72
=S c =—2
331499 3343411
2 2
3411 =343
c= — [re>0]
- b:3\/ﬁ—3«/§+3\/§:3«/ﬁ+3«/§
2 2
2, 2 2
cosA =7b re-a
2be
3 b+ 2 -a?
= Xz
2 2bc
3o+ P -a?
= 7 :79
2X—(11-3
4( )
= 243 =63 -4a° [+ b% + c® =63]
= a’=63-23
a=4/63-2\3
We have, A=a*—(b-c)
=(a+b-c)(a-b+c)
= AN=@+b-c)@-b+c)

=@2s—c—c)?(@2s—b—b)*
=(2s —2¢)* (2s — 2b)*
=16(s —c)* (s - b)*
s(s —a)(s —=b)(s —c) =16(s — ¢)* (s — b)*
(s—=b)(s—c) _1

= »oY T2
s(s —a) 16



A 1
= tan®— =—
2 16
A 1
= tan— =—
2 4
. 1)
2tan— 2 X — -
8
tan A = 2__ 42: 125 :E
2
1—tan”— 1_(1) (—)
4 16
160. We have,
A
D
B C

£ ABC =90°, ZBDC =90°, AC =h, BD = pand h = 4p
Let ZC=0 = LA=90° -0

Now, in ABDC

sinC  sinD . .

= [using sine formula]
BD BC

sin® sin90°

= - =
p BC

= Bc=-F_ ()

sin®
Again, in AABC

sinB _sinA sin90° _ sin(90° — 6)

AC BC h BC
= BC =h cosH ..(id)
From Egs. (i) and (ii), we have
P__ hcosb = P =sin6 cosO
sin© h
= L sin® cosO
4p
= sin© cos(3=l = sin29=l
4 2
20 =30° or 150°
= 0 =15° or 75°
Hence, ZC = 15°.
161. We have, sin® A + sin® B + sin>C =3 sin A -sin B-sinC
= Ko’ + K°b° + + k’c® =3k>abe
{ . sinA _ sin B _ sinC _ k}
a b c
= a® + b + ¢ =3abc

= a+b+c=0
['.'ifa+b+c=0,thena3+b3+c3=3abc]
a b c

Now, b ¢ a
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on apply, C; = C, + C, + C;, we get-
a+b+c b ¢
=|b+c+a ¢ a
c+a+b a b

0 b ¢
=0 ¢ a [ca+b+c=0]
0 a b
=0
162. We have,

a+b+c=11,ab + bc + ca =38 and abc = 40
cosA + cosB N cosC
a b c
(b2+c2—a2] [cz+a2—b2] (az+b2—cz]

2bc 2ca 2ab
= + +

a b c
b2+ c?—a® F+a’-b: b+ bt
N 2abc 2abe 2abc
_a2+b2+cz_(a+b+c)2—2(ab+bc+ca)
- 2abe B 2abc
_(11)° —2(38) _121-76
©o2x40 80
45 9
T80 16

163. We know that,
A [s=b)(s—¢)

tan— =
2 s(s —a)
and anC o (6= 6-b)
2 s(s —c¢)
C \/s—b[\/s—c \/s—a}
tan— + tan— = +
s s—a s—c
_ s—b_s—c+s—a_
s _\/s—a\/s—c_
_ s—b_ 2s—a-—c |
s | \s—aqs—c]
s-s] b ]
s _\/s—a\/s—c
_b s(s —b)
s\(s—a)(s—c)
b B s(s —b)
=— cot— cot—= [——F—
s 2 (s—a)(s—c¢)
tan— + tan—
b .
=— (1)
cot — s
Again, a, b, c are in AP
: a+c=2b

or a+b+c=3b = 2s=3b
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=

From Egs. (i) and (ii), we have

A
tan— + tan—
2 2
B
cot—

Let the sides of triangle be a — d, a, a + d.

Perimeter=a—-d +a+a+d=3a
.. Side of equilateral triangle having same perimeter will be a.
Semi-perimeter of given triangle
_a-d+a+a+d 3a

2 2
Now, according to question

(- -3
- G-

3a |[a* 343
- _a a8 je) 33
2 4 20
2
3
= i_dz =£
4 10
a* 2 9q*
= — =—
4 100
16
= o s d=—a=2a
100 5
. . 2 2
Sides will be, a — —a, a,a+ga
3a 7a
or —,a, —
5 5
3a 7a
.. Required rationz;:a:?:3:5:7

Let the sides of AABC areq, b, c.

R BC=a,CA=band AB=c
Again, AD, BE and CF are the medians of AABC

1
AD = =4/2b% + 2¢% — ¢*

2
1 2 2
BE=5 2¢“+2a°—-b
1/ 2 2
and CF=5 2a° +2b° —c
A
cF Eb
B D a C

1
AD? + BE® + CF* = Z[2b2 +2¢% - a?

+2¢2+ 2a% — b% + 2a% + 2b% - ¢*]

=—[3a® + 3b% + 3¢?]

[a® + b® + ¢*]

N R N O N

[BC? + CA? + AB?]
AD® + BE* + CF* _3
BC* + CA* + AB* 4

166. We know that, in AABC length of median from the ZA is

1
ZA2b% + 262 —a?
2

A
c b
my my \ms
B E D F C
a/2 al2
a
AD2=le=CZ+bZ _az

Similarly, in AABD,

B

2 2
2 2 C +7rl,1
AE =mZ=T—

and in AACD,

2 4
b + ¢? a?
Now, mi+mi=m’+ -2 —
2 16
2 2
=mf +mf+ S-S
4
=2m} + @
" 8
a2
= ?=m§+m§—sz

167. We know from Napier’s analogy that

(B—C) b-c
tan = cot
2 b+c

[from Eq. (i)]



B-C A
So, X=tan( )tan;
b-c A -c
= ccot—-tan— =
b+c b+c
. a-b c—a
Similarly, Y = L Z =
a+b c+a
Now, X+Y+Z+ XYZ
b-¢c a-b c-a b-c¢ a-b c—a
= + + + . ~
b+c a+b c+a b+c a+b c+a

_ b-c)a+b)c+a)+(a=-b)b+c)c+a)+(c—a)b+c)a+D)

(b +c)a+ b)c+a)
N (b —-c)a-b)c—a)
(b+c)a+b)c+a)

After multiplication and solving, we get

X+Y+Z+XYZ= 0 =0

b+c)b+a)c+a)

168. Looking the figure, we see that Z 710, R = 60° and it is the
supplement of ZT; AR = 120° {as an exterior angle for AABC}
ZAOR =30°

Hence,

P

Similarly, we obtain ZBO,S =30°

Since tangents drawn to a circle from external points are equal,

we have
T.T,=T,A+ AB + BT,=RA + SB + AB
o o_hth
=rtan30° + a + r,tan30 =T+a.
and L'T,’=T,C + CT’

=CR + CS =(a — RA) + (a — SB)

e (15)

Since, common external tangents to two circles are equal,
LT, = E,TZ/

ntn (i +1)
+a=2a-—
V3 V3
a3

Hence, we find thatr, + r, = -

Hence,

169. Equal chords subtend equal angles at the centre angles at the
centre of circle; if each of sides of length i subtends an angles
o; (i =1, 2,3) at the centre of the given circle, then
20 + 200, + 205 =360°
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o o o
Hence — + —2 =90° — =3,
2
o o o o
and cos (—1 + —2) = cos (90O - —3) =sin—>
2 2 2 2
Next we apply the addition formula for the cosine;
o o o o
cos —L - cos—2 —sin —L - sin —2 =sin —
2 2 2 2 2
o\ o\ o\
2 2 2
12 1 3/2
A B (o}
o 1/2 o 4 4r* -1
where, sin —L = 12 ,cos—L =4 [from (A)]
2 r 2 2r
2
o 1 o r-—1
sin—2 =-, cos—2 = +—— [from (B)]
r 2 r
o 3/2
in—> = 3/2 [from (C)]
r

We substitute the expressions into Eq. (i) and obtain, after
multiplying both sides by 2r?,

Jar -1 -1 1=

Now, write it in the form;

(4rr =1)(r* =1) =G3r + 1),
and square, obtaining.

@ -1 -1)=9*+6r+1
which is equivalent to,

r(2r3 —7r —3) =0, since r # 0 we have,
2r’ —7r -3 =0.
170. Let, BP= PQ= QC=x

Also, let

I
ZBAP =0,, ZPAQ = 0,, LZQAC =0,

and let ZAQC =0

Applying m : nrule in AABC,
(2x + x)cot O =2xcot(6, + 6,) — xcot O,

= 3cotB=2cot(6, + 6,) — cotB, (1)

|
B X P X
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Applying m : nrule in AAPC,
(x+ x)cot®=xcotB, — xcot 0,
2cot®=cot, —cotB, ...(ii)
On dividing Eq. (i) by Eq. (ii), and on solving we, get
3 _2cot(6, + 6,) — cot 6,

2 cot0, — cot6,
= 41+ cot®0,) =(cot 6, + cot6,)(cotB, + cot6,)
= 4 cosec’ 0, =(cot 6, + cot6,)(cot®, + cot,)

3a 9a
Let the sides be a, PRl
N
o a 4 19
Semi-perimeter = 5 = ry

/19 11a 7 :
Areaof A= e alaa =a—\/1463.
8 8 8 8 64

. . Product of sides
Now, circumradius =——————

4 X area of A
ax 22
N 54 _ 22 4
VU6 4 raes
64
= a=1

Therefore, the sides of the triangles are 1, Z & %

Givena + b+ ¢c=2

= l-a+1-b+1-c=1
or x+y+z=1
where x =1-a,y=1-b,z=1-c¢
Since, a+b>c

= 0<c<l,
similarly 0<ab<1
hence 0<x,y,z<Ll

Now,a’ + b* + ¢ +2abc=(1-x)* +(1-y)  +(1-2)* +
201 - )1 - )1 - 2)
=3-2x+y+2)+(P+y +2H)+2[1-(x+y+2)

+ (xy + yz + zx) — xyz]
=1+ x*+y?+ 22 +2(xy + yz + zx) — 2xyz
=1+(x+y+z) —2xyz
=2-2xyz<2as0<x,y,z<1

Let s be the semi-perimeter and A be the area of AABC. Then
A A
r=—P=
s s—a
r _s—a
= — =
P s
B C -
Also, tan—-tan— = s”4a
2 2 s
r B C
= — =tan—-tan—
p 2 2

Let ZAPRB =q,, ZAP,P, = 0, ZAP,P, = ...,
AAPII—IPn—Z :an—l

174.

175.

n B o
= — =tan—- tan—

P 2 2

T, T — O o

2 = tan[ ‘) tan—2

P, 2 2

T, m—ao

2= tan( 2) tan—>

) 2

r m—0o,_,

- = tan| tan—

P 2 2

nornor B C r
= ——..—=tan—-tan—=—

B'R7R T2 2z P
Let rbe the radius of the circle.

The sides of the polygon, which subtends angle 2. at centre,
has length 2rsin o.

Hence, the area of this polygon,

1 1
= E(erinoc) .(rcoso) + E(erinZ(x)(r cos20) + ...

1
+ E(erin nol)(r cosnot)

2

r
= ?[sinZOc + sin4o + ... + sin2na]
2
= —[(coso — cos3a) + (cos30L — cos50) + ...
4sin o
+ (cos(2n —1)0.— cos(2n + 1)ot)
2
= A =———[coso—cos(2n + 1)a]
4sin Ol
2
r
=——[sina.sin(n + 1)o]
4sin(n)o
Also, 200+ 40+ ...+2na=2n=0(1+2+3...+n)=m
on(n+1 2m
or gzni.e.(n+l)oc=—
2 n
Also, A, =area of the regular polygon of n sides.
1( T n)
=—|2rsin—-rcos— |n
2 4 n
r’n( . 2m) r* .
=—/|sin— | =—n-sin(n + 1)a
2 n 2
sinnol
Hence, A =—
A, nsino
Let M,, M,, ..., M, are the foot of the altitudes drawn from

the centre O to the sides of the polygonand L,, L,, ..
of P.

PL = OM, — OP cos®©
PL? =OM} + OP? cos’ O — 20M,OP cos 0

.,L, that




1 _ . 1
=OM? + EOPZ + EOPZ c0s26 — 20M,0P - cos O
, , 1 , 1
EPL =ZOM! + EZOP‘ + EOPZZ c0s26 — 20M,0P X cos 6

1
=na® + gcz + 502(0) —2ac(0)

2 4
Here, Xcos0=cos0O+ cos(6+ —n) + Cos(e + —n) +
n n

et cos(9+ M)

n

n-1 zm n-1
=2 COS(9+ —)=real part of X j(07*7
r=0 n r=0

. n-1 :
=real part of '’ X ™" =0
r=0

Similarly X c0s26 = 0.
176. Let c= a’ cos3B + 3a’bcos(2B — A) + 3ab’ cos(B —2A)
+ b’ cos3A and s = a’sin3B + 3a’bsin(2B — A)
+ 3ab’sin(B — 2A) + b’sin(—-3A)
Now, ¢ + is = {a’ cos3B + 3a’bcos(2B — A) + 3ab’sin(B — 2A)
+ b’ cos3A} + i{a’sin3B + 3a’bsin(2B — A)
+ 3ab’sin(B — 2A) + b’sin(—3A)}
— a3ei33 + 3a2bei(zB—A) + 3abzei(3—2A) + b3e—L3A .(ae[B + be—[A )3
=(acosB + aisinB + bcos A — bisin A)’
={(acosB + bcosA) + i(asinB — bsin A)}’ = ¢’
= {a’cos3B + 3a’bcos(2B — A) + 3ab’ cos(B — 2A) +
b’ cos3A} = ¢’ [by equating real parts]

177.A:%ah1
2A 2A 2A
= h =—, similarly, h, = —, h, = —
a b c
So, hl+r+h2+r+h3+r
h—-r h—-r h-r
20 A 2A A 2A A
I S
_ a s s c s
T2a_AT2A AT A
a s b s c s
_2s+a  2s+b  2s+c
2s—a 2s—-b 2s-—c
4s 4s 4s
= + —
2s—a 2s—-b 2s—c
:31 4s + 4s + 4s _3
312s—a 2s—-b 2s-c¢

3

> -3
2s—a 2s—-b 2s—c
+ +
4s 4s c
>6

[since AM.>H.M.]
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178. The given equation can be written as;
acosA + bcosB + ccosC _asinB + bsinC + csin A

a+b+c 9R
2A 2A  2A
sinAcosA + sinBcosB + sinCcosC ot
sinA + sinB + sinC - 9R
- sin2A + sin2B + sin2C =2A(ab + bc + ca)
2(sinA + sinB + sinC) 9abcR
. 2sinCf{cos(A — B) — cos(A + B)} _ 2A(ab + bc + ca)

C A+B A+B)| 9abcR
40035 cos| + cos| )

4sin Asin BsinC

Cc

. A. B,
= 4sin—sin—sin—
8 A 2 2 2
COS— COS— COS—
2 2 2

_ 2A(ab + bc + ca)

9abcR

9r ab + bc + ca
= 2 _ZZreree

2A abc

9abc =(a + b+ c) (ab + bc + ca)
= ab-c)Y +bc—a) +cla-b)’=0 =>a=b=c
Hence the result.
179. Area of AABC,
A
b
y =+=h
B D C
a

A= lah = lbcsinA
2 2

= h= EsinA
a
bZ 2
= h = —i(l —cos’ A)
a
b*c?

(1+ cosA)(1—cosA)

2
a

b*c* b+t -a’ b+ c¢* —-a’
=21+ 1-
a 2bc 2be

=L@+ o+ @)@ - o))
4a

- 4kt =@ (b + o) + (b - o)) —a* — (" — )
a
2_ 2\2
cob? + et gt - &) f)
a
2_ 2\2
= 4k’ +a* =20" + cz)—%

= 4k’ +a* <2b* + %)
Clearly equality holds if b = ¢ (i.e., isosceles A)
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180.Let, DG _AG _AB 5
BC AC AB
A
/c B, 5 a < b\
0
B c, C
a
=  BC =Aa AC =Ab, AB, =hc
- Area of AABC, Y
Area of DABC
Let /BCB=0=/BBC, =n —(0+ B)

ZACC=7—(0+C)
ZLCAC=n-(C+mn-6-C)=6
using Sine rule in ABB,C,, we get :
BC,  BC

sinB  sin(6 + B)

Aa.sin(6 + B)

= BC,
sin B
Similarly using Sine rule in AC,A,C, we get
AG _CG o Absind
sinC  sin© sinC
Now, a=BC, + CC, = }L(asm(6+ B) N bslne)
sin B sinC
sin A-sin B-sinC
=

" sinA-sinC-sin(0 + B) + sin0-sin’ B

sin Asin BsinC

- (sinA -sinC - cos B + sin® B)sin0 + sin A - sinC - sin B - cos0
- A> sin A-sin B-sinC
\/(sinA-sinC-cosB + sin® B)® + (sin A-sin B-sin B)*
2> sin® A -sin® B -sin® C
"~ sin® A -sin®C + sin’ B + 2sin A - sinC - cos B . sin” B

S sin® A-sin’ B-sin’C

" sin®A-sin®C + sin® B{sin? B+ cos(A — C) - cos B — cos(A + C) - cos B}
S sin® A-sin® B-sin’C
~ sin” A-sin’ C + sin® B{1 — cos” A + sin’ C}

. sin® A -sin® B - sin® C
™ sin® A -sin®C + sin® B -sin’ A + sin® B - sin’ C
X = !
min 2 2 2
cosec” A + cosec” B + cosec” C
ar (AA B,C 1
Thus, (A4BC) >

ar (AABC)  cosec® A + cosec’ B + cosec’ C

181. Let ABC be the triangle with D as the mid-point of AC.
BD =1 (given)

2

Area of AABC = b—sinA
c

Applying cosine rule to AABD, we get

2
e p e
% =cosA = b'=———
b 5—4cosA
A
in A
Hence, A=gppSA
5—4cosA
2t
= A=gpt. 1=t
5—4(1_t2)
1+t
4l’t 41°
= ; =
o +1 4,1

. 2l
Hence, maximum area = —

1 1
Equality holds when, 9t =— =1t =— [since ¢ > 0]
t

3

4
= COSA =—
5

182. Let /BAA, = /B AC = 6and M and N be the points where
incircles of A’s BAA, and B, AC touch the side BC.

A
m
B M A, B,N c

If R, and 7; be the circum-radius and inradius of ABAA, then
6 . B n-(0+B
r =4R sin— -sin—-sin((i))
2 2 2
or n =4R sing sinE sing
' 2 2 2

where oo =1 — (0 + B)

B 0 o B
Now, BM =1, cos— = 4R, sin—-sin—-cos—
2 2 2 2
[0 0 B o
and MA, =r, cot— = 4R sin—-sin—- cos—
A=n 2 R 2 2 2
1 1
Thus,

- 4+ = -
BM MA, 4R sin6/2

1 1
+
[sinoc/Z-cosB/Z sinB/Z-cos(x/Z]



. {oc+ B}
Sin:
1 2

- 4Rlsin9/2.sinoc/2 - cosB/2-sinB/2- cosal/2

B cos(6/2) _ 2cot0/2

R sin®/2sinosinB  c-sinB
Similarly, L + L 2c0.t o2
BN NC bsinC
1 1 1

Hence, [as bsinC = csin B]

- 4 = 4+
BM MA BN NC

183. Let the angle between PR and AC be 6
In AAPC, from the sine rule

A
@ 2n_gm P
3 3
C
C = b sin(z—n - 6]
sintt /3 3
In ABCR, from the sine rule.
CR:asm(c+ 0-m/3)
sinmt /3
= PR=PC+CR=1 bsin(£+6)+asin(c+6—E)
V3 3 3
_2
NG
Kb cosE + acos(c - n))sinﬁ + (bsinE + asin(c - n)) . cosﬁ}
3 3 3 3
= Max.

. %{ J(bcosf; racoe~Z )]+ s+ asn{c - 2] ]

2 , 2T
=— b +d° + Zabcos(— - c)
\/5\/ 3

Max. area of APQR = ?[max. PRY

_\3 4

3 [b* + a* —abcosC + x/gabsinC]

4
2b* + 2a° —2abcosC
= a avcos + absinC
243
a’+ b+t
=———+2A [ 2abcosC =a® + b* —¢*]
243

184. Let the circle of radius r, touch the sides AB and AC at D and

E, where as the incircle touches their sides at D and E. Let O
and O’ be centres of the inscribed and that the circle with
radius 7. O and O’ lie on the bisector of angle A.

307

Chap 03 Properties and Solutions of Triangles

A A
Also, AO" = OD’cosec 5 = cosec o

and AO=0D cosec? =r cosec?

B

Hence, OO0'=r+r, = AO - A0’

A A
=r cosec 5 T, cosec?

A
cosec — —1
S o2
r A
cosec — + 1
2
,T—A
= r, =rtan’| ——
4
n—-B n-C
Similarly, r, = rtanz(ij, n= rtanz(Tj

Hence,m + \/E + M

:{tan(“;f‘)mr{“‘
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185. If a,b,c are the lengths of the sides of the A and x,y,z are the Now inany A, XtanA =3tanA
lengths of perpendicular from the points on the sides BC, CA, N tan A + tanB + tanC = 3tan A
AB respectively, we have to minimise,
= tanB + tanC =2tan A
Now,

(tanB — tanC)’ > 0as LB # £C
= (tanB + tanC)® > 4tan BtanC
= 4tan® A >12
= tanA >3 [as LA is acute]
= Ae (E, EJ

3 2

A=x* 4y +2° () 187. BD = ABcosB =ccosB

We have, also /BHD=" - /EBC=" - (E - c) =C
1 1 1 2 2 2
5ax+5by+gcz=A 5D s
. = BH=—— =552 _3RcosB
= ax + by + cz =2A .(ii) sinC  sinC
where, A is the area of the AABC Now, points H, D, B and F are concyclic and BH is the

diameter of the circle passing through these four points. In fact

we have the identity;
this circle is also the circum-circle of ABFD.

= (x*+y*+ 2@ +b* + %) —(ax + by + cz)’
=(ax — by)* + (by — cz)* + (cz — ax)’
= (x*+y*+ 2@ +b* +c*)=(ax + by + cz)’
= (x*+y* +25)@ +b* +c”) =4 [using (ii)] E E
4N’
= x*+y° + 2> 2———— and equality holds only when
y a+b*+ct 4 Y Y
x y z ax+by+ecz 2A L
TE T T, 2 7 T 2 2 2 B D v
a b ¢ a +b +c a’+b°+c
4N FD _ o
The minimum value of A is ——————. = —— = BH =2RcosB
a”+b°+c¢ sin B
A B 4(S _ a)(s _ b)(S _ C)S = FD =2RsinBcosB = bcosB
i a’+ b+ ¢ ’ = % = cosB
186. In the adjacent figure AA, and BB, are altitudes drawn from A EF DE
and B on the sides BC and AC, respectively. Let P, O be the Similarly, 4 =cosA and o =cosC
orthocentre and circum-centre of the A. EF FD DE
A Thus, — + —+ — =cosA + cosB + cosC
a b c
.A . B . C
=1+ 4sin—-sin—-sin—
2 2 2
r R+r
A =1+ =
: R R
3 ] . B, M DE_Rtr
B Ay O N a b c R
We have been given that PA = O0,. 188. Let the centres of circle be O, and O,, and their radii be 7, and
In AOOC, ZO,0C = A 1, respectively.
and OC =R=00, =RcosA We have,
Also, BA, = ABcosB =ccosB
and PA, = BA cotC
B C
PA, =ccosB-cotC = M
sinC
=2RcosBcosC
Thus, RcosA =2RcosBcosC
= 2cosBcosC + cos(B+ C)=0
= sin BsinC =3 cosBcosC r+r,=aand 00, =2a

or tanBtanC =3



Let,
Now, 00,

=

ZO0P, =0 = £P00, =6
=0,0 + 00, =r,cosec 0 + r,cosec 0
0,0, =(r, + r,) cosec 0

I
cosecH=2 = ng

Now, PO =1, cot@and OP, =r, cot 0

=

PP, =(r +1,)cot0=a:3

Central angle, ZQO,P, = 2(% - 6) =n-26

and

= Total length of string =2BP, + (1; + r,)(2n — (1 —26))

£P0,Q0, = ZQOF =7 —26

=2a+3 + a(n + g]
:(4?15 + 2\5}1

189. Let A, B, and C, be the points of contact of the ex-circle
opposite to vertex A, with the side AC, BC and AB,

respectively.

Similarly,
=
Now,

=

A
Similarly, —%
Y A

Thus, ﬁ + -2+
A

A

IIA'I = IlBl = Ilcl = ri
ZBIA =m - ZBCA =1 —(n —-C)=C
ZAIC =B
ZCIB =(B+C)
A =AAILB + AAIC, - ABIC,

1, .
= E(rf)(sinC + sinB —sin A)

1A (L+i_LJ
2(s—a)’\2R 2R 2R

1 A @s-20) N 1A

2(s —a)’ 2R 2R(s —a) 2R
o
2R

> | >

, A, dA(,_r

TR A 2R A 2R
A, A, A, 1

— -2 =—R(r,+r,+r,—r
A A A 2 (l 2 3 )

1
=—(4R) =2
SRR
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190. Since, £ APB= 2 BPC = ZCPA

2T
= each of these angles is equal to o

A

B C
In AAPC we have,

2
PA? + PC? — 2PA.PCcos?n —p?

= b® = PA* + PC* + PA-PC
Similarly, in ABPC;

a’ = PB® + PC* + PB-PC
and in AAPB; ¢* = AP* + PB* + PA-PB
Adding these results, we get

309

@ + b + ¢ =2(PA’ + PB’ + PC’) + PA-PB + PB-PC + PC-PA
= d+b +c =2((PA+ PB+ PC)’ — 25PA- PB) + SPA- PB

Now, A =AAPC + ABPC + AAPB
= %sin%t(AP‘PC + BP-PC + PA- PB) = ?(ZPA - PB)
Putting the value of ZPA- PB, we get
a®> +b* + c¢* =2(PA + PB + PC)* —3-g
V3
2 2 2
- (PA + PB + PC)’ =$+2«/§A
2 2 2
- PA+PB+PC=\/a+b2+C+2\@A

191. In right angled A’s A’BD and CA’D

ZA’BD = ZCA’D
ZBDA’ = ZCDA’ =90°
The A’s are equiangular and hence similar
BD A'D
A'D  DC
So that A’D? = BD.DC

So,

Bla
AI

Since, BD = ADcot B, DC = ADcotC

: A’D? = AD* cot Beot C

or {ar (BCA")} = (%BC'A’D)
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1
:ZBCZ -AD’-cotB-cotC

= {ar(ABC)*}-cot B- cot C

Similarly,

{ar(CAB’)}* = {ar(ABC)}* -cotC- cot A

{ar(ABC")}* = {ar(ABC)}* -cot A- cot B
On adding Egs. (i), (ii) and (iii), we get the desired result
because in any A;

cot Acot B + cot BcotC + cotC-cotA =1
= {ar(BCA")}* + {ar(CAB’)}* + {ar(ABC")}* = {ar (ABC)}*

192. Given a AXYZ, where 2s=x+7y +z

()

...(ii)
...(iii)

and STX_S5"y _s-z
4 3 2
s—x_s-y _s-z_3-(x+ty+z)_s
4 3 2 4+3+2 9
X
z y
V4
Y X
or s—x:s—y:s—zziz}\(let)
4 3 2 9
= s =9\ s =4A+xs =3A+yands =2A+z
s =9A x=5Ay =6\, z=TA
Now, A= \/s(s - x)(s —y)(s —z2) [heron’s formula]
= \9h-4A-3A -2k = 63612 ()
Also, Ttrzzg—n=>r2=f ...(ii)
3 3
and _ oz _GMENTY) _ 35 (i)
4N 46N 4
8 A 216X 8 8
Now, rl=—=—-= — = —=-N from Eq. (ii
3 8% 8w 3 3 ! % ()]
= A=1

(a) AXYZ = 63/6)° =6+/6

.. Option (a) is correct.

(b) Radius of circum-circle, R = 353

NN

.. Option (b) is incorrect.

X Y Z
(c) Since, r = 4Rsin — -sin —-sin —
2 2 2
- 22 L35 X Y Z
—— =4-——=sin —-sin —-sin —
NG a6 2 2 2

4 X Y
— =sin —-sin —-sin —
2 2 2
.. Option (c) is correct.
X +Y Z X+Y Z
(d) sinz( j = cosz(—) ,as =90° — —
2 2 2 2

s(s—z) 9x2 3

xy  5X6 5

.. Option (d) is correct.

2 2 _ 2
193. (i) cos C = a”+b°—-c¢
2ab
(i) R=22 ;=2
4A s

where, R, r, A denote the circum-radius, in-radius and area of
triangle, respectively.
Let the sides of triangle be a, b and c.

Given, x=a+b
y=ab
x2—02=y
O a*+b*+2ab—-c*=ab
a*+b*-c*=-ab
24 p? el
O u=—l=c05120o
2ab 2
a LC:Z—R
3
_abe A
4N’ s
2
1 2
) 4 fabsin(—nj
O ro_ a4 2 3
R s(abc) xX+c
2%y
2
r__ 3%
R 2c(x+c¢)

1 1
194, We know A =5absinC = 1543 =5><6><10><sinC

3
sinC = P and C is given to be obtuse.

27
= Cz?c:>=\/a2+b2—2abcosc

21
C=\/62+102—2><6><10><cos?=14

A , 225 X3
r=— =2r =———"—""",<=
s (6+10+14)

2

195. Whenever cosine of angle and sides are given or to find out,
we should always use cosine law.

2 2 _ 2
ie. cosAzu,
2bc

2 2 2 2 2 2
cosB= LT T 4 cosca b —¢

2ac 2ab

P
n n
c b
(n+2) (n+4)
Q R
(n+2) (n+4)




2, 2 _ 2
O cosP :u
2bc
0 1_@n+4)° +@n+2)° -2n +6)°
3 22n + 4) 2n +2)
b, co :1 glvenD
H 3 B
0 an’-16  _1 nf-4 1
gn+1)(n+2) 3 2m+1)(n+2) 3
. (-2 _1
2n+1) 3
a 3n—-6=2n+2 [ n=8
O Sides are 2n + 2), 2n + 4), 2n +6), i.e. 18, 20, 22.
196. 1f AABC has sides a, b, c.
A
q b
B = C
Then, tan (A/2) = =b)-a)
s(s—a)
7 5
24+ - +=
where, s:a+b+c: 22—y
2 2
2sin P —sin2 P _ 2sin P (1 — cos P)
2sin P+sin2 P 2sin P (1 + cos P)
. 2
_ ZSII’IZ(P/Z) - tan’ (P/2)
2 cos” (P/2)
P
c=5/2 b=7/2
Q a=2 R
0 (s—b)(s—c)x(s—b)(s—c)
s(s—a) (s=b)(s —c¢)
-5
_[s=b)* (s =01 _ 2 2
- N - N
-faf
A
197. Since, A, B, C are in AP.
d 2B=A+C ie. UB 60°
a E(ZsinCcosC)+£(ZsinAcosA)
c a
=2k(acosC +c cosA)
O ad
O ad
(ising, a - b =_¢ =1
a sinA sinB sinC k[

=2k(b)=2sinB
-5

[using b =acosC +ccosA]
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at+b*—c?

198. Using, cosC =
2ab

C a=x?+x+1 B

V3 _(PHx+1)? +(x* -1)° —2x +1)°
2 2(x% + x +1)(x* —1)

O (x+2)(x +1)(x —1)x +(x* —1)* =3(x* + x +1)(x* -1)
O x*+2x+(x% —1) =43(x* +x +1)
O @-3)x*+@2 -3)x (/3 +1) =
O —(2++3) and x =1 +/3
—(2 +4/3)

O cisnegative.

O x =1++/3 is the only solution.
199. Given, cos B + cosC = 4sin2§

A

Be——73——=2C
Fixed base

0 2cos QMJQCOS Qli@: 4sinzé
2 2 2
a 23inéDos Qﬂg—ZsinéD= 0
2 B 2 2 H
QB—Q 2cos QLQ 0

As sm— 0
2
B C B.C
a —cos—cos— +3sin—sin— =0
2 2 2 2
O tanEtang 1
2 2 3
1 (s—a)(s=c) s=b)s—a) _1
s(s=b)  s(s—c) 3
0 s—a_ l
s 3
O 2s=3a O b+c=2a
O Locus of A is an ellipse.
200. 1n AABC, by sine rule, a_ - 22 = 4
sinA sin30° sinC
O C =45° C" =135°

When, C=45° O & 180~ (45+ 30 ¥ 103
When, ' =135° 0 & 180 (135+ 30 ¥ 15
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a2

1 1
Area of AABC = EAB X ACsin A :E x4 X2+/2 sin (105 °)

J3+1
=2(+/3 + 1) sq units
o ( )sq

Area of AABC' = %AB X AC sin A

:4\/§X

1
= 3 x4 x2+/2 sin (15°)=2(+/3 1) sq units

Difference of areas of triangle
=|2(+/3 +1) —2(+/3 —1)| =4 sq units

Alternate Method
c'
2
242 h c
v 30N
A

Here, AD =2, DC =2
Difference of areas of AABC and AABC'
=Area of AACC'

1 1
:EAD xCcC' =5X2 X4 =4 sq units

Let a straight line through the vertex P of a given A PQR
intersects the side QR at the point S and the circum-circle of

A PQR at the point T.
Points P, Q, R, T are concyclic, then PS[ST = QS [SR

P
Q R
=
+
Now, ¥ > JPSST [-- AM > GM]
1 1 2 2

d —+ — > =
an PS ST JPSBT +JOSBR

Also, % > /SQISR
d R > /SQ[SR

2

1 2 2 4
JSOBR  OR . JSOBR _ OR

1 1 2 4
> >
ps ST JOSBR QR

202. Radius of in-circle is, r = é

s
Since, A =162

62 +6+/2 +4+/2
Now. S:#:gﬁ
O r=16\/E =2

82

203. Equation of circum-circle of APRS is
(x+1)(x=9) +y* +Ay =0
It will pass through (1,2+/2), then —16+8 +A 22 =0

0 242

8
A=——=
22
0 Equation of circum-circle is x* + y® =8 x +2+/2y =9 =0
Hence, its radius is 3+/3.

Alternate Solution

Let OPSRE 6 O sinOZ&
23
O sin9=E
2R
0 PR =6+2 =2R [§in ©
O R=33

204. Coordinates of Pand Q are (1, 2+/2) and (1, —2+/2).
Now, PO =./(442)% + 0> =42

Area of APQR = % [4+/2 [8 =16+/2 sq units

Area of APQS = % [@+/2 @ = 44/2 sq units

Y

/ K0, 2.2)
v s 1,0 Ry

3,0\ (1, o)N\O

9.0

Q
(1, -242)

y/
Ratio of areas of APQS and APQRis 1: 4.
208. since, AABC = AABD + AACD

1 1 A 1 A
a —bcsin A=-c¢ ADsin —+ — b AD sin —
2 2 2 2 2

a AD = 2be cosé
b+c 2




F

2bc

A
Again, AE = AD sec — =
2 b+c

0 AEisHM of bandec.

A
EF = ED + DF =2DE =2AD tan —

=2

cos — tan — =

2bc A A_ 4bc . A
sin

b+c 2 2 b+c 2

Since, AD [ EF and DE = DF and AD is bisector.
[OA AEFis isosceles.

Hence, (a), (b), (c), (d) are correct answers.

206. Let AB= AC =aand 0 A& 120 .

1
0 Area of triangle = 3 a*sin 120°

where, a = AD + BD
=3 tan 30° + /3 cot 15°
3

tan (45° —15°)

=1+

+ ° e
0 a=1+J§D1 tan 45° tan 30

tan 45° — tan 30° B

gaadi

=4+23 .
. 1 30
0 Area of a triangle = 3 (4 +24/3)? HZ—H
=(12 +7+/3) sq units
207. Let a, b, ¢ are the sides of AABC.
b+c _ k (sinB + sinC)
a k sin A

Now,

Chap 03 Properties and Solutions of Triangles

2 sin %MQ cos DB%i_ ¢
_ 2 2
- A A
2 sin — cos —
2 2
cos PE=CH
0 b+c _ 2
a . A
sin —
2
in 0B - C@
si Bi
b-c¢ 2
Also, =
a A
cos —

208. Let AB = h, then AD =2hand AC = BC =§
Again, let UCPA o

T R

h/2

hiC
!

h/2
i a
B
P
A< 2h >
Now, in AABP, tan(a +[3) = @ :i =
AP 2h
Also, in AACP, tanal = £ = 3 = 1
AP 2h 4

Now, tanf3 = tan [(00 +) -]

1 1
_ tan(@ +B)—tana _ 5 4
1+ tan(@ +f)tana "

209. Let AB = x

- (6+a)

—xXx—Q0—>«—(q —

In ADAM, tan(Tt -8 —q) =2

x—q
O tan@+a) = P
q-x
O q—x =pcot® +a)
O x =g —pcot® +a)

_ Fotecota—lg o cota—gD
i cotd + cotO B

313
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E#cote—lg 211. We know that, .c =2R
_ —plﬂpilj— _pEbcote—pD sin C
K Qﬂ.;.coteg 1 B;+pcoteH 0 c=2R ..(i) [- C =90°]
P and tan — =
_ _ LgcosB - psinBU 2 s-c
a-r Esine +pcosBH 0 tang =T
0O x_q251n9+pqcose—pqcose+pzsin9 s
pcosB + gsin® = r=s-c
N 0 _atbtc
O AB = (p° +q°)sin® 2
pcosB + gsin® O a+b-c=2r ...(ii)
Alternate Solution On adding Egs. (i) and (ii), we get
Applying sine rule in AABD, 20+ R)=a +b
D g ¢ 212, Tn ABAD, cos (90° - B) = 22
0
N
N
P
- (6+0) l
B
4B Ap'+d’
sin®  sin {TT—(6+ Q)} u AD =csin B
Similarly. BE =asin C
[ 2, 2 )
g AB NP YG and CF =bsin A

sinb  sin(8+a) Since, AD, BE and CF are in HP.

0 AB = \p?+q*sin® El oSOl = q g So, csin B, asin C and b sin A are in HP.
sinBcosO + cosBsina B Ip?+q° B 0 1 1 and 1
) ) sin Csin B’ sin A sin C sin B sin A
= (p"*q7)sin® and sina = 4 in AP
e = are in AP.
cosB + gsin® [p2 + g2
P 1 ptq Hence, sin A, sin B and sin C are in AP.
210. Alternate Method
1
ar (AABC) = 5 x BC x AD
1
D A = 5 Xa X AD
2N
O AD = —
By formula of regular polygon, ZaA
a _ . T a _, T Similarly, = BE =—
— =sin— and — =tan— b
2R n 2r n oA
r T and CF = —
0 E =cos— c
" L Since, AD, BE and CF are in HP.
=3 gi — =— 11 1
" grves R 2 So, —, — and — are in HP.
. 1 ab c
n=4 gives —=-— i
g R V2 Hen.ce, a, b and ¢ ar'e in AP.‘
3 [0 sin A, sin B andsin C are in AP.
n=6 gives —=—
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Session 1

Inverse Trigonometric Functions, Inverse Function,
Domain and Range of Inverse Trigonometric Functions

Inverse Trigonometric
Functions

. . m 1 . 5m 1 . 13w 1
Consider; sin—=-,sin—=-,sin——=—,
6 2 6 2 6 2

L 17m 1 . 117 1 . 7T 1
sin——=—,8ln| —— |=—, sIn| —— =7,...etc.
6 2 6 2 6 2

Now, if the question is “which is that angle or real

oo 1
number whose sine is —?”’
2

Then there are infinite answers i.e. there is no unique
answer.

Thus, the problem is, if the trigonometrical equation is

. . 1
sin y = x, then for the given value of x ==, we have
2

ie.
for given value of x, we get infinite value of y.
.. Correspondence from the set
{x|x € R;—1<x <1} to the set
{y|y€ R;siny =x} is one to many correspondence

.. It cannot be a function.

{~ one-many and many-many are not function.}

However, if the question is “which is the numerically

o1,
smallest angle or real number whose sine is ~?
2
. T
Then the answer is —.
6

.. . T .
This is one and only one answer i.e. — is the unique
6
answer.

. . .mo 1. .
In this case, the relation sin —=— is also written as;

T .11 . 1 . . 1
—=sin""| — |orarcsin| — | {read as sine inverse ~}
6 2 2 2
It must therefore, be noted that sin”! x is an angle and
denotes the smallest numerical angle, whose sine is x.

Similarly, cos ! x and tan"! x, denotes an angle or real
number; ‘whose cosine is x” and ‘whose tangent is x’,
respectively, provided that the answer given are
numerically smallest available.

Note
0) sinZ® =1 but O ssin(1/2)
6 2 6
(i) If there are two angles, one positive and the other negative

having same numerical value. Then, we shall take the positive
value.

eg COSE:i

e 4 2

and cos(—E)=L
4 2

But we write cos”(i)=£ rwotcos‘w(i}—E
o) 4 Ny

Inverse Function

Definition If a function, say f is one to one and onto
from A to B, then function g which associates each
element y € B to one and only one element x € A, such that
y=f(x), then g is called the inverse function of f,
denoted by x =g (y).

Usually we denote g = f ' (Read as finverse)
x=f"(y)

Remark

If y=Ff(x)and x=g(y) are two functions such that f {g(y)}=y and
g{f(x)}=xthen f and g are said to be inverse functions of each
other. Before we start with the definitions of sin™' x,cos™" x ,

tan" x, etc., let us study the following discussion which will help
us to define these inverse functions.



Domain and Range of Inverse
Trigonometric Functions

1. If siny =x, then y =sin! x, under certain conditions.

(1, W2)

Principal
value branch
of y=sin-Tx

X

(=1, -12)
—1<siny <1; butsiny =x.
-1=x<1

Also, siny=—1 = y=-m/2

and siny=1= y=m/2

Keeping in mind numerically smallest angles or real
numbers, we have -7 /2<y<m/2

These restrictions on the values of x and y make the
function sin y = x, one-one and onto so that the
. . . . .-1 . .
inverse function exists, i.e. y =sin” x is meaningful.

Thus, Domain : x € [—1,1]
Range: ye[-m/2,m/2]

Note

(i) We can restrict the values of y in any of the intervals
[8n/2,-m/2),[-n/2 m/2], [n/2 3m/2] etc.
Corresponding to each such interval, we get a branch of
the function y = sin”' x. The branch with range [-m/2, m/2]

is called the principal value branch, whereas other
intervals as range give different branches of sin”™".

(i) The numerically least angle is called the principal value
of the function.

2. Let cos y = x then y =cos™" x, under certain
conditions
—1<cosy <1l
-1<x<1
Also, cosy=—-1=y=mn
and cosy=1=y=0
Y,
1.1

\\y= cos~'x

o 1o X
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0<y<m

These restrictions on the values of x and y make the
function cos y = x one-one and onto so that the
inverse function exists i.e. y =cos™' x is meaningful.

Thus, Domain: xe[-1,1]

Range : yelo,n]
. Iftany =x then y =tan™" x, under certain conditions.
Y
ysmw2
y =tan~'x
X
0
y=w2 T
tanye R
x€R
Also, —co<tany<oo = -M/2<y<T/2

These restrictions on x and y make the function,
tany = x one-one and onto so that the inverse
function exists, i.e. y = tan”' x is meaningful.

Thus, Domain : x€ R, Range : ye(—-m /2,7 /2)

.Ifcoty=x, theny =cot™! x, under certain conditions.

y=n

S

cotye R .. x€R;
Also, —o<coty <co=0<y<T
These restrictions on x and y make the function,
cot y =x one-one and onto so that the inverse
function exists. i.e. y =cot ™' x is meaningful.
Thus, Domain : x€ R
Range : y €(0,7)

.Ifsecy=x, theny:secf1 x, where ‘x‘ZlandOSy <m,

Y#ET/2 v

L

/

o (1,0
y =sec'x

Here, Domain : x€ R— (—1,1)
Range : y €[0,m]—{m /2}
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6. If cosecy =x then y :cosec_lx, (i) 3rd quadrantis not used in inverse trigonometric functions.

(iii) 4th quadrant is used in the clockwise direction i.e. — T< y <0.
where ‘x‘Zland—n/ZSySn/Z,y;tO 2

Y (iv) No inverse function is periodic.
(1, W2) (v) If no branch of an inverse trigonometric function is mentioned,

k then it means the principal value branch of the function.
ﬁ o X Ex?mple 1 Find the value of_|
1 1
----- tanLcos B (2) +tan™ (— )

(=1, -m y = cosec™'x \/g J

Here, Domain : x € R—(-1,1) Sol. Lety = tan|:COSI(1) + tan~! (_ 1”
Range : y € [-7m /2,1 /2]—{0} 2 3
. . [m m) ]| ) 1
Principal Values and Domains of Inverse ‘v =tan|—+| -2 | =tan| = | = —
Trigonometric/Circular Functions L 3 6 J 6) 3
Function Domain Range (Principal Value Branch) r e Tt—l
. -1
() y=snlx -lsy<l _m_ <T Example 2 Find the value of cochos - +€J
2 2
(11) y= c()s_lx —-1<x<1 0<y<m Sol. Coslicosl[_\/g] +TE:|
2 6
(iii) y=tan"'x x€R _E LT
2 Y 2 5T T
= cos ?+g =cos(m)=-1
(iv) y=cosec’x x<-1 T
orx 1 2 0= v 0

Example 3 Find domain of sin™' (2x* - 1)
() y=sec'x x<-1

orx>1 Sol. Let y =sin'(2x* — 1)
(vi) y=cot'x xeR 0<y<m For y to be defined —1<(2x* -1)<1
= 0<2x’<2 = 0<x% <1
Note = xe[-11]

(i) 1st quadrant is common to the range of all the inverse
trigonometric functions.

Exercise for Session 1

Find the value of the following
1. sin * —sin’(lj
3 2
2. cosec[sec (—+/2) + cot™ (= 1]

Find the domain of the following

3. y=sec" (x2+3x +1)

2
4. y-cos| X
Y 1+ x?

5. y=tan"(yx%-1)




Session 2

Property | of Inverse Trigonometric Functions

Property |
(i) sin"!(sin0)=0; for all® e [-1 /2,1 /2]
(ii) cos ' (cos0) =8; for all@c[0,7]
(iii) tan ' (tan0)=06; for all® e (-1 /2,7 /2)
(iv) cosec '(cosecB)=0; forall®e[-m/2,m/2],0%0
(v) sec ' (sec®)=0; for all®@ €[0,m],0 =T /2
(vi) cot ! (cot®)=0; for all © € (0, T)
Proof We know that, if f: A— B is a bijection, then
f':B— A exists such that
T of(x)=f ' (f(x))=x forall xe A
Clearly, all these results are direct consequences of this
property.
Aliter For any0e[—-m /2,1 /2], letsin®=x. Then,
0=sin"" x
0 =sin "' (sin0)
Hence, sin '(sinf)=0forall®@e[-m/2,m/2]

Similarly, we can prove other results.
Graphically they can be Shown As

i) y= sin”! (sinx),xe R ye {— g, TZE} is periodic with

period 2m.

<

2N >

45 + 2

SIE

(i) y = cos ' (cosx), x € R, y €[0, ], is periodic with
period 27.

o

nlg

=
<
>y

<

A 4

+/
m;:l =

0
=
I
: —— -
@)

n 21

|
I
NI

(iii) y = tan_l(tan x), X € R—{(Zn -1) g ne I},

ye (— g, Zj is periodic with period 7.

AY

Nl

)
=
‘(A)
CNEL N
| N
=3
|
Nl
ol
=
A
\\7,_}3
>
<y

(iv) y =sec '(sec x),x € R —{(Zn—l) g,ne I},

ye ‘|:O, n) v (7;, n} is periodic with period 2.

2
Y
1 T[ 1

& | 2 i -~

2 N P A
s | > ¢ | <>

X : ! N 2 p : ! ! S
-2 _3m &1 __1-[ @) I I E 21 X

2 2 2 2

v) y =cot”! cotx), xe R—{nm,ne I},y e (0,m), is
y y

periodic with period 7.
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(vi) y =cosec ™" (cosec x),
x€R-{nmn,ne I}, EF—E,E—l—O,is eriodic with
y L 2 ZJ P

period 2m. Vi

NS

Remark
It should be noted that,
sin”' (sin®) #6, if ¢[—m/2,m/2]. Infact, we have
-n-0if0e[-3n/2,-1/2]
6 ifoe[-n/2,m/2]
n-0,if0e[n/2 3n/2]
—-2n+ 6, if6e[3n/2 5n/2] and so on
—-0,if 6€[-m,0]
0,if 6€[0,7]
2n — 6,if 0€[m, 2n]
-271+ 0,if 6€[2n, 3] and so on
0+ mif0e(-3n/2,—71/2)
0,if 0e(-n/2,m/2)
0-,if 0—e(®/2,3n/2)
0—-2m,if 0€(3n/2,5n/2) and so on

sin”'(sin®) =
Similarly, cos™'(cos®) =

tan”'(tan®) =

Example 4. Evaluate the following

(ii) cos™ (cosznj
3

it _1t TC) . ,_1(.27'5)

(iii) tan (an?) (iv) sin™"| sin 2

(v) cos™ (cosmj (vi) tan’1(tan2n)
6 3

Sol. Recall that sinfl(sine)ze, if —m/2<0<m/2
cos (cos0)=0,if0<O<m

and tan '(tanB)=0, if —7/2<O <7 /2

(i) sin”'(sinmt /4)

_ i _ 2n) 2m
(i) sin 1(sinTE/4)=Z(ii) cos l(cosgjzg

(iii) tan ‘(tanm/3)=m/3
2m 21

. . .o2m .
(iv) sin l(sm 3);# as 5 does not lie between —1 /2

and /2.

- 2 _ 2
Now, sin l(singlzsin '(sin (m—m/3)) { ?n=n —:}

=sin"'(sinm/3) {sin(m—0)=sin0O}

_ M) 7T 7T .
v) cos”}| cos—— |#-=, because — does not lie between 0
6 6 6

and .

. AL _ 5T
Now, cos 1(cosé)zcos l(cos(ZTc—éD

7n 51
Ry R
6 6

= cos_l(cos 5:) = S?TC [ cos(2m-0) = cos0]

. _ 2T\ 2W 27 .
vi) tan"!| tan— |#-=, because — does not lie between
3 3 3

i b
——and —.
2 2

_ 2 .
Now, tan l(tan::)=tan !(tan(m—1/3))

2n n
L

= tanl(—tan:) { tan(n—-0)=—tan6}
=tan"}| tan - - tan(-0) = —-tan
=t (t(g)) [ tan(-0) = —-tan0]

Example 5. Evaluate the following
(i) sin”'(sin7) (i) sin”'(sin(-5))
(iii) cos™'(cos10) (iv) tan”' (tan(-6))
Sol. (i) Let y =sin " (sin7)

- T
Note sin '(sin7)#7 as7¢ [— 2,}

2
57
M<7T < —
2
A
N o
A//Q, \//> B 2 *//
i R i N
on  3m ¢ 0 T X
- 2
I
2




Sn
From the graph, we can see that if 2T < x < > then

=1 . .
y =sin" (sin x) can be written as

y=x—21

sin”' (sin7) =7 - 21

Alternate Method

We know that, sin_l(sinﬂ)ze, if—m/2<0<m/2

Here, 0 =7 radians which does not lie between — /2 and

/2.

T T
But, 2t -7 and 7 - 27 both lie between _E and —.

2

Also, sin(7 -2mn)=sin(-(2n - 7)) = -sin(2mw-7) = sin7
sin"!(sin7)= sin '(sin (7 -2m)) = 7 -2m

(ii) Here, 6 =—5radians. Clearly, it does not lie between

T

Exercise for Session 2

=

T T T
—E and B But 21t -5 lie between _E and —.

2

2. Write the value ofsin‘(sin 3?”)

3. Find the value ofsin‘{cos 33%)

4. Find the value of cos'(cos 13).
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Also, sin(27m - 5)=—sin5=sin(-5)
sin"(sin(-5))=sin (sin(2m -5))= 2w -5
(iii) We know that, cos (cos0)=0, if 0<0 <.

Here, 6 =10 radians which does not lie between 0 and
1. However, (41 —10) lies between 0 and 7 such that

cos(4m—10)=cos10
cos (cos10)=cos (cos(4m—10))=4m—10
(iv) We know that,
tan '(tanB)=0, if —m/2<B <7 /2.

Here, 6 =—6 radians which does not lie between — /2
and 1/2. But we find that 2m —6 lies between — 1 /2 and
1/2 such that

tan(2m—6) =—tan6 =tan(—6)
tanfl(tan(—é)) = tanfl(tan(ZTL —6))=2m—6

Find the value of cos‘1(cos Z?n) + sin‘1(sin Z?H)

5. Findsin™" (sin 6), cos'(cos 0), tan~'(tan 6),cot ™ (cot 6) for 6 € (57“ , Sn).

Session 3
Property Il of Inverse Trigonometric Functions

Property Il
(i) sin(sin" x)=x,

(i) cos (cos ! x)=x

(iii) tan (tan~' x)=x

(iv) cosec (cosec ' x) = x
(v) sec(sec ! x)=x,

(vi) cot(cot™" x)=x,

for all x €[-1,1]

for all x €[—1,1]

forall xe R

for all x € (— oo, = 1] U [1,%0)
for all x €(—o0,—1]U [1,00)

for all xe R

Proof We know that, if f: A— B is a bijection, then
f~':B— Aexists such that fof ' (y)=f(f ' (y)) =y for all
yEB.

Clearly, all these results are direct consequences of this
property.

Aliter LetOe[-m /2,7 /2] and x €[—1,1] such that

sin =x.

Then, @=sin"' x ", x =sin® =sin(sin”" x)
Hence, sin(sin" x)=x for all x e[-1,1]

Similarly, we can prove other results.



322 Textbook of Trigonometry

Graphically they can be Shown As I
(i) y =sin(sin~" x) =cos(cos " x) = x, 1 /

»<

x e[-11],ye[-11] y is aperiodic

-1 @) +

Sol. Lety= Cosec{cot(cot_lﬁcj}

N -1y -1y _ y
(ii) y =tan(tan™" x) =cot(cot  x)=x,x€ R,y€ Ry y is cot(cot ' x) = x,V x € R

aperiodic . 3n) 3n
y R cot|cot — |=—
A 4
£ . = 3n _ \/’
{/NL Now, from Eq. (i), we get y = cosec 7 2
45° X
0 ” Example 7. Prove that
sec?(tan”' 2)+cosec?(cot ™' 3)=15
Sol. sec’(tan"'2) + cosec?(cot '3)

(i) ( 1 ) ( 4 ) = {1+tan2(tan_12)}+{l+ cotz(cot_13)}
iii) y =cosec (cosec  x) =sec(sec  x)=1x, _ _
Y S T odi =1+ (tan(tan"'2))? + 1+ (cot(cot *3))?
|x|21,|y| =1y is aperiodic ~ e

=2+2"4+3"=15

Exercise for Session 3

Evaluate the following :

1. cos {sin (sin‘1 g)}
2. sin {cos (cos‘1 3;)}

3. sinz(cos‘1 1) + cosz(sin‘1 1)
2 3
tan?(sec™'2) + cot?(cosec™'3).

Find the solutions of the equation cos(cos ™" x) = cosec (cosec™'x).

' Example 6. Find the value of cosec {cot(cot‘1 T)}

Q)



Session 4

Property lll, IV and V of Inverse Trigonometric Functions

Property lli
(i) sin™' (= x)=—sin""(x), for all x €[-1,1]
(ii) cos '(=x) =1 —cos '(x), for all x e[-1,1]
(iii) tan "' (= x)=—tan"' x, for all xe R
(iv) cosec ' (—x) =—cosec ' x, for all x € (—o0,—1]U[1,0)
(v) sec ' (=x)=m —sec " x, for all x €(—o0,—1]U [1,00)
(vi) cot '(=x)=m—cot' x forall xe R

Proof (i) Clearly, — xe[-1,1]for all x e[-1,1]

Let sin”!(-x)=0 (1)
Then, —x =sin0
= x =—sin6
= x =sin(-0)
= —0=sin"! x

{rxe[-L1]and -0 €[-n/2,7/2]

forallOe[—m /2,1 /2]

= f=—sin"' x .. {(ii)

From Egs. (i) and (ii), we get
sin! (- x) =—sin"'(x)

(ii) Clearly, - x e[- L 1]forall x e[ - 1,1]

Let cos™' (- x)=6 (1)

Then, - x=cos0

= x =-cosH

= x =cos(m-90)

= cos ' x=m-0
{*xe[-L1]andt-0€[0,m ]forall®e[0, ]}

= O=m-cos ' x ... (i)

From Egs. (i) and (ii), we get
cos (—x)=m—cos ' x
Similarly, we can prove other results.
Example 8. Find the value of cos ™ {sin (- 5)}
Sol. Let y = cos™ {sin(~ 5)}
= cos (- sin5)

rcos (= x)=m —cos ' x,|x| <1

y=7-— cos '(sin5)

=T - cosl{cos[g - 5)} . (1)

Here, —2n<[n—5)<—n
2

and the graph of cos ' (cos x) is as

AKY
cos™'(cos x)
T
+ &
& N Wz(/ % &
(/* R g

P o

- 5

From the graph, we can see that if - 27 < x < -7,
then y = cos'(cos x) can be written as y = x + 2.

..From the graph

(o)

Now, from Eq. (i), we get

Sm 3
=n—|—-5|=y=5-"—
yen=(Fos) o yms-2

Example 9. Evaluate the following

AT T -3m
(i) sin (sm(4 ))
Sol. (i) sin{sin(_a'njjz sinl[—sinl(m)) = —sinl(sin 3”]
4 4 4
. _1( . ( TCJ) . _1( . TEJ T
= —sin” | sin| T—— | |=-sin” | sin— |=——
4 4 4

(ii) cot (cot(~4)) = cot '(-cot4) = - cot (cot 4)

(ii) cot™ (cot(-4))

= m—cot '(cot(m+(4—m)))
= - cot '(cot(4—m))=2m -4

Example 10. Evaluate the following

(2w ()
wnl)
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so s o Z From s, and (), we gt
2 2 2 2 (1 o
cos [j =sec  (x)
(m m)_ . 2m 3 x
=sin| —+— |=sin—=—— 4 )
2 6 3 2 (iii) Letcot™ x =0. Clearly, xe R, x #0and 0 € (0, ) ...(i)
T V3 T V3 Now, two cases arises
(ii) sin| ——sin~| —— | |=sin| — +sin" | —
2 2 2 2 Case I When x >0
. (n nj 5w 1 In this case, 6 € (0,7 /2)
=sm| —+ — |=siIn—-=-—
2 6 2 cot™ x=0
= x =cot0
Property IV - 1 tanb
x
(i) sin”! (1) —cosec ", for all x & (—oo,— 1]U[1,9) )
x f=tan" () ..(ii)
. x
(ii) cos™' () =sec ' x, forall x € (—oo,—1]U[1,0) {-0e(0,m/2)}
x b
. From Egs. (i) and (ii), we get
(i) t _1( 1) cot™ x,for x>0 X
an | — |= -1 !
X —m4cot™ x, for x <0 tan (x) =cot™ " x, for all x >0.
Proof Case Il When x <0
(i) Let cosec 'x =6 (1) In this case, 6 €(m/2,7) { x =cot® <0}
Then, x =cosec 0 Now E<6 <n
1 ’ 2
= — =sin0 -
X = —E<9 -n1<0
1
—oo —1 1,00 —e|—11]—-1{0
x€( Jul )=>x€[ 1-{0} - 0—me(-n/20)
cosec 'x =0 = 0e[-n/2,m/2]-{0} cot™ x=0
=cot6
- 0 =sin_1(1j (i) = ’1( €0
X = —=tan0
From Egs. (i) and (ii), we get X
1
Sin_l(lchosec_lx = ;=—tan(n—6) { tan(n—e)z—tane}
x
1
(ii) Letsec ! x =6 ..(i) = zztan(e—n)
Then, x € (—o0,— 1]U[1,e0) and 0 €[0, ] — {m /2
» tn/2} = 0—m=tan"[ 1 [s0-me(-m/2,0)}
Now, sec ~ x =6 x
= x=sech = ~=cos = tanl(l)z—n+9 (i)
X x
= O=cos! [1j .. (ii) From Egs. (i) and (iii), we get
x
tan_l(1 =—m+cot ! x,if x <0
J.'.x :(—oo’—l]u[l,oo) X
1 i -1
Sel-111- Y ad t x,f >0
{:>xe[ 1,1]-{0} and 6 €0, 7] {2} Hence., tan_1(1)= cot™ x,for x
X —m+cot™! x,for x<0



Example 11. Evaluate the following

(i) sin(cosec B 5) (ii) cot(tan'1 3]
3 4
Sol. (i) sin(cosec_1 SJ = Sin(sin_1 3) =
3 5
(ii) cot( tan ™! 3) = cot(cot_1 4) =
4 3

-2
Example 12. Find the value of tan {cot’1 (BJ}

Sol. Let y =tan {cot_l(_jj} ..(1)

ceotN(—x)=m—cot'x, xR

WLl g w

~.Eq. (i) can be written as

y = tan {TC— cot_l(zl}
3
= — tan cotflg
Y 3

41
'Zifx>0

X

~scot ' x = tan

1

= — tan tan_§ = -3
Y 2 Y 2

Property V
(i) sin™! x +cos ! x=m /2, for all x e[~1,1]
(i) tan~" x +cot™' x=m /2, forall xe R

- - T
(iii) sec ™' x +cosec x==, forall x €(—o0,—1]U [1,00)
2

Proof
(i) Let, sin”! x =0 (1)
Then, Oe[-n/2,m/2] {rxe[-11]}
= —n/2<0<m/2
= —n/2<-0<m/2
N 0<X_9<n = F-pefo,n
2 2
Now, sin"! x=0 = x=sin0O
= x=cos(n—6j
2
= cos™! x—E—G
2

- xe[-11]and (n/2-0)e[0,m]}
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= O+cos ' x=m/2 .. (i)
From Egs. (i) and (ii), we get

.1 -1 _TE
sin X +cos X =—

2
(i) Let, tan~" x =0 ..{i)
Then, Oe(-mn/2,m/2) {rxeR}
= —E<6<E
2 2
= —E<—E)<E
2 2
= 0<X-o<n
N (“—e)e(o,n)
2
Now, tan™" x =0
= x =tan0
= x =cot(m/2-0)
— cot ™! ng—e fom/2-0e(0,m))
= O+cot™ x=2 ...(ii)
From Egs. (i) and (ii), we get
tan' x +cot ' x=m/2
(iii) Let, sec " x =0 ..(i)
Then, 0e[0,m]—{m/2} {.x€(-o0,—-1]U]100)}
= 0<0<m,0=m/2
= -n<-0<0,0#m/2
= S e<f f—e;eo
= ( ejer E E—9;'&0
|22 ]2
Now T x=0
= x =secB
= x =cosec(m /2-0)
cosec 'x=m/2-6
LR . 1
2 | 727202
= 0 +cosec 'x=m/2 ...(i1)

From Egs. (i) and (ii), we get

-1 -1
sec = x+cosec x=T/2
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Example 13. Find the value of of

sin(2cos™' x+sin”' x) when x = B

Sol. Let y =sin [2cos ' x +sin ' x]

. - T
sin”'x +cos 'x=—,|x|<1
2
. - T _
y=sm{2005 "x +=—cos 1x}
2
.| T - _
= sm[ + cos lx} = cos(cos ' x)
2

1
x=-
5

11
Yy = cos| cos =
5

cos(cos 'x) = xif x € [~ 1,1]

1
and —e[-11
5 [-11]

. ()

Exercise for Session 4

Evaluate the following

tan1{tan(_78“j}.
o)
3, sec(cos@).

4. cosec(sin1 (_J%D
5. co{cos—(;)_sm— (m

=

N

6. Ifsin"'x = % for some x € (=1 1), then find cos ™" x.

7. Ifsec”' x =cosec™"y, then find the value of cos™

8. Prove that tan™ x + tan™ 1 ={
X

Solve the following

9. 5tan'x +3cot ' x =2n

10. 4sin'x=n-cos™'x

n/2,if x >0
—n/2,if x<0O

-1 -1 -
Sol. We have, sin”" x-cos ~ x = cos

1
— +Cos
X

S1) 1
COoS| CoS — | =—
5) 5

Now, from Eq. (i), we get y = %

Example 14. Solve sin™' x-cos™ x =cos™

1

-1 -1 T

= sin_ x—-cos x=—
.o-1 1 T
Also,sin”" x+cos  x = —
2

On solving Egs. (i) and (ii), we get sin~' x = g

- i
and cos 'x=—
6
V3 ,
= x = > s the only solution.

-1

<l-

...(i)



Session 5
Property VI, VIl and VIl of Inverse Trigonometric Functions

Property VI

(@) tan”' x+tan"' y

tan ™! Xty JAf xy <1
1-xy

_ X+
=<{T + tan 1( Y

,ifx>0,y>0 and xy>1
1-xy

_ X+
—T + tan 1( Y

,if x <0,y <0and xy >1
1-xy

(i) tan”" x —tan”" y

tan”'| XY JAf xy>—-1
1+ xy

=ln+tan”"| XY |if x>0,y <0and xy<—1
1+xy

—m+tan”'| XY ,if x <0,y >0and xy <-1
1+xy

Proof
(i) Let tan™' x=Aand tan™"' y = B. Then,

x=tanAand y=tanBand A, Be(—n /2,1 /2)
tanA+tanB _ x+y
1-tanAtanB 1-—xy

tan(A+B)=

Now, the following cases arises.
Case I When x >0, y >0 and xy <1

In this case, x>0, y>0and xy<1 = m>0
1-xy
= tan(A+B)>0
= A+ Blies in I quadrant or in III quadrant.
= 0<A+B<m/2
TXx>0=0<A<T/2
[ m/ :>0<A+B<7r—|
y>0=0<B<m/2 J
tan(A+ B) Xty {from Eq. (i)}
1-xy

= A+B=tan™" Xty
1-xy

- - 1 x+
= tan~' x +tan 1y=tan Xy
1-xy

Case Il When x <0, y <0 and xy <1

In this case;

x <0, y<0and xy <1

= *1Y <o
1-xy
= tan(A+ B) <0 {from Eq. (i)}

= A+ Blies in II quadrant or in IV quadrant.
= A+ Blies in IV quadrant.
|_'.'x<0:>—n/2<A<0} |

=-NT<A+B<0
y<0=>-m/2<B<0 J

= _Z—R<A+B<0
tan(A+B)=""Y {from Eq. (i)}
1-xy
= A+B=tan_1(x+yj
1-xy
= tan”' x +tan”' y=tan™' Xty
1-xy
Case III When x >0 and y <0 or x <0 and y >0
Consider,
x>0andy<0=Ae (0, /2)
and Be(-m/2,0)
= A+Be(-m/2,m/2)
tan (A + B) = >+ {from Eq. (i)}
= A+B=tan_1(x+yj
1-xy
= tan”' x +tan”' y =tan"' xXry
1-xy

Similarly, if x <0 and y >0, we have

- _ i x+
tanlx-i-tanlyztan1 Y ;
1-xy
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It follows from above three cases that

= tan (A + B) lies either in I quadrant or III quadrant.

- - - v x<0,y<0=> A, Be(-1/2,0) = A+Be(—m,0
tan”" x+tan~' y=tan~’ Xty ifxy <1 frx<0y<0= e-n/20)= € (=m0}
1-xy = A+ Blies in Il quadrant.
Case IV x>0,y>0and xy>1 = -MT<A+B<-m/2
In this case, we have = T-n<T+(A+B)<m—m/2
x>0, y>0and xy>1 = 0<m+(A+B)<m/2
- X+y o Now, tan(A+B)=""Y {from Eq. (i)}
1-xy 1-xy
= tan(A+ B) <0 - tan(m +(A+ B)) = xty
x+y 1=xy
from Eq. (i), tan(A+ B)=—-=- N
1=xy = 7'E+A+B=tan_1(x y)
= A+ Blies in II quadrant or in IV quadrant. 1-xy
= A+ Blies in I quadrant. N A+B=—n+tan_1(x+y)
{'.'x>0,y>0:>A,Be(0,7t/2) 1-xy
=A+Be(0,m _ - -
O.m) = tan”" x +tan 1y=—7‘c+tan 1(x+yj

= T/2<A+B<m I=xy
- T ne< (A+B)-71<0 (ii) This property can be proved by replacing y by -y in
2 above results.
= -1/2<(A+B)-m<0
f2<( ) Remark
tan(A+B)=x7+y If X;, Xo, X5....X,, €R, then
1- _
xy tan™' X, +tan™ x,+ ...+ tan™' x, =tan™' [mj
=S, 48, =Se...
- —tan{n—(A+B)} =21V TR e
1-xy where, S, denotes the sum of the product of x;, x,,....x, taking &
at atime.
{. tan(m —(A+B))=—tan(A+ B)}
x+y Example 15. Prove that
= tan((A+B)—-m)= 1 1 2
. -1 -1 1
1-xy (i) tan™ —+tan™ —=tan™ =
_ +y
= A+B-m=tan 1[}( ) - -1 1, 3m
i) tan” 2+tan” 3=—
1-xy (ii 4
. A+B=m +tant| XY (iii) tan” Litan™ Litan 127
1-xy 2 8 4
. 43 43 18 @
iv) tan”' 2 +tan”' 2—tan' ===
= tan ! x+tan_1y=n +tan_1(1x+y] () 4 19 4
—xy
(v) tan™ Dt Litan Litan 127
Case V When x <0, y <0 and xy >1 5 7 8 4
In this case, we have ( 11 ]
x<0,y<0and xy>1 Sol. (i) LHS = tan™" l+tan_l x =tan_ll 71 131 L
= XY 5o 7 1 {1—7><7J
1-xy 7 13
= tan(A+B)>0 { tan”" x+tan_1y=tan_1[lx+y}if xy<1}
—xy
{fromEq.(i), tan (A+B) = x+y} (20 (2
— Xy = tan % =tan 5 =RHS.



_ _ _ 2+3
(i) tan ' 2+ tan '3= 1 + tan"
1-2X3

. - - - + .
{usmg; tan 'x+tan”'y=m+tan 1£1x y],lf xy>1}
—xy

= m+tan'(-1)
=n—-7/4=31/4
11 11

- 1 _
(iii) tan™ —+tan lg+tan 3

_1 1 _1 1 _1 1
=|tan —+tan - |+tan —
2 5

8
1——X—

+tan | —
2 5
- - - +
{using; tan 'x+tan"' y=tan l(lxy} if xy<1}
—xy

=tan”! 7 +tan™! 1
9 8

11
4
-1 2

= tan

P 65 b
=tan"!| -2 81 =tan 1(J=tan_1(l)=
1=t 65
9 8
13 43 4 8
(iv)tan ' Z+tan ' Z—tan ' —
4 19
43 13 418
=|tan'Z+tan'= |- tan ' —
4 5 19
i+7
4 8
=tan"! 4 53 —tan 1()
1233 19
27 8

X
11 19

1 1 11
= tan™! 5 7 +tan™! 3 8
1 1 1 1
1——X— 1——X—
5 7 3 8
1 4 11
= tan | — [+tan | —
1 23
6 11
PR 325
= tan~!| 1723 an”'| = |=tan"'(1)=—
6 ><11 325
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Example 16. Prove that

P74 12X XY m
tan” 2+ tan” 24 tan 1—y:—, where
Xr yr zr 2

X*+y’+z?=r’

Sol. We know that,
tan"' x,+tan ' x, +tan ' x5+ ... +tan "' x,,

tan”! S =S5 +...
1-5,+5, ...
where, S; denotes the sum of the product of x, x,, ..., x,,
taking k at a time. Therefore,

LHS = tanl(yzj + tanl(xzj + tanl(xy)
Xxr yr zr

zZ Xz Xy XYz

vz x5y
tan| XTyroE

) x2+y*+2°

2
x z  ZX XYz

2 7y+y7+7_i3
tan”! zr xr yr r
= tan A

(x2+y2+zz)—(x2+y2+zz)

where r?=x?+y%+z*

- tan*l(oo)zgzLHs

Example 17. Show that (tan~' 1+tan™' 2+ tan~' 3)=n
Sol. tan12+tan13=n+tan1(2+3J {as (2) (3) 1}
1-2%3

= m+tan (1) = m—tan (1) (1)
tan'(1)+tan"'(2)+tan"'(3)=tan '(1)+ —tan"'(1)
{using Eq. (i)}
=T
Example 18. Solve for x;
tan”' (x+1)+tan"" x+tan"(x-T)=tan"' 3

Sol. tan '(x + 1)+ tan ' (x —1)=tan '3 —tan 'x

1 x+1+x—1 ) 3—x 2
= tan | ————————— |=tan | —— |, when x“ —1<1
1-(x+1)(x-1) 1+3x
and3x<1
-1 -1 3—x
= tan =tan | —— ,when—\/§<x<\/§
2— x? 1+3x
and x<-—
2 3— 1
= * - x,when—\/g<x<f
2—x% 143x 3
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1 _
= 2x(1+3x)=(2— x2)(3— x), when —v2<x <~ N tan~!| X7 | = tan (1) - tan | XL
3 x—=2 x+2
= 2x+6x2 =6_2x_3x2 +x3 {Where, tan_l(1)=n/4}
=  x’-9x’—4x+6=0 41
1-="-
1 -
= (x+1)(x*—10x+6)=0, when —2<x<— - tan~Y = 1 —tan"! x+2
3 x—=2 1 x+1
= x=—1and neglecting x* —10x +6=0 as its roots does + 42
1
note(—\ﬁ,) [x-1 g x+2-x-1
3 = tan —— | =tan
x=-1 x-2 x+2+x+1
Example 19. Find the sum of the series = tanY X7 = ant [ L
o om x -2 2x +3
2tan4 —_—
1 2 x-1 1
=t m +m”+2 = — =
x-2 2x+3
o 9 -
Sol. We have, Ztan 1(4"12} = @2x+3)(x-1)=(x-2)
m=1 m-+m”+2 = 2x% —2x +3x-3=(x —2)
o 2 2
ZZtan_l (m”+m+1)—(m”—m+1) = 2x° +x-3=x-2 = 2x° =1
et 1+{(m*+1)* - m?} 1
, , = x=*—
_ itanﬂ (m“+m+1)—(m“—m+1) 2
m=1 1+(m® +1+m)(m* +1-m) (ii) tan ™' 2x + tan '3x = 7/ 4
= Ztan_l(m2 +m+1)—tan " (m? —m+1) N tan ! 2x +3x — E’ if6x? <1
m=1 1-6x"] 4
= {tan"'(3) - tan (1)} + {tan"'(7) - tan"'(3)} 5y
= =1
+ {tan"'(13)—tan }(7)}+... + oo 1-6x2
- - TN T 1
=tan 'eo—tan 1= —-—== = 6x% +5x-1=0,ifx* <>
2 4 4 6
-1 -1 1 1
Example 20. If tan™" 2, tan™" 3 are two angles of a = (6x —1)(x +1)=0and - NN
triangle. Then, find the third angle. ) X
Sol. Let the angle of A be, = x:1/6,—1and—T<x<T
_ . 6 6
A=tan"'2 B=tan '3 and angle C )
. . = x =1/6, neglecting
C=m—(tan™ 2+tan" " 3) 11
x=-lasx€|-—F,—F+
2+3 ( Je \/g]

oo 22 n

=n-m—tan '(=1)=—tan '(~1)or C=Z
. third angle is /4

Example 21. Solve the following equations
a X+l ¢

. 1 x—1
(i) tan~' = +tan ==
X+2 4

X—2

(i) tan~' 2x+tan™ 3x=%

Sol. (i) tan™" x-1 +tan™! Lty
x—2 x+2) 4

Property VIl

(1) sin”" x+sin”" y

sin_l{x\/l—y2 +y\/1—x2 hLif —1<x,y<land

x? +y? <torif xy<0and x* +y*>1

7'c—sin71{x\/1—y2 +y\/1—x2},if0<x,yS1

and x*+y%>1

- —sin_l{x\/l—y2 +y\/1—x2},if —-1<x,y<0

and x® +y° >1



(2)sin”! x —sin”" y

sin_l{x\/l—y2 —y\/l—x2 Lif—-1<x,y<1

and x® +y° <torif xy >0and x* +y* >1

i —sin_l{x\/l—y2 —y\/l—xz},if0<x31,

-1<y<o0and x* +y* >1

—71:—sin_1{x\/1—y2 —y\/l—x2 Lif —1<x <0,

0<y<land x*+y*>1
Proof Let, sin ! x=A and sin ™" vy =B. Then,
x=sinA, y=sinBand A, Be[-1/2,1/2]

= COSA:\/1—X2,COSB:\H—}/Z

{ cos A,cos B>0for A, BE[-1 /2,1 /2]}

sin(A + B) =sin Acos B+cos Asin B

- sin(A+B) = xy1-y? +yy/1-x7 i)
sin(A—B)zx\/l—yZ —y\/l—xz ..(ii)
cos(A+B)=4/1-x2[1-y? —xy (i)
cos(A-B)=qf1-x? \1-y% +xy  ..(iv)

CaseI When -1<x,y<land x* +y* <1
In this case, we have

x? +y2 <1 = 1-x° Zyz andl—y2 > x*

= (1-x%)(1-y%) = x?y?
= \ll—xzyll—yz—xyZO
= cos(A+B) =0 {using Eq. (iii)}
= A + B lies either in I quadrant or in IV quadrant.
=A+Be F—E, £—|

[ 272]

{-.-A,Bet—’zt,ﬂz—ns,auzam}

sin(A + B) =x\/1—y2 +y\/1—x2

{from Eq. (i)}

= A+B=sin71{x\/1—y2 +y\/1—x2}

{v-m/2<A+B<m/2}

= sin”' x +sin” y =sin_1{x\/1 —y? +y\/1— x?}
Case IT When xy <0 and x* +y* > 1,

In this case, we have
xy <0=(x >0and y <0) or (x <0and y >0)
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= {AE(O,:} andBe{—;E,O } or{AE{—T;,Oj

and Be(o,ﬂ} - TcarB<T v
2] 2 2

and x?+y?>1

=1-x*<y?and1-y* <x*

= 1-x*)(1-y*) <x®y?

= Wi-xt 1=yt <@y foxy <o)
~lxyl<1-x? 1=y x|

= xy<mW<—xy {oxy <0}

= mm—xy>0 {r]xy|=—xy}

= cos(A+B)>0

= A + B lies either in I quadrant or in IV quadrant.

[ m m] .
= A+Be'_ 2,2J {using Eq. (v)}

sin(A + B) =x\/1—y2 +y\/1—x2

= A+B=sin_1{x\/1—y2 +y\/1—x2}

. [ m m]
{. A+BEL 2’2J}

= sin”! x +sin”’ y=sin_1{x\/1—y2 +y\/1—x2}
Case I When 0 < x, y <land x* +y* > 1

In this case, we have

0<x,y$1:>Ae(O,Z}andBe(O,Z}
= A+Be(0,7] ...(vi)
and, ¥’ +y*>1=1-x% <y’ and1-y* < x*
= (1-x*)1-y%) <x?y?

= ﬁﬁ<xy {rxy >0
= 1/1—x2\/1—y2—xy<0

= cos(A + B) <0 {using Eq. (iii)}
= (A + B) lies either in II quadrant or in III quadrant.

= §SA+BSn f A+ Be(0,n] from Eq. (vi)}

= - S—(A+B)S—§:OSR—(A+B)S§

sin(A + B) = x\/l -y% + y\/l —x* {from Eq. (i)}
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= sin{7t—(A+B)}=x\/1—y2 +y\/1—x2
{.sin(m —0) =sin 6}
= 7t—(A+B)=sin_1{x\/1—y2 +y\/1—x2}

= A+B=1‘c—sin*1{x\/1—y2 +y\/1—x2}

=sin ' x+sin”'y=n —sinfl{x\/l—y2 +y\/1—x2}
Case IVWhen -1< x,y <0and x* +y° >1

In this case, we have

—1$x,y<0=>Ae|——E,0 and Bel——E,O
[ 2 L 2

= A+ Be[-m,0) .. (vii)
and X4yt >1 = 1-x% <y?
and 1—y2<x2:>(l—xz)(l—y2)<xzy2
= J1-x%41-y% <xy {oxy >0}
= yll—xzwll—yz - xy <0
= cos(A+ B) <0 {using Eq. (iii)}
= A+ Blies either in I quadrant or in III quadrant.
= ~n<A+B s-% fusing Eq. (vii)}

i
= Es-(A+B)Sn-

1
= —Es—n—(Aﬁ—B)SO

sin(A + B) =x\/1—y2 +y\/1—x2
—sin{m +(A+B)}=x\/l—y2 +y\/1—x2

=
= sin{—i‘t—(A+B)}=x\/1—y2 + y\/l—x2
=
=

—1'c—(A+B)=sin_1{x\/1—y2 +y\/1—x2}
A+B=—7'l:—sin_l{x\/l—y2 +y\/1—x2}

=sin' x +sin' y=— 1 —sin~" {x4/1—y* 5
+yy1—-x°}

(2) Do yourself.

Property VI

(1) cos ' x +cos 'y

[ cos MHxy —1-x%{1-y*}if —1<x,

y<land x +y =0

T lam—cos xy —1- P 1-yP} i - 15,
l

y<land x +y <0

(2)cos™ x—cos”' y

[cos_l{xy+\/1—x2 \ll—yz Lif —1<x,

y<land x <y

) |—cos H{xy +4/1-x*y1-y?},if —1<y <0,
l

0<x<land x>y
Proof (1) Let cos ' x = A and cos ™’ y = B. Then,
x =cos A, y=cosBand A, Be[0, 7]
= sinAz\/?andsinB:W
{sinA,sinB>0for A,Be[0,1t]}
cos(A+B):xy—mW ..(1)
cos(A—B) =xy +mm ...(ii)

Case IWhen -1<x,y<land x +y 20

In this case,
-1<x,y<1=> A, Be[0, 1]

= 0<A+B<L2m ...(1ii)
and x+y=20
= cosA+cosB=0
= cosA=—cosB
= cos A >cos(m — B)
= A<m —B {.cos0is decreasing on[0, ]}
= A+B<m (iv)
From Egs. (iii) and (iv), we get

0<A+B<m

cos(A+B) =xy —/1-x%/1—-y*
= A+B=cos {xy —1-x*1-y%}
= cos ™ x +cos !ty =cos T {xy —/1-x241-y%}

Case Il When -1<x,y<land x +y <0

In this case,
-1<x,y<1= A Be[0, ]

= 0<A+B<2m
and x+y<0=cosA+cosB=<0 (V)
= cos A<—cosB
= cos A <cos(m — B)
= A2mn-B

{ cosH is decreasing on[0, ]}
= A+B=>2m ...(vi)
From Egs. (v) and (vi), we get 1 < A+ B <2m
= -n>—-(A+B)>-2m



U

n>2n—-(A+B)>0
0<2n-(A+B)<m

cos(A+B)=xy—mW
= cos{2n—(A+B)}=xy—\/?ﬁ
= 2n—(A+B)=cos_1{xy—WW}
= A+B=2n—cos_l{xy—\/?ﬁ}
= cos_lx+cos_1y=2n—cos_1{xy—mm}

(2) Do yourself.

Example 22. If cos™ = + cos™ %=oc, then show
a

2 2
X 2X .

. +y—2——ycosoc =sin o
a b ab

2 2
= cos™ XY l—x— 1—L =
a b 2 2

b
2 2
= LA (FIE I P = cosOl
ab a’ b
2 2 2 2.2
= YV cosa | =12 -2 4 2Y
ab 2 bZ aZbZ
2.2 2 2 2.2
2 o
= costo+ L - FVENE g XV TV
a‘b ab a b a‘b
2 2
2
= x—+y——ﬂcos(x=sin2(x

a* b ab

Example 23. if cos™ A+cos ™' w+cos™'y = 3m, then
find the value of Ap + uy + yA.
Sol. We know, 0< cos 'x <7
Hence, from the question,
cos 'A=m cos'u=m cos 'y =m
A=u=y=-1
fcos'A + cosT'u + cos 'y = 3m only when
each value attains its maximum}

=  AL+Uy+yA=3
2n
Example 24. If X cos™ x; =0, then find the value
i=1

2n
of 2 x;.
i=1

Sol. We know, 0< cos™! x <.

-1 -1 -1 -1
S.COS X, COS  X,, COS X3, ..., COS  X,, are +ve
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and hence their sum is zero only when each value is zero.

ie. cos ' x; = 0 for all i.

= x; =1foralli ..()
2n

Now, 2x;=xtx, t x5t .+ Xy,

i=1

={1+1+1...+1}=2n {using Eq. (i)}
N

2n times

2n
Example 25. If ¥ sin™' x; =nm, then find the value

i=1

2n
of X x;.
i=1

T .- T
Sol. We know, _E <sin"'x < 5

. -1 -1
Hence, from the question, each value sin™" x,, sin™" x,,

-1 -1 . 1t T
sin”" x,,...,sin"" x,, is equal to —

. - T . .
ie. sin"'x;, = —foralli = x; =1foralli
2
2n
Now, Zxj=xtx,F o+ x,, ={1+1+...+1}=2n
|

i=1
2n times

. - .- 3
Example 26. If sin™ x+sin”' y+sin”' z :77{ then

( 101

X +y101)( 202

X +Yy

(X303 + y303)(x404 + y

202)
find the value of

404 )
. .- . 3n
Sol. We have, sin”'x +sin"'y +sin "'z = —

_ T
As we know that, sin”! x < 5 for all x € [-1,1]

Hence, above result is possible only when

" T . T . T
sin"x=—,sin"y=— sin z=—
2 2 2
= x=Ly=1Lz=1 (1)
101 101y, 202 202
(x7+y )" +y™)

(x303 + y303)(x404 + y404)

101, 101,202 , 202 101 | 101y, 202 | 202
Ty )T Ay A2 )T 42T
(3308 4 308 ) (104 4 408y T (305 L 503y 400 dod
(2101 + xlOl)(ZZOZ + x202) ] )
(2 1 )0 4 {expanding summation}

1+1)(1+1)
1+1)1+1)

_(1+1)(1+1)
T+ 1)(1+1)

1+1)1+1)
1+1)(1+1)

{using Eq. (i)}

=1+1+1=3
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Example 27. If cos™' x+cos™" y+cos™' z = m, prove

that x>+ y 2+ 2% +2xyz =1
Sol. Here,

-1 -1 -1
COsS X + cos y+COS Z=T

-1 -1
= cos  x +cos y

cos 'x + cosfly

U

L

=7 —cos 'z
= cos '(~z)

focosH(=x)=m — cos ' x}

cos {xy — mm} = cos '(~z)
(xy +2)" =(1-x")(1-y")
xzy2 +z2% + 2xyz=1-— x? - y2 + xzy2

x2+y2+22+2xyz=1.

Example 28. Find the sum of infinite series

T

Exercise for Session 5

1. Show that sin~

1

2. Evaluate sin™ % +sin”

3. Iftan"'4 + tan”

sin”’ 7\/3 —V2
13

115

3 .84
—+SsSin -——=m-SIh —
5 17

85

15 4 gint16

13 65
'5=cot™" A, then find V..

Sol. Let, T, = sin !

(\/; —4n-1
Jn(n +1)
1

Ne—

(el

+
———
2.
=]

4. Prove that cos‘1(%(1+ cos 2x )+ \/(sin2 x —48cos? x)sin xj = x —cos”(7cos x), where x € (0, %)

Solve the following

5. sin' L4 sin-
3

6. sin'x+sin'2x = 5

12 _gin~' x
3

2n



Session 6

Property IX of Inverse Trigonometric Functions

Property IX

(i) For0<x <1,

-1
X =cos x =tan

=i

=cot

X

4 (1
=cosec —
by

(ii) For0 < x <1,

_ Lo _ 1—-
cos™! x =sin 1\11—x2 =tan 1(
_ X (1
=cot™| —=—— | =sec!| =
1-x? x
1 1
=cosec
1-x?

- .- - 1
(iii) For x >0, tan~" x =sin ™"’ X =cos”'
1+x? 1+x°
1 1 _
=cot l(jzsec Y(y1+x?)
x
/ 2
=cosec_1( Lrx }

X

Proof
(i) Let,sin™' x =0. Then x =sin@

Now, cosO =+/1— sin?0

= cosO =+/1— x?

-1 2

= 0 =cos 1-x

. -1 -1 2
= sin X =co0sS 1—-x

Again tan0 sind ___sin®
cosd J1-sin*0
= tan@=—_>
2
1-x

_ 41
fotan™! x =cot™ = for x >0}

=cosec | —
x

Similarly, the other results can be proved.

Example 29. Evaluate the following

(i) sin(tan1 z] (ii) sin(cos1 i)

(iii) cos(tan‘1 Zj (iv) sin(cot™" x)
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2
Sol. (i) Lety = sin(tan_1 3) ..(Q) _3- V5 _G- V5)
4 3-4/5 4
Note 0 3-45
To find y we use sin(sin'x)=x,-1,<x <1 tan 9 =t 2 -+ (i)
For this we convert tan™" x in sin ™" x - 0 -
5 3/4 3 Oe (O, ) = —€ (0, )
Here, tan_l() =sin”!| ——__ |= sin_l(]
4 | 2 5
1+(3/4) tan9>0
Now, from Eq. (i), we get 2
3 So, from Eq. (iii), we get
or y =sin (sin J _
> tan9 = [3 \/5]

. ~ § 2 2
a Y 5 Now, from Eq. (ii), we get
43 3 4 _(3-+5
(ii) cos ' ==sin"' [1-| = | =sin"'— y 2

5 5 5

. 13 . .14 4 .
s1n(cos 15) = s1n(sm 15) = 5 Example 31. Find the value of
1

_ . 1
cos (2cos™' x+sin”' x)when x = —

Sol. Let y = cos[2cos ™' x +sin~" x]

. T
sin 1x+cos1x=5,|x|S1

- T -
y= cos{2cos 'x +=—cos 1x:|

= COos

—

=
=
—
&
=]

\
~
|

o
o
[72)
—_

—_— O

1]

o

o

7]

1
L
S

13 2
cos | tan
_ T -1 . -1
=cos| —+ cos  x |=—sin(cos " x)
2

: 4)
(iv) Let, cot ' x = tan 1(1j—sm ! x:l
x 1+1/x 5
41
: y = —sin| cos 1=
5

1

- 1
= y = —sin| sin l—(s] J

. [ _lx/ﬂ] V24
= —sin| sin 5 =-

5

. 1
= Sin —
Vx?+1

sin(cot ! x) = sin(sin1

1 J: 1
Jx?+1 \/1 + x*
Example 30. Find the value of tan [1 cos™ \/g]

2 3 Example 32. if sin”' x+sin™ y +sin”' z=m, prove

1 that x* + y* + 2" +4x?y?z? =2(x’y? + y?z* + 2%x?
Sol. Lety = tan( cos 1\/5] () y y 2y +y )
2 3 Sol. We have
.1 . .1
5 5 = sin x+sin y+sin z=7
Letc031£=6 :GE(O,TC) and cos9=£ Y
3 2 3 = sin'x +sin"'y =7 —sin"'z
~.Eq. (i) becomes = cos(sin ' x + sin_ly) = cos(m — sin"'z)
0 . .- .- S N
y = tan (2) ... (ii) = cos(sin " x).cos(sin "' y) — sin(sin ' x).sin(sin "' y)

= —cos(sin'z)

tanzg 1—C059:1_7 J1=x2\1—y% —xy=—41-2°

3
2 1+ cosH - -
1+£ {+ cos(sin 1x)=cos(cos 1\/1—x2j=\/1—x2}

3

&

!/
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= V1= x2 1=y =xy—-+1-2° = (x* +y* =2%)" = 4x’y*(1-2%)

= xt + y4 +zt —2x%2% - 2}/222 + 23(23/2

= 1-x)(1-y*)=x%y? +1- 2% = 2xy41 - 2°
4202 402,22
{squaring both sides} =4x7y" —4xy'z
N l—xz—yz+xzy2=xzy2+1—zz—2xym = x4yt 2t +ax?y?? = 2(xht + i+ 2P
= x2+y2—zZ=2xy 1-2°

Exercise for Session 6

Evaluate the following :

1. tan [(:osec’1 JTJ

2. sec(cot‘1 Ej
63
3. sin? [tan‘@}
4
4. sin 1cot’(_—sj
2 4
5.  Show thatcot sin‘1,/E =sin{tan‘1g}
17 3

Session 7

Property X, XI, XIl and XIII of Inverse Trigonometric Functions

T T
Property X = cos®=+1-x*fcos®>0for0e {—2,2}}
. 1 1
f——<x <—
sin”! (2x+/1- x? ) \/5 2 sin20 =2sinOcosO
. .- .- o1
(@) 2sin”' x ={ m —sin ' (2x4/1—x?), 1fﬁéxél sin20 =2x+/1— x? (i)
.1 [ 2
—TT—sin (2x41—x7),
( ) if_lgxg_i CaseIWhen—inSi
2 2 2
1 1 1 1
sin”' (3x — 4x°), if—lsxgl - <x<— = - <sinf<—= -L<p<t
2 2 2 2 2 2 4 4
(i) 3sin! x ={m —sin" ' (3x —4x?), if%<x£1 - <™
1 2 2
—m—sin”'(3x —4x°),if —1<x <—— 1 1
2 Also,——<x<—
2 2

Proof
f 2
(i) Letsin™' x =0. Then, x =sin® = —1<2x y1-x" =1
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Sin20 =2x+/1— x2 {from Eq. (i)} (ii) Let,sin ' x =0. Then, x =sin0
- 20 =sin~! (2x /1—x2) sin30 =3sinf — 4sin> O
= sin30 =3x — 4x°
= 2sin”' x =sin”" (2x4/1 - x?%)
1 1
1 Case ] When —— < x <—
Case II When — < x <1 2 2
2
. A<t Iagng<l o Teps
TSX T ind <1 2 2 2 2 6
2
= T3
= T<p<t 2 2
4 2 Also —lﬁxﬁlz <3x —-4x" <1
T 2 2
= —<20<m s
2 sin30 =3x —4x
-1 3
= n<-20<-" = o<m-20<” = 30 =sin" (Sx —4x7)
2 = 3sin”' x =sin"!(3x —4x°)
1 [ 2
Also, —<x <1 = 0<52x1— <1
0\5 x X x CaseIIWhen1<xS1
. 2 .
= - f Eq.
sin20 =2x4/1—x {from Eq. (i)} l<x£1:>1<sin6ﬁl
2 2
= sin(1 —20) =2x4/1 — x* . .
= —<6<=
= n—-20=sin""(2x/1—x?) 6 2
T 3n
= n—2sin”! x =sin" (2xy1-x?) = E<36<7
= 2sin”' x =71 —sin"'(2x4/1- x?) — —3—TES—36<—E
2 2
Case IIIl When — 1<x<—— b n
V2 = -—<m-30<—
2 2

_1<X<_\1E:> ISsinGS—iz Also,%<x$1:>—1s3x—4x331
= Mg <- T _p<op<-T sin30 =(3x —4x°)
2 4 2 - sin(rt —30) = (3x — 4x %)
- 05n+2esg - T —30=sin"(3x — 4x?)
P T D |
Also, —ISxS—\/lE:>—1$2x\l1—x2 <0 Z: 3in~! xnzss_lrslinic(;jlil4;33); "
sin20 =2x4/1— x? {from Eq. (i)} Case III When -1< x < —é
= —sin(m +20) = 2x4/1— x* —1£x<—1
= sin(—1 —20) =2x4/1 - x* ’ 1
= - 120 =sin"" (ZxW) - —1Ssln9<—5
= —n—Zsin_lxzsin_l(me) = —§S6<—%
= 2sin”! x =— 1 —sin " (2x4/1— x?) — 3£<3e<_E

2 2

o3



=
Also, -1< x
=

=

=

=

= 3sin”!

Property XI
(i) 2cos ' x ={

(i) 3cos ' x =

Proof

-1 —3sin~

—ESTE+36<E
2 2

1
<-—-=-1<3x—-4x’<1
2

sin30 =3x — 4x°

—sin(m +30) =3x — 4x°
{sin(m +30) =—sin30}
sin(-m —30) =3x — 4x°

- —30 =sin"' (3x —4x°)

' x =sin'(3x — 4x?)

x=—T—sin'(Bx —4x?)

cos ' (2x% —1); if0<x<1

2m —cos ' (2x% —1); if —1<x<0
_1 3 . 1

cos (4x” —3x), 1f-<x<1
2

21 —cos ! (4x°® —3x),if ——<x <

[NCRISY
[NCI TSN

21 +cos ' (4x> —3x), if —1<x S—l
2

(1) Letcos ' x =6. Then x =cos®

cos20=2cos’0—-1=2x% -1

Casel When0<x <1

=

T
0<cos6<1 = 06—
2

= 0<20<m

Also,0<x <1=>-1<2x% —1<1

=

cos20=2x% -1

20 =cos ' (2x% —1)

= 2cos ' x =cos ' (2x% 1)
Case II' When —1< x <0
-1<x<0=>-1<c0os0 <0

= ESGSTC:}TESZGSZTE
2

= —2n<-20<-m

= 0<2m—-20<m

Also, -1<x <0 = —-1<2x? —1<1

cos20 =(2x* —1)
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= cos(2m —20) =2x% -1
= 21 —20 =cos” ' (2x% —1)
= 2m —2cos ' x =cos ' (2x% —1)
= 2cos ' x=2m—cos'(2x% -1)
(i) Let cos " x =0. Then, x =cos0

cos30 =4cos’> O —3cosH

= cos30=4x> —3x

1
Casel When-<x <1
2

1 1
—<x<1= ~<cosH<1
2 2
= 0<p<™
3
= 0<30<m
1
Also, Z<x<1 = -1<4x3 -3x<1
2
cos30 =4x> —3x
= 30 =cos ' (4x> —3x)
= 3cos ' x =cos ' (4x>® —3x)
1 1
Case Il When —— < x <~
2 2
—lﬁxﬁl
2 2
1 1
= ——<cosB <~
2 2
— Tep<im
3 3
= nT<30<2n
= —2n<-30<-1
= 0<2m-30<m
cos30 =4x> —3x
= cos(2m —30) =4x> —3x
= 2m —30 =cos ! (4x° —3x)
= 30 =21 —cos ' (4x° —3x)
= 3cos ! x =2m —cos ' (4x> —3x)

Case III When —-1< x <— 1
2

1 1
-1<x<--=-1<cosO<—-=—
2 2

= —<0<m
3

339
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= 2n<30<3n Case Il When x > 1
= 3 <-30<—-21 x>1 = tan0 >1
= —m<2m—-360<0 = g>6>%:>n>26>§
= 0<30-2m<m n
3 = —-T<-20<-—
cos30 =4x" —3x 2
T
= cos(2m —30) = 4x° —3x = 0<m-20 <
— = 3_
= cos(30 —2m) =4x” —3x N 90 <0
= 30 —2m =cos ! (4x° —3x) 2 )
X
_ tan20 =
= 30 =21 +cos ' (4x’ —3x) an 1—x2
-1 - 3
= 3cos ' x =21 +cos ' (4x> —3x) - —tan(m — 20) = 2x2
1-x
2x
Property XII = tan(—7 + 26) = 2%
1-x

_ 2x .
tan”™' b f-1<x<1 = 420 = tan Y %X
I-x 1-x?
. - - 2x .
(i)2tan! x ={m + tan " b if x >1 = 20 =T + tan”! 2x2
1—-x 1—x
_ 2x .
-1 + tan " > b ifx<-1 = 2tan'x =1 + tan™! 2x
I-x 1-x°
5 3 Case III When x < —1
1] 3x —x
tan 1[2} if - 1 <x< 1 x<—-1=tanO < -1
1-3 N o
* 3 \/g. \/g = _E<e<_E
.. - 1] 3x — . 2 4
(ii)3tan' x ={ m+tan”’ xz ;1fx>i 1
1-3x 3 = -m<20<-—
. 1 2
i 3x-x3 f -
1 1L x <
—M+tan | —— ; T
> = 0<m+20<—
(1—33(2} \/g 2
2
Proof tan20 = x2
1-x
(i) Let tan™" x =6. Then, x = tan® 95
26 = 2tan® = tan(7|:+26)=1_x2 {tan(m + o) = tano}
1-tan0
2x = T +20 = tan™! 2x
2
or tan20 = 5 1-x
1-x
CaseIWhen -1< x <1 = 26=—n+tan_l( szj
~-1<x<1= -l<tanf<1 I=x
T b b T
= _Z<G<Z:> _5<26<E = Ztan_lx=—n+tan_l( szj
- X
2 _
tan20 = xz (i) Let tan ™" x = 0. Then x = tan®
1-x
0= 3tan® — tan>0
o 2x tan3 =
= 20 = tan . 1—-3tan“0
1-x
3 — 3
tan30 = ad x2
1-3x

=
_ _ 2
= 2tan” x = tan 1( ad ]

1-x?



1 1
CaseIWhen ——=< x < —

NE) NE]
—i<x<i:>—i<tane<i
V3 3 B V3
i T T T
= ——<f<—>=-——<30<—
6 6 2 2
3x — x° o 3x = %3
tan30 = d x2 =30 =tan™’ d x2
1-3x 1-3x
_ o 3x = %3
= 3tan”!x = tan™! X xz
1-3x
1
Case IT Whenx>T
3
1
x> = tan > =
5 5
T T
= —>0>—
6
i 37
= — <30 <—
2
3n b
= ——<-30<-—
2
T
= -——<m-30<—
= -——<30-m<—
3y — 3
tan30 = x xz
1-3x
3x — x°
= —tan(m —30) = - { tan(m - 30) = — tan36}
- 3x
3
= 30 — = tan"! 3x xz
1-3x
1 . 3x — x°
= 3tan x =T + tan g
1-3x
1
CaseIIIWhenx<—T
3
< = tan0 < !
Xx<—— a -—
3 3
b T
= -——<0<-=
2 6
3n T
= -——<30<—-—
2 2
T b
= -——<m+30<—
2 2
3x — %3
tan30 = ad x2
1-3x
3x — x°
= tan(m 4+ 30) = ; {. tan(m + x) = tan x}
—-3x
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_if 3x = %3
= T +30 =tan" ad xz
1-3x
—1 —1 3x_x3
= 3tan x =-T + tan 5
1-3x

Property XllI

2]; if-1<x<1

X ]; if x >1
2
.- 2x .
- —sin”? ; ;ifx<—1
1+x

af1-x* .
cosl[ xz} fo<x <o

(i) 2tan”" x =

.. - 1+
(ii) 2tan" x = * ,
—cos™! 1-x i i —ee<x <0
1+ x?
Proof
(i) Let tan™"' x =0. Then, x = tan0
sinzﬁzm:minzez 2x
1+tan®0 1+ x?
Case I When -1<x <1
-1<x<1 = -1<tan6<1
- T o Tegp<t
4 4 2 2
. 2 .- 2
sin20 = d = 20 =sin" d
1+ x° 1+ x°

_ .- 2x
= 2tan”' x =sin”!
1+ x2

Case I When x >1
x>1 = tan6>1

= £<9<E = E<2(9<T|:
4 2 2
= —7t<—26<—E = 0<71;—26<E
2 2
sin20 = 2x
1+ x?
2
= sin(mt —20) = X
1+ x
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i
= n—2tan ' x =sin”" 2x = _5<6S0 = 0<-20<nm
1+x°
1— 52
A . 1| 2x c0s20=—>
= 2tan  x =T —sin 5 1+ x?2
1+x
1— 2
Case III When x <—1 = cos(—20) = xz
x<—-1 = tanB<-1 T+x
i 1= x?
= To<-T o mec<-T = —20=cos”" ;
2 4 2 1+x
i
= 0<m+20<— . i 1-x?
2 = —2tan = x =cos 5
- 1+x
= -—<-m-20<0 1— 5
2 = 2tan ' x =—cos_1( 2]
. 2
sin20 = X I+x
1+ x? ] : 5 )
- Example 33. Define y =cos™ (4x> — 3x) in terms of
= —51n(n+26)=1+x2 cos” x and also draw its graph.
- sin(-1 — 20) = 2x {cos_1(4x3—3x),if§SxS1
2
1+x Sol. We know, 3cos ' x =J 21‘c—cos_l(4x3 -3x), if—1 <x< 1
-1 2x | 2 21
= —T —20 =sin 2 {2n+ cos (4x®-3x),if ~-1<x <=
1+x 2
-1 3
B o 2 o y=cos (4x” —3x)
= —m—2tan"' x =sin”" X .
1+ x° 3cos x ; 5SX£1
= 2tan ' x =—m —sin"! 2x =J 2T —3cos 'x —lﬁx<1
1+x? | 2 21
. 1 {—27‘c+3cos_1x ; —1Sx<-—-
(ii) Lettan™ x =0 2
Then x = tan0 Graph
60526=71_tanze = 00526:1_x2 Fory =cos™" (4x” -3x)
2 2
1+tan® 0 1+x Domain : [-1, 1]
Case IWhen 0 < x <o Range : [0, 7]
< . 1 _
0=x<eo (i) f=<x<ly=3cos ' «x
2
= 0<o<l d _3
2 = G o T2 o 31— x?)I . (D)
= 0<20<m dx J1— x?
_ 42 _ 2 d 1
c0326=1 X = 20=cos™ 1-x = y<OifxE|_,1)
1+ x? 1+x° dx '_2
2 L. rl
-1 4 1=-x = Decreasing if x €| —,1
= 2tan " x =cos 5 Lz
1+x

Again if we differentiate Eq. (i) w.r.t ‘x’, we get
Case I When —eo < x <0 5
d’y _ 3x

—oc0 < x <0 e
dxz (1_x2)3/2



2
:>d—y <0ifx e rl,l)
dx? LZ

= concavity downwards if x € {{1}
2

(ii) If—%ﬁx <%,y=2n —3cos ' x

y_ 3 = d—y>01fxe|_—1 1]
dx 1— 52 dx I_ 272
2
= Increasing ifxer—l,l) and dy __ 3x
[ 272 dx?  (1-x%)%?

2
(a)Ifxe r—l,Oj thend—y<0
\_ 2 dx?

= Concavity downwards if x € {—{0)

[\

2
(b)Ifxe r0,l then <y >0
L 2 dx*®

= Concavity upwards if x € {0, ;)
2
(i) Similarly, if-1< x <= then % <0 and 92 >0
2 dx dx
. the graph ofy =cos ' (4x> —3x) is as

Example 34. Prove that

1 1
4tan™' = —tan”' —+ tan” =£
70 4

41
Sol. 4tan 15_
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45 41 41
=2tan '~ —{tan”! — — tan' —
12 70

99
1 1
o 2(5/12 4 70
= tan 1(( / )Zl—tan ! 7701 991
1-(5/12) 1+ 1wt
70 99
J 2tan”'x = tan™’ if|x| <1and

| 1-x?

tan' x — tan"'y = tan™' i 4
1+ xy
o120 4 29
=tan | — tan | —
119 6931

4 120 4 1
=tan | — |—tan | —
119 239

120_ 1
~ tan!| 119 239
120 1
1+ = | —
(15 )
- Y
=tan (1) = =
4

Example 35. If sin™' x+sin”" y +sin”' z = m, prove
that x\/1 - x* +y\/1 -y? +z\/1 — 7% =2xyz.

Sol. Letsin”'x = A,sin"'y = Band sin"'z = C.

Then, x =sin A, y =sinB, z =sinC

We have,
sin'x+sin'y+sin'z=m
= A+B+C=m
= sin2A + sin2B + sin2C = 4sin Asin BsinC
= 2sin A-cos A + 2sin B-cos B + 2sinC - cos C
= 4sin Asin BsinC

= x\/l—x2+y\/l—y2+z\/1—22=2xyz

Example 36. Solve sin[2cos '{cot(2tan™' x)}1=0

Sol. We have,
sin[2cos '{cot(2tan ' x)}] =0

e

- | 2
J'.'Ztan "x =tan™" xz l
1-x")]

l

_ f 1= %7
sin| 2cos ™ cot| cot™ X =0
2x
_ 11
rcottx =tanT' =
X
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- Example 37. Find the value of
1. o 2x 1 f1-y?
tany —sin 3 + —CO0S 3
j Lo e Zl 2 T+x* ) 2 T+y
. . -1 - X _ - X _
= st sin {2 2% j ! ( 2x J J =0 Sol. Let x =tan A and y = tan B. Then,
- 1. o 2x 1 4f1-9°
{"r2cos ™ x =sin " (2xy1 - x%)} tan{zsm (1 5 J o8 [Hyz
a2
= = tan lsin_1 7Ztan? + lcos_1 1-tan’ B tanz B
2 1+tan“ A 2 1+ tan®B
1. 4 . 1
= tan{—sin~ (sin2A) + —cos” (cos2B)
= 2 2
= tan(ZA + ZBJ = tan(A + B)
- 2 2
_ tanA+tanB _ x+y
= x=%1lor (1-x?)* =4x’ 1-tanAtanB 1- xy
Now, (1-x%)* = 4x? Aliter
2
= (1-x*)* = (2x)" =0 tan{lsin_l[ 2x J + 1cos_l(1 —Y H
2 2
=  (1-x*-2x)1-x%+2x)=0 2 1+x%) 2 1+y
= x*+2x-1=00rx*-2x-1=0 =tan[1~2tan1x+l~2tan1y}
2 2
= x=-1%+2 . .
= tan(tan~ x + tan~
or x=1%42 ( Y)
4 x + x +
Hence, x =+1, -1+ \/5, 1+ \/5 are the roots of the given = tan[tan I(IJ}D = 173’
equation. Xy Xy

Exercise for Session 7

1

1. Define y =sin™'(3x —4x?)in terms of sin"! x and also draw its graph.

3
2. Definey = tan1(e;x 3X2 j in terms of tan™" x and also draw its graph.
X

Draw the graph of the following
3. y=cos'(2x%-1)

4. y=sin""(2x1-x?)

2x
5. y=tan™
Y 1-x?2
6. y=sin"
Y 1+ x?

1- x?2
7. y=cos' —2
Y 1+ x?



JEE Type Solved Examples :
Single Option Correct Type Questions

Ex. 1. Let f(x)=sinx +cosx + tanx +arc

sinx +arccosx +arctanx. If M and m are maximum and
minimum values of f(x), then their arithmetic mean is
equal to

T T
a) — + cos1 b) — + sin1
()2 ()2

T T
(C)Z+tan1+cos1 (d)z+tan1+5in1

Sol. (a) Domain of f is [~1,1]; f(x) =sinx + cosx + tan x +sin~' x

-1 -1
+cos x+tan x

f(x)=cosx —sinx+sec’ x+ 0+ 5
2 1+x
——
[1/2.1]
Hence, f’(x)>0= f is increasing

= Range is [ f(-1), f(1)]
F(O)| i = f(=1) =—sin1 + cos1 —tan1
b

mT T .
+ T ——=—+cosl —sinl —tanl
2 4 4

and f(x)| . = f(1) =sinl + cosl + tanl
n m 3n .
+ —+ —=—+cosl +sinl + tanl
2 4 4

M+m m
=—+ cosl
2 2

Now,

5
Ex. 2. The value of 5 - cot(kZ cot'(k* +k +1)J is equal
=1

to

5
(@) (b) 7

7
_ L
(c)-7 (d) 5
Sol. (b) Consider

Z[tan_l((k-l—l)_kjj =ki tan”'(k+1)—tan"'k

k=1 1+k(k+1)

Now, T, =tan"'(2) — tan"'(1);

T, =tan"'(3) —tan™'(2) and so on

5
Hence, Z cot '(k* + k+1) =tan"'(6) — tan"'(1)
k=1
(5
=tan 1(7)
7
(7
=cot 1(7]
5
17
5cot(cot 17) =7
5

Ex. 3. If the equation 5 arc tan(x® + x + k) +3
arccot(x? + x + k) = 2m, has two distinct solutions, then the
range of k, is

5 5 5 5
0, — b)| — oo, — —, o d)| - oo, —
Sol. (b) We have 27 :3775 +2tan (x* + x + k)
(AS, tan"" o+ cot ot =§V ae RJ

_ I
= tanl(x2+x+k)=Z:>x2+x+k=1

= W+ x+(k-1)=0
.. For required condition, put D >0

5
= 1—4(k—1)>0:>5—4k>0:>k<2

Ex.4.If f(x)=x"+x" —x" +x*> +1and
f(sin'(sin8)) =, o is constant, then f(tan"' (tan8)) is

equal to
(a)o (byo -2
(o +2 (d)2-a

Sol. (d) f(x)+ f(-x)=2

Now, (sin”!(sin8)) =31 —8 = y (say)
and (tan"!(tan8)) =(8 —3m) =—y
Hence fO)+ fl=y)=2
Given fy)=0 = f(-y)=2-a
4 6
Ex. 5. Ifsinq(x2 e +— J +cos”!

values of x’ is equal to

(a) 1 (b)2 (0)3 (d) 4
4 6 8 12
_ _ n
Sol. (¢)sin™* P teosat -4 X ==
3 9 3 9 2
| —
X Y
2 4 2
3 3
= X=Y = z : 1 zo iy 4
X 3+x° 3+x
1+ 1+
3
= 9+3x* =9x’ +3x* = x%*=1
Thus, x=0,10or—1

Hence, number of values is equal to 3.
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Ex. 6. Suppose 3 sin~'(log, x) +cos™'(log, y) =m/2 and
sin”"'(log, x) + 2 cos '(log,y) =117 /6, then the value of
x72+y7% equals

()6 (b) 7

7

5 d) —

(c) (d) 5
Sol. (a) Let sin' (log, x) =a and cos '(log,y) =b

T 117
3a+b=5 and a+2b=T

T
= a=——andb=m
6
1 1 1 1
Hence, x=—andy== = —+—=6
V2 2 x°y

Ex. 7. Range of f(x) = sin™'log[ x] +log(sin [ x]),

where [ | denotes GIF is
(@)1 (b) 2
Tl',
()0 (d) {]ng}

Sol. (d) Domain of f(x)is [1, 2).

.. Range is {log g}

5
Ex. 8. X sin '(sin(2n—1)) is
n=1

(a) 1 (b) 2
()3 (d)4
Sol. (a) Ei‘. sin"'(sin(2n —1))

=sin"!(sin1) + sin”!(sin3) + sin "' (sin5)

+sin”'(sin7) + sin”!(sin9)

=14+ -3+5-2n+7-2n+3w—-9=1

Ex. 9. Ifo. andB(aL > B) are roots of the equation

x? —+2x +4/3— 24/2 =0, then the value of

(cos "o+ tan "o+ tan'B) is equal to

3n 5T
(a) ? (b) ?

T T
(c) ? (d) g

Sol. (a) x* —\2x+3-2V2=0 = ¥’ —\2x+2-1=0

= x2-1-2(x-1)=0 = (x—1)(x+1-+2)=0

x=1,v2 -1
(x=1andB=\E—l
_ _ _ n m 3n
Hence, cos ' o+ tan ' oL+ tan IB:0+Z+g:?

Ex.10. If the mapping f(x) = mx +c,m>0 maps[—1,1]

11 _ - .
onto[0, 2], then tan(tan 2 +cot™'8 +cot 118) is equal to
7

2 1 -1 -2
(@) f (5) (b) f (5) () f (?j (d) f (?)
Sol. (d) Clearly, f(x)=x+1(As,-1<x<1,0<x+1<2)and

f(x)=mx+c

1 1 41
Now, tan(tan 12 4 tan™ '~ + tan 1—)
7 8 18

Ex.11. If (sin""a)? +(cos™'b)? +(sec ' ¢)?
2
+(cosec 'd)? = 5% then the value of
(sin"'a)? —(cos 'h)? +(sec ' c)? —(cosec”'d)?
2

-2 -
@-m (b) .

n2
(©0 (d) -

2
Sol. (&) As 0<(sin""a)’ < %, 0<(cos ' b)? <m?,

2 2
_ T _ T
0<(sec™'c)? < nz[except 4] and 0 <(cosec™'d)? ST

- - - - 5n?
So, 0 <(sin""a)* + (cos ' b)? + (sec ' ¢)? +(cosec 1d)25%

2
~(sin™ a)? + (cos ' b)? + (sec ' ¢)? + (cosec'd)? =5% (Given)

2

. -1 N2
= sin a)’=—
( ) .

(cos ' b)? =m?
(sec”¢c)? =m?

TCZ

and (cosec™!d)? = "

Hence, (sin""a)? —(cos ™ b)? + (sec " b)? —(cosec 'd)? =0
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Ex. 12. Iff(x) = S tan™" 1 (a) x€ (tan2, tan3)
' ' X _r=1 5

(b) x€ (cot3, cot2)

2 2
X“+(2r=Nx+(r° —r+1) (c) x €(— ==, tan2)U (tan3, =)

then| lim f7(0)|is (d) x€ (= o0, cot3) U (cot 2, o)
o Sol. (b) Given,
(2) 1 (b) 2 (cot™ x)(tan™" x) + (2 —EJ cot'x—3tan"'x —3(2 - E) >0
()3 (d)4 2 2
£ N
Sol. (a) f(x)= Z(tan_l(x +r)—tanY(x+r—1))
r=1
) =tan™ (x + m) — tan " (x) on _yon
= x)=tan (x+n)—tan (x —— =3
) . —_ §= )
S LG R vrew e T
1+(x+n)* 1+x \
, 1 < : : N
= ()= i -1 (cot3, 0) (cot2, 0)[0(0, 0)  y=0 X
Now, nhjlf/(o) =-1= nhflf/(o) =1 = cot™ x(tan_l x+2 —gj —i%(tan_1 x+2 —g) >0
= (cot™x=3)@2—-cot x)>0
Ex. 13. The range of the function oo B
f(x) =sec™" (x) +tan""(x), is (Astan x - =—cot x]
(a) (0, 1) (b) (i’ 3_7'5) = (cot™ x=3)(cot ' x—2) <0
2 2 = 2<cot™' x<3
(c) (0 3_“} (d) None of these = cot3<x<cot2(As cot ' xis a decreasing function)
4 Hence, x €(cot3,cot2)

Sol. (a) Dy =(=o0,—1]U[1, )

i (e -1
Also, f is an increasing function. Ex.15. Let f(x) =sin(sin”' 2x) + cosec(cosec ™ 2x)

. « 1A )e[o 37;} n + tan(tan ' 2x), then which one of the following statement
or, x €(—oo,—1], f(x , — L
4 is/are incorrect?
and for x €[1,00), f(x)€ |:E TE) .. (i) (a) f(x)is odd function
S 4’ (b) F(x)is injective

.. For range of f(x),(i)u(ii) = (0, ) (c) Range of f(x) contains only two integers.

1 (d) The value off’(%j is equal to 6.

Ex.14. The solution set of inequality (cot ™" x) (tan”' x) +

I - - T . —
(2 _Ej cot 'x—3tan"'x — 3(2 _EJ >0, is Sol. (d) Clearly f(x)=6xand domain ={?1,§}

JEE Type Solved Examples :
More than One Correct Option Type Questions

Ex. 16. If f(x)=cos '(cos(x +1)) and g(1)=sin"'(sin3) =(m - 3)
g(x) =sin~'(sin(x + 2)), then f)+g)=(n-1)
@ F)+gM=(m-1  OFD)> g0 and  f(1)>g(1)
(©) f(2)> g(2) (d) £(2) < &(2) f@)= cos™\(cos3) =3

Sol. (a, b, c) f(1)=cos '(cos2) =2 g(3)=sin"'(sin4) =(1 — 4)



348

Textbook of Trigonometry

Ex. 17. 3 tan™' 2 is
r=1 (r+2)?

(a) 7 — (tan"'2 + tan"'3) (b)%

©) 77” (d) 7 + (tan~'2 + tan”'3)

Sol. (a )T =tan™| 2 |=tan?| LFNCHD.
(r*+4r+3)+1 1+(r+3)(r+1)

T = tan™'(r +3) —tan"'(r + 1)
Sum =7 —(tan"'(2) + an”'(3))

—n—(n+ tan‘l(—l))=%

Ex. 18. If sides AB, BC and CA of a triangle ABC are
represented by x +2=0,3x +y =0 and x +3y +2 =0
respectively, then identify the correct statement.

(a) ZtanA = 4
3
(b) [MtanA = - 4
3
(c) XtanAtanB = —%

(d) sin®(A + B) + cos’C = %

Sol. (b, ¢
1
LA=E+tan 1=
2 3
T _
Z/B==—tan™'3
2
ZLC=m—-(A+ B)
_ 11
=tan'3—tan"'—
3
=2tan713—E
2
Y
B
11
Tt mtan'3
X X
A
tan-11 ¢
3
v

T 41 T _
tanA+tanB+tanC=tan(E+tan lg)+ tan(z—tan 13)

1 41
+ tan(tan 3 —tan gj

1
1 373
=—cot (tan_l 7J + cot(tan"'3) + tan| tan"' 31
3 143.—
3
1 4 4
=—3+-t—=——
3 3 3
4
ZtanA=HtanA=—§
1 14 4 4 41
ZtanAtanB=-3.—4+—. —+ —(-3)=-5+—=——
3 33 3 9 9

sin? (A + B) + cos’C =sin’(m — C) + cos*C =1

Ex. 19. Which of the following is/are correct?
(@)

cos(cos(cos ' 1)) <sin(sin ' (sin(m —1))) <sin(cos ™ '(cos2T —2)))
(b) cos(cos(cos 1)) <sin(cos (cos(2m —2))) <sin(sin~*

(sin(m —1))) < tan(cot "*(cot 1))
5000 2500
(c) Zl cos ! (cos(2im —1)) = Z_; cot ' (cot(tm + 2)), where t € I

(d) cot~'cot cosec 'cosec sec ™' sec tan tan ' cos
cos 'sinsind=4-m
Sol. (a,b,c,d) For (a) and (b)
cos(cos 1) =1 => cos(cos(cos 1)) = cos1
sin”!(sin(m 1)) =1 — (1 —1) =1

= sin(sin™! (sin(m —1))) =sin1

cos H(cos(2m —2)) =cos ! (cos2) =2
= sin(cos~'(cos(2m —2))) =sin2

tan(cot '(cot1)) =tan1

It is easy to compare cos1,sinl,sin2, tan1
cosl<sinl <sin2 < tanl = (a) is correct
For (c)
“+ cos”'cos x is periodic with period 27
cos 'cos(2tm —1) = cos (cos1) =1 (teI)
5000

cos 'cos(2tm —1) =5000
t=1

Now, cot ™" cot(tmt +2) =2 [cot 'cot x is periodic with period ]
2500

2 cot'cot(im +2) =5000 = (c) is correct
t=1

(d)sin”'sin4=m —4
coscos '(m—-4)=4-1
tantan™'(4-m)=m — 4
sec 'sec(m—4)=4-7
cosec 'cosec(4-m)=4-m
cot lcot(4—m)=4-7

= (d) is correct
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Ex. 20. Let x, and x, (x, > x,) be roots of the equation Sol. (a,c,d) Given, sin”~'(cos(tan”(cosec(cot " x)))) =§
— -1 -1 m
sin” (cos(tan™ (cosec(cot ™ x)))) =2 then N sin~! (cos(tan~ /1 + < xz))zg
(a) sin_1i + cos_]i =T . 1 P
X X = sin =—
11 ; 1 \lxz +2 6
(b)sin”| — |+ cos™| —|=0 3
X4 X, = x“+2=2
2
P | 1 | 1 = x“=2
c)sin —+sin | —|=0
© X, (xz ) = x=x* \/5
1 S 1 So, xl=ﬁand x2=—ﬁ
(d)cos™ | — |+ cos" | —|=m ) )
X4 X, Now, verify alternatives.

JEE Type Solved Examples :
Passage Based Questions

Passage I 21. (b) Ash(x)=x¥Y xeR
(Ex. Nos. 21 to 22)

Suppose f, g and h be three real valued function defined
on R Domain of k(x) =[—1,1] and k(x) is decreasing function on [-1,1].

1 _ _
= k(x) =1+ —(cos ™" x + cot™ ' x)
T

As k(x) is continuous function on [-1,1].

Letf(x) =2x +|x|, g(x) = %(zx —|x]) and h(x) = £(g(x))

Now, kpin (x=1)=1+ l(cos_ll +cot'1)
T
1 SO [ LA RS
Ex. 21. The range of the function k(x)=1+— T 4) 4 4
T
1 _ -
(cos™'(h(x)) +cot'(h(x))) is equal to K (X =1) =1+ —(cos '(=1)+ cot™'(-1))
17 5 11 1 3
=L by| 2, — 141 o
<a){4 4} ()[4 4} 1+n{n+4}
15 7 11 7 11
s d D =l+—-=—
|15 @21 7.1
= Range ofk(x)z[é,ﬂ}
Ex. 22. The domain of definition of the function 4 4
[(x) =sin~'(f(x) = g(x)) is equal to 22. (d) We have, f(x)— g(x)=(2x +|x|) —%(2x—|x|)
3
(a) (g, W} (b) (= =,1] A4y
3 3
3
©[-11] (d) (— o, —} _{Sx; x20
8 =13
Sol. (Ex. Nos. 21 to 22) 03 x<0
X .. For domain of function
3x, 20 — X2
Wehavef(X)={xxx<0andg(X){3 x=0 08 <1 5 0<x<3
’ x,x<0 3 8
Clearly, f and g are inverse of each other. = Domain of I(x) = (_ oo, é]
8

3 f): X2 0
Now, h(x) = f(g(x)) =| (3 X (Note Range of function z(x):{o,ﬁ})
x , x<0 2
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Passage 11 3.1
a1 4 2 . -1
(Ex. Nos. 23 to 24) = tan ) 3 1 =tan "2
In AABC, iféB:seC_T(i) +cosec "5, :52
4 ZC=cosec”! (—) +cot™ (—j
(25 (9 7 13
ZC=cosec | — |+cot” | —|andc=3 7 13
7 13 =tan_1(— + tan_l(—)
. . . . 24 9
(All symbols used have their usual meaning in a triangle.)
. . . . 7 13
On the basis of above information, answer the following uty
questions. =tan’ B ART) =tan"'3
Ex. 23 A B C ] 9
X - tanA, tanb, tanC are in tanB=2and tanC=3=tanA =1
(a) AP (b) GP 2tanA=IItanA
(c) HP (d) neither AP, GP nor HP ) 1 2 ) 3
sin A =$,smB :f andsinC :ﬁ
Ex. 24. The distance between orthocentre and centroid of a b ¢
ansle with sid 9 bg dei | B sinA sinB sinC
triangle with sidesa”, and c Is equal to J5b 310
5 5 = \fa = =
(a)= (b) = 2 3
2 3 Hence, a =+/5and b =2\E, c=3
10 d 7
(C)? ( )E 23. (a)tanA=1,tanB=2,tanC =3 are in AP

4

Sol. (Ex. Nos. 23 to 24) 24. (b) The triangle sides a’, b3 and c will have side-length

ZB =sec71(§) + cosec”'4/5 5, 4 and 3 respectively.
4 .. Distance between orthocentre and centroid
= tanil(ij + tan”! (1) 2 (circumradius) = hypotenuse _ 5
4 2 3 3 3
JEE Type Solved Examples :
Integer Answer Type Questions
Ex. 25. Let f(x)= x? —2ax+a-2and Range of g(x)={0,1,2,3} for f(g(x)) <0V xeR
Ix = f(0)<0 and(3)<0
g(x):{2+sin_1 2}. If the set of real values of a’ for Now, f0)<0=>a-2<0=a<2
T+x and f3)<0=9—6a+a—2<0
which f(g(x)) <0,V xeR is(ky, k,), then find the value of asl
(10k, - 3k,). 5
[Note : [k] denotes greatest integer less than or equal to k.] fx)=x2ax-a-2
0 1 2 3
Sol. (8) We have g(x) ={2 +sin” X 2} ‘ : : : : x—a:xis
1+x

4 2x
=2+|sin™? Z
{ 1+ xz} ae(s’z)
. 2x -T T 7
As, sin' 5 e{—, —} Hence, k== k,=2
1+ x 2 2 5

. } (10k, -3k,) =14-6=8
=-2,-1,0,1
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Ex. 26. Let x,, x,,x; be the solution of = cos la=m=cos B
i 2x +1 i 2x -1 » = a=p=-1
tan +tan =2tan" (x +T)where Hence, |0 —f|+20B8+1=0+2+1=3
x+1 x—1
2 . _ _
X, <X, <x3, then2x,+ x, + x3 is equal to Ex. 28. Consider f(x)=sin""[2x]+cos '([x] 1)
Sol. (1) Let a+p=2y ..(i)  (where [.] denotes greatest integer function.) If domain of
- . . 2d .
where tanar= X% l,tan[?):zx ! .nd f(x) is[a,b) and the range of f(x) is{c,d},thena+b+—is
x+1 x—1 Cc
tany=x+1 equal to (where c <d)
Taking tan in Eq. (i), we get Sol. (4) f(x)=sin""[2x]+ cos ' ([x]-1)
tanou+tanp _2tany ~1<[2x]<1and -1<[x]-1<1
l-tanatanB 1-tan’y = —1<2x<2and 0<[x]<2
2x+1 2x-1 1
+ = ——<x<land 0<x<3
N x+1  x-1 _ 20x+1) 2
1_4x2—1 1—(x+1)* = 0 < x <1Domain
xz—l = [x]=0
- 2x2—x—1+2x2+x—1_ 2(x+1) = 0<2x<2
xP-1-4x?+1 —x%—2x = [2x]=010rl .
Now, =sin [2x]+ (-1
20xP—1)  2(x+1) wo Sl =sinf2x]+ cos H(+1)
= 7= 3 b 3n
-3x —(x"+2x) = Oorg + T =mor o
x=0
2d
or 2x° + 4x* —x—2=3x" +3x = a+b+7=l+3=4
= 2x° + %% —4x-2=0
- Rx+1)-2@x+1)=0 Ex. 29. Let f(x) =min(tan™' x,cot ™" x) and
- (x*-2)2x+1)=0 h(x) = f(x +2) —n/3. Let x;, x, (where x, < x,) be the
Goa 1 integers in the range of h(x), then the value of
= X=V2,=v2 or =7 (cos '(cosx,) +sin~'(sinx, )) is equal to

x=—+2s rejected . it does not satisfy (i) tan'x; x<1

Sol. (1) f(x)={

1 -1 .
= xlz—gsxzﬂ)andxg:\ﬁ cot™ x; x>1
tan '(x+2) ; x<-1
2 _ = x+2)=
= 2x+x,+x3=1 i ) {cot_l(x+2) ;ox>-1
. ST W
Ex. 27. If the range of function = Range of h(x) is (—?, —E}

f(x) =(7tx/5 +cos o) x? +2(cos'B) x + nv2—cos o s
[0, o0) then find the value of |o. — B + 2 ofy +1
Sol. (3) Given, f(x)=(n2 + cos™ o) x” + Ex. 30. If the area enclosed by the curves

cos 'cos(~=2) +sin”'sin(—1) =1

2(cos”B)x + 12 —cos” o f(x)= cos '(cos x) and g(x) = sin"'(cos x) in x€ 9—“, 5m
Clearly, graph of f(x) is parabola opening upward. 4 4
As, range of f(x)is [0, o), so discriminant =0 an?
- b2 — dac=0 is 5 (where, a and b coprime), then find (a- b).
= 4(cos'B)? - 4(%& +cos” o) Sol , . . .
ol. (1) We have g(x)=sin" (cosx)=——cos (cosx

(042 —cos™ 0 = 0 (1) g(x) (cosx) 5 (cosx)

- 4(cos”'B)? —4(2n? —(cos ' a)?) =0 Both the curves bound the regions of same area in
112 -1312 2 {E 7—”} [9—75 15771} and so on
= (cos™ a)“ +(cos™ B) =2m 22l a s
fx)

X-axis
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A
- VA T
f(x) Ex. 32. Iftan™' x + tan VY T and
2 | o
/ : .1
: - - X (1 5sin ' x .
T _ (R sin"'y —cos | —— | ==, then ———is
g XX, Fro ) 6 iy
R A —
: - - b - - i
= 4 7 4 : Sol. (6) tan”" x + cos ly:gandsin 'y —cot 1x=g
2 9K 1
\ = tan~! x + cosily+sin71y—cot71x+5
. Required area = area of shaded square ) 4
on?  an’ or tan "x=cot "x = x=1
=2 = ~ ~ ~ ~ -
8 b Also, tan™" x + cos 'y —sin”" y + cot 1x=g
o a=9and b=8
.4 T . 4 b5m
Hence, a-b=1 = T —2sin yzg:> sin y:E
. - . 5sin”’
Ex. 31. Consider the curve y =tan™"' x and a point s.m_l X6
sin” y

A(1 , %) on it. If the variable point P,(x;,y;) moves on the
Ex. 33. IfA= lcot_1 s lcot_1(l) + lcot_1(l) and
) 1 1 2 2 3 3

.

curve fori=1,23,..n(neN) such thaty, = X tanl(L2
mel 2m B=1cot™'(1) + 2cot '(2) +3 cot "(3) then|B— Al is equal to

and B(x,y) be the limiting position of variable point P, as

an (o -
n — oo, then the value of reciprocal of the slope of AB will be —— 7+ ECOt '3)

Sol. (2) y=Limy,=Lim X tan‘l(%) = where a,b,c,de N are in their lowest form, find (b—-a-c-d)
n—oo n—oom=1 2m 1 1 1 1
n » 2 Sol. (8) B— A=(2cot™'(2) +3cot™'(3)) - (f cotfl(fj + fcotfl(fD
Lim ¥ tan { ——MMM— 2 2) 3 3
n—eom=1 1+2m+1)2m—-1) 1 4 1
=2(cot”™ 2+ cot”"3)+ cot™ 3
n
=Lim X {tan"'@m+1)—tan"'2m—1)} (1( 41 4 1) 1 lj
n—seom=1 —| —| cot —+cot —[+-—cot —
3 2 3 6 2

=Lim {(tan"*3 — tan " 1) + (tan"'5 — tan"' 3)
n— e T 4 T o1
) ) ) =—+cot 3—| —+-—tan "2
+(tan” 7 —tan '5)....+ tan 2 4 6

@n+1)—tan"'@2n—1)} I, cot"13—l[3—n—tan_13}
. 4 6 4
=Lim {tan"'@n+1)- tan ' 1} > = . 1
noe 4 == +cot '3+ -tan'3
. 8 6
B— (l, —) i.e. coordinates of B approach, towards those T 1( 7
-1 -1
4 =—+ cot 3—7( —cot 3)
of ‘A’ 6\ 2
.. Chord AB approches to be the tangent to y = f(x) at A L LS P 1 cot™13
d -1 8 12 6
. (slope of AB)™ ={—tan7l x} 5T 5
x at x=1 =—+—cot '3
2
=(1+x%),,=2 Hence, a=5b=24,c=5d=6

b-a-c-d=38



JEE Type Solved Examples :
Statement | and Il Type Questions

® This section contains 2 questions. Each question contains
Statement I (Assertion) and Statement II (Reason). Each
question has 4 choices (a), (b), (c) and (d) out of which only one
is correct. The choice are

(a) Both Statement | and Statement Il are correct and
Statement Il is the correct explanation of Statement |

(b) Both Statement | and Statement Il are correct but
Statement Il is not the correct explanation of
Statement I.

(c) Statement | is correct but Statement Il is incorrect.
(d) Statement Il is correct but Statement | is incorrect.

Ex. 34. Statement | Ifo, B are roots of 6x* +11x +3 =0,
then cos ™' o exists but notcos ' (0. > ).
Statement Il Domain ofcos ™' x is[-1,1].

Sol. (a) Given, 6x* +11x+3=0 = 6x*+9x+2x+3=0

= 3x(2x+3)+12x+3)=0
-3 -1
= 2x+3)B3x+1)=0 = x=?,—
-3 -1 -1_-3
p=— a=— (*>*)
2 3 3 2

-1 _
cos 1(?j exists  {. Domain of cos ' xis[-1,1]

JEE Type Solved Examples :
Matching Type Questions

Ex. 36. Match the principal values of cos '(8x* —8x? +1)

given in column | with the corresponding intervals of x given
in column 11, for which it holds.

Column I Column I1
A 4cos'x p. O<x<i
V2
B 4cos'x-2m q. LSXSI
2
C 2m—4cos'x I —ISxS—L
V2
D 4n—4cos'x . 7L<x<0
2
Sol. A—q, B—s, Cop, Dor
(A)0<cos'(B8x*-8x*+1)<m
= 0<4cos 'x<m
1
= OScosfleE = —<x<1

4 V2T
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Ex. 35. Statement | [ftan”'x+tan 'y = T otan'z
4
and x+y + z =1, then arithmetic mean of odd powers of
X,y, z is equal to1/3.
Statement Il For any x,y, z we have
Xyz—=xy —yz—zx+x+y+z=1+(x-1)(y-1)(z-1)

_ _ _ T
Sol. (b) We have, tan”" x + tan"'y + tan"' 2 =

Let x=tan A,y =tanB and z =tanC.

Then A+B+C:%

Now, tan(A+B+C)=M
1-(xy + yz + zx)

_ X+y+z-xyz

= =
1-(xy + yz + zx)

= 1-(xy+yz+zx)=x+y+z-xyz

= (x-1)(y-1)(z-1)=0

= One of x,y,z is equal to 1

If z=Lx+y=0

(x)add + (_x)udd + lodd =1

Thus, AM of odd powers of x,y,z is equal to (;j

(B) 0<cos '(8x* -8x* +1)<m

= 0<4cos 'x-2m<m
= 2m <4cos ' x<3m
s _ 31 1
= Z<eoslx<T= =5 -——<x<0
2 4 N
(C)0<2m-4cos'x<m

—2m<-4cos'x<-m

2m>4cos ' x2m

LUl

T _ T
EZCOS 1xZZ = 0<x<

& -

(D)0<4m-4cos ' x<m

= —4m <-4cos 'x<-3m

= 4am>4cos™ x23m
_ 3n
= m>cos x>
4
1

= -1<x<-—

V2
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Subjective Type Examples

-1 2
A . = - _ _ 31
Ex. 37. If A=2tan (2\6 1) and N p(tan~" x)? -1 tan~" x - é o
.- 1 . 13
B=3sin"'| — | +sin”'| 2 |, then show A > B. 13
3 5 = tan ' x=—-—=,—
4 4
Sol. We have, n
o
A=2tan'(2v2 —1) =2tan"'(1.828) = tan “x=-
= A>2tan_1(\/§) — x=—
21 - _ 3m _ T T
= A>— () neglecting tan' x="—astan ' x€ |- =, =
3 4 2°2
Also we have,
sin’l(l) <sin’l(1] = sinfl(l) P Ex. 39. Solve for x : If[sin 'cos'sin 'tan~' x] =1, where
3 2 3 6 . .
. [.] denotes the greatest integer function.
. T
= 3sin 1(5} <E Sol. We have, [sin 'cos 'sin "tan”" x]=1
_ _ _ _ m
1 1 1)} = 1<sin”'.cos'.sin"'.tan ' x<—
Also, 3Sin_l(7j =sin}3--— 4(7) 2
3 3 3 = sinl <cos '.sin'.tan' x<1
= sin_l(z—) =sin"'(0.852) = cossinl >sin"'.tan™" x> cos1
=  sincossinl >tan' x >sin cos1
(1 _ . . .
= 3sin 1(,J <sin 1(3] = tansin cossinl 2 x = tansin cos1
3 2 Hence, x € [tansin cos1, tansin cossin1]
(1 s
= 3sin ! gj <g
_ - T )
. 40. If tan =4tan x| |x|<tan— |, findy as an
Ex. 40. Iftan”'y = 4tan”" t dy
43 _ _ 8
Also, sin”! gj =sin"'(0.6) <sin 1( 5 ]
. . T .
algebraic function of x and hence prove that tan— is a root
4(3) . m 8
= sin 1(7) <— ) 4 )
5) 3 of the equation x” —6x° +1=0.
41 4 3) 2m
Hence, B =3sin 1(7) +sin 1(7) <= (i) Sol. We have,
3 > 3 tan”'y =4tan”' x
From (i) and (ii), we have 9%
A>B. = tan71y=2tan711 > (as| x| <1)
-x
1.2 1251’ ix
Ex. 38. Solve for x :(tan™ x)~ +(cot™ x)° =—"——. L 1-x
=tan 5
4x
1.2 G2 5m’ 1-
Sol. We have (tan ' x)” + (cot™ x) e (1-x%)?
2
_ ~ ~ ~ 5702 o 4x(1-x7) 2x
1 1,2 _ 1 1, =tan ————— as <1
= (tan  x+cot  x)°—2tan” x.cot  x . o —6xlt1 1= 2
2 2 2
T _ T - 5T 4x(1—x
= (—j —2tan lx.(——tan 1x)=— = y=M
2 2 8 x —6x"+1
-1 -1 T -1 T -1 —tan®
s tan” x+ cot ng = cot ng—tan x If x—tang
n? T 5m? = tan"'y =4tan”' x=E
= 7—2-E~tan_1x+2(tan_1 x)Zz? Y 2

= y =00 = x'—6x?+1=0



Ex. 41. If x,, x,, x;, x,, are the roots of the equation
x* = x> sin2B + x2cos2P — xcosP — sinf =0
Then show :

_ - - - n
tan”'x, +tan"'x, +tan"'x; +tan"' x, == —f
2

Sol. We have, 3 x, =sin2f,
X xx, = c0s2p, Z x;x,x5 = cosP
and X, X,%3%, =—sinf.

. 4 3 2
using;ax” + bx” + ¢x” + dx + e = 0 has four root x;, x,, x5, x,

=SZx=x+ X+ X3+ x,=——,
a

_ _c

XXy + XX+ X X5+ XX, F XX, + XX, =2XX, =

X, X, X5 = X, X, X35 + X X,X, + XpX3%, + X X3X, =

d _e
an X\ XpX3Xy = .

PR ol ol ol
Let, oy =tan™" x;, 0, =tan~ x,, 0l; =tan™ x; and o, =tan  x,
= tano, =x;, tano, = x,, tanol; = x; and tan o, = x,

(s1=53) _ Zx—Zxxxs

tan(oy + o, + 0y + 01, ) =
1-5,+s,

_ sin2B—cosp  cosP(2sinf-1)
C1- cos23 —sinf} B sinf} (2sinf3 —1)

- —tan| T _
=cotf= tan( ; B)

T
= O + Oy + Oly + Oy =— —

1 =2 X%, + X, X,X3X,

V]

- - _ - T
or tan ' x, +tan ' x,+ tan ' x, + tan”' x? =E—B

Ex. 42. Find the number of positive integral solutions of
the equation :

-1 -1 .-
tan " x +cos Lzsm

—
|
~
N
SE
(e)

Sol. Here,
. _ -1 3
tan”! x + cos lLzsin —
1-— yz ‘\/E
-1 -1 1 -1
= tan” x + tan () =tan (3)
y
4 1 -1 -1
or tan (] =tan 3 —tan (x)
y
4| 1 4 3—x 1+3x
or tan | — |=tan =y=
y 1+3x 3—-x
As x, y are positive integers, x =1,2 and correspondingly

y =27
. Solutions are (x,y) =(1,2),(2,7) i.e. two solution.
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Ex. 43. Ifcot™' . E, n€ N, then find the maximum
6

T
value of n.
Ln_T
Sol. Here, cot ' —>—
T 6
Ln m
= COt(COt 1—) < cotz {as cot x is decreasing in [0, T /2]}
m
= ﬁ < \6
T
= n<+3m=55 (approximately)

So, the maximum value of nis 5, asn € N.

n® —10n+21-6 T

Ex. 44. Ifcot™ >g, n€ N, then find

T

the minimum value of n.
n?—10n+21-6
n

T
>

Sol. We have, cotl( A

n’—10n+21-6 n
—_—<

= cot—
T 6
{as cot x is decreasing for 0 < x <}
= n® —10n+216 <73
= n?-10n+25+21-6-25<73
= (n-5°<m/3+3-4
= —\/m<”—5<\/m (i)

Since, \B’n’, =55 nearly

VBT +3-4~4/8:9~2.9

= 2-1<n<7-9
n=3,4,506,7

or minimum value of n=3.

{asn e N}

Ex. 45. Find the set of values of k for which
x? —kx + sin"'(sin4) >0 for all real x.

Sol. We know,

sin”!(sin4) =sin”"'(sin(® — 4)) =1 — 4

T T
=< M-4<—
2 2

. We have x* —kx+m—4>0forall xe R
D<0,ie k*—4(m—-4)<0
or K+ 44-m)<0

which is not true for any real k. {as k* + 4(4 — 1) > 0}
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EXx. 46. Find the greatest and least value of;

(sin”"x)? +(cos " x)>.

1x)* =(sin”! x + cos ' x)
-1

Sol. We have, (sin”" x)* + (cos
[(sin™" x + cos

n|n? (n 4 )_
=—| ——=3sin x| —-sin " x
2| 4 2

x)? =3sin”" x.cos ! x]

sm| T n?
=2"|(sin"' x)* - =sin"' x + —
2 2 12
3m ( . n)z n? n?
==—||sin" x——| + ——-—
2 4 12 16

3n ( . n)z n?
=—]||sin” x——| +—
2 4 48
3
m n _n’ _ m
— when(sin 1x——j=0
48 32 4

a2
Also, (sm x——) ( )
4 4

on? nw?| 7n’

e

6 48 8

The greatest value = 3;{
Ex. 47. If x, is given by, x, , J—(1 +x,). Then,

.3
So, the least value is; —

= tim 00110 ..(id)
" sin— 0
2"
"o
2"
\/1—x§ \/l—cosze ) B
= - using Eq. (ii
XXX X, sin® {using Eq. (i)}
0
=0=cos ' (x,) { cosO=ux,}
1-— 2

EXx. 48. Express the equation;

CcO ——Ztan ‘,3 4X
V1=x* —y?

a rational integral equation in x and y.

1/3—4x2
— a
X2

Y 1 l_xz_yz

1—x2—y

= F
58

=tan~
2

Sol. cot™!

Also, 2tan™

_ 1- x4
show :cos™' x, = O ... up to infinity. 4|3 — 4
XX, X5 =tan”'| ————
8x* -3
. 1
Sol. Given:x,, = \ g(l +x) Hence, the given equation is
Let X, =cos0 1= xP—y? | 4xy/3-4x? _ 3—4x2
1 1 0 tan " —————=tan | ———— |- tan ™!
X =\/7(l+x0) =\/7(1+cosﬁ) =cos(5) y 8x"-3
\/ s (1+ 9) ( 9) 4x\l3—4x
x) cos— | =cos| — 2 \/
1 2 92 — tan"! 8x" -3
o 0 4x1l3 4x*
Similarly,  x;=cos| — 1+
2 L 8x% -3
~ B 3 4x%)%2
x_cos(e) | ox—sx
n o 1-x" =y’ (3—dx?)¥?
0 - a3
= X, X,X5.. . X, = COS—.COS—.COS—...COS— Y 9x-8x
2 2 2 Squaring and simplifying
_ Slnen (1) l—x2 1+ (3—4x2)3
2" sin— y? (9x—8x7)?
n
342 243 2
XXy e X, .00 = lim (x,%,...X,) _Ox-8x) + (i ; ) _ 27 _27936 -
ne (9x —8x7) (9x —8x7)
in0 200 _g+2\2
= lim| —— {using Eq. (i)} y? _XO-8x7)
n— 0 27

2".sin—”
2



Ex. 49. Prove that

_ + _
cos™! _LOSXTCosy =2tan”" tanﬁtanZ .
1+ cosx-cosy 2 2

Sol. Let, tang- tan%ztane (i)

l—tanzx/2+l—tan2y/2
cosx+cosy 1+tan’x/2 1+tan’y/2
1+cosx.cosy_1 (1—tan®x/2) (1—tan y/2)

(1+tan®x/2) (1+tan’y/2)

Consider

B (1 —tan®x/2)(1 + tan®y / 2) + (1 + tan® x / 2)(1 — tan® y / 2)
(1+tan®x/2)(1 + tan®y /2)+ (1 —tan®x / 2).(1 — tan®y / 2)

1-tan®x/2+tan’y /2 —tan®x/2tan®y /2+1—tan’y /2
_ +tanx/2—tan®x/2tan’y / 2
_1+tan2x/2+tan2y/2+tanzx/Ztanzy/2+1—tan2x/2

—tan’y /2+ tan® x / 2.tan’y / 2

_2—2tan2x/2tan2y/2
2+2tan’x/2tan’y /2

11— tan’0
1+ tan®0
=cos20

{from Eq. (i)}

LHS = cos '(cos20) =20

=2 tan_l(tanE . tanX)
2 2

Ex. 50. If x = cosec (tan"(cos(cot ' (sec(sin ' a))))) and
y = sec(cot ™" sin(tan ' (cosec(cos ' a))))), where a € [0,1].
Find the relationship between x and y in terms of a’.

Sol. Here,

x = cosec (tan "' (cos(cot !(sec(sin~" a)))))

- - 1
= x = cosec| tan”"| cos| cot | ———
1-a°
1 1
= x=cosec| tan | ———
2—a*
= xX=4/3— a’
and y =sec(cot " sin(tan"*(cosec(cos  )))))
| . 1 1
= y =sec| cot | sin| tan | ———
1-a?
1 1
= y =sec| cot | ———
2—a?
— 2 ..
= y=+43-a ..(id)

From Eqs. (i) and (i), x =y =+/3 —a®.
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2
=tan”' (Mj whereo, B € [O, E)
i 2

cosOl + sin

Ex. 51. Show that tan _1{tan ; tan(:: E)}

. B
Sol. Since, 0<0L<E
o T o
0<—<— = 0<tan—<1
2 4 2

Similarly, 0<f< g

T T
= O<B<—:>——<—E<O
2 4 4 2
s
= O<——E B

m n
<— = 0<tan(——f)<1
4 4 4 2
From Egs. (i) and (ii), we get

p

o Y
0< tan—tan(— —f) <l
2 4 2

-1

Since, 2tan”! x = tan — when x €(0,1)

1-x

_ o s
2tan”’ tan—tan(——ﬁj
2 4 2

o T
2tan— tan(— - Ej
2 4 2

(04 T
1- tanz—.tanz(— —Ej
2 4 2

-1
=tan

()

.. (i)

2tan—
1+ tan(ﬁj
=tan! 2
2
1—tanE
1—tan? 2
1+ tanE
2
2tang(1 —tanZB)
=tan”’ 22
(1+ tang) —tan® (1—tan j
2tan a(l — tan? j
=tan”’
(1+tan2§)(l—t )+2tan6(l+tan —j
2tang 1—tanZE
. 2
1+tan®’= 1+ tanZE
=tan”’ 2
1—tan 2tang

2 A 2
1+ tan E 1+ tan

_4[ sina. cos
— tan~!| S cosB
cos o+ sinf3
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Ex. 52. Solve :

41—=x 1 2x T
—4cos™! +2tan”"

1+ x? 1+ x? 1-x% 3

3sin”"

Sol. Lettan 'x=0for x>0
b T
Casel When 0<x<1, then0S6<zand SO 0S29<E

. o1 2x .1, .
sin”! 5 =sin (sin20) =20=2tan"" x
1+x

2
41=-x

cos 5= cos '(cos20)=20=2tan"' x

1+ x

1 2 _ _
tan”' % =tan Y(tan20) =20=2tan"' x

1-x2

o2 1= o2 n
Thus, 3| sin™! xz —4] cos™! x2 +2 tan™? x2 =—
1+ x 1+ x 1-x 3

_ _ _ m
= 3(2tan ' x)—4@2tan " x) + 2(2tan 1x)=?

-1 T

= 2tan  x=—

3
= tan_lx—£:> x—L

6 J3

1 1 . .
as 0<—=<1, x=—=1is a solution

V3 V3

X .
5 is not defined.
1-x

Case I When x =1, tan™*

x =1, cannot be a solution.

CaseIII If x>1, then%<6<§and so§<29<n

2 - .
sin”! ol 5 | =sin (sin20)=m —20=m —2tan"" x.
1+ x

- 2x - -
cos”! 5 |=cos Y(cos20)=20=2tan"" x
1+x

andtan_l[ o 2] =tan '(tan20) =20-m =2tan ' x -7

1-x
Thus, the given equation becomes

_ - - m
3(m —2tan' x) — 4(2tan”" x) + 2(2 tan 1x—Tt)=;

1 T
= n—10tan " x=—
3
1 T
or tan x=—
15
. Y T
ie. x=tan —<tan—<1
15 4

. .
x= tang is not a solution.

1
Thus, x =—= is the only solution for the given equation for

V3

x=0.

Ex. 53. Obtain the integral values of p for which the

following system of equations possesses real solutions :

2 4
_ - — .- T
cos ' x +(sin 1y)2 =pn—and(cos ' x)(sin 1y)2 =—
4 16
Also, find these solution.
Sol. Letcos ' x=a=aec[0,1]
and Sin_1y=b:>b€|:—E,£}
2 2
pm’
We have a+b2=T ()
4
and ab® - ..(id)
16
n? n?
Since ble|l0,— |=a+b’e|0o,m+—
4 4
2 2
So,Eq. () > 0< P <+ ™
4 4
ie. 0<p<din
i
Since peEZ,sop=0,1or2

But, if p=0, thena=b=0.
= Equation (ii) will not be satisfied.

Now, substituting the value of b* from Eq. (i) in the Eq. (ii), we
get

2 4
m T
a[p _a]:h’) =16a’—4pnia+nt =0 ...(iif)

Since, aeR = D>0
ie. 16p'n* —64n* 20 = pi24 = p>2

Thus, we conclude that the only value of p that satisfies all
conditions is p =2 . Substituting p =2 in Eq. (iii), we get
16a° —8n’a+m* =0

= (4a-7%)*=0
n? .
= a=——=C0s X
4
2
= X =CO0S—
4

2 4
b b T _
From Eq. (i), we get — -b>=— = b=+ — =sin "
q. (i), we g , " 5 y

= y=*1

Ex. 54. Solve the equation 2(sin~" x)* —(sin”' x) =6 =0
Sol. Let,sin ' x=y, we get
2y% -y -6=0
2% —4y +3y —6=0
y=2andy=-15
sin'x=2andsin ' x=—15

m m
Since 2 > 5 and |-15|< > the only solution is x =sin(—1.5).
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A T
Ex. 55. Solve the equation sin~'6x + sin”" 63x=—" Ex. 56. Solve the equation : 2tan”'(2x —1) =cos™ ' x.

1

Sol. Here, 2tan”!(2x—1)=cos ' x

Sol. Let us transfer sin"'6+/3x into the right hand side of the

equation and calculate the sine of the both sides of the
resulting equation

_ - T
sin(sin”~' 6x) = sin(—sin Y6+/3x — Ej

= 6x=—sin(sin716\@x+ sin”'1)

{using sin(—0) = —sin(0)}

= 6x =—sin(sin " 4/1-108x%)
{using sin~! x +sin'y =sin " {x/1 - y? + y/1 - x*}
= 6x =—4/1—108x* ()

Squaring both sides, we get
36x° =1-108x" = 144x° =1

1 1
whose roots are x=— and x=——.
12 12

Let us verify :

N -1, . .
Substituting x = o in the given equation, we get

-1, . .
Thus, x= o is the root of given equation. But, when

1
substituting x = o in Eq. (i), we get

LHS 6x -1

2
RHS —J1-108x% =—1/2

i.e. LHS # RHS of Eq. (i).
1
Hence, x = P is a root of the given equation as it satisfy both

given and Eq. (i).

_ 1-tan’0
or cos(2tan'2x —1))=x We know cos20= #
1+ tan“0

1-(@2x—1)*
—_—=X

= 2
1+(2x-1)
—2x? +2x 3
= — =X = 2x"—x=0
1-2x+2x
V2 2
= x=0,—,——.
2 2

Now, to verify which of the following satisfy given equation,
Case I For x=0;
2tan"'(-1) = cos '(0)
T T
2 2
. x=0is not a solution of given equation.

V2

Case II For x= 7

or

The right hand and the left hand side of the equation are equal
to % and 2tan”'(v2 - 1).

- i
But tan 1(\5—1)=§.

2. . .
LoX= ? is a root of the given equation.

V2

Case III For x=— 7

The left hand side of the equation is negative and the right
hand side is positive.

2. . .
Consequently, x=— P is not a root of the given equation.
Thus from above;

2
x= > is the only solution.



Inverse Trigonometric Functions Exercise 1:
~ Single Option Correct Type Questions

0] = 2 D
t U= Lis equal to
1+x2H
(a) cos™! (x?) (b) ——= cos “l(x?)
(c) — fcos “(x?) (d) None of these

. The value of cos% cos ! %@is equal to

(a) 3/4 (b)-3/4

(©) 1/16 ) 1/4

. The inequality sin ~'(sin5)> x* — 4x holds if
(a)x=2- \/m

(b)x=2+./9 —2m

(© x 0@ o 2m2+.J9-2m)

) x>2+ 9 —2m

. The value of sin”~ ! [T3in HH%
3 2 +k2 - kx)H

[; where

—cos ! os—g
A(x +k2 —kx)g
%<x<2k,k>0§is

x? + xk — k0
2 2H
—2xk + k°0
_1 0% + 2xk —2k20
Ox* -2xk +k* 0
_Ox? + 2xk - Zkzg
o=
2x? - 2xk + 2k*0

(d) None of the above

(a) tan™!
(b) tan

(c) tan

_ -x0d
. Ifa< tan 1El—xljsbwhereosxSl,then(a,b)=
a+x

B wB I
o1 ofH

. Sum of infinite terms of the series

ot_lgz +§@+ Cot_léz +§§+ cot_1§2 +E§+...is
4 4 4

(a)t/4
(c) tan™'3

(b) tan™'2
(d) tan™'4

7.

10.

11.

12.

14. si

. . - Lo-1 1 .
Solution of equation cot Ux +sin”! T = Z 18
5
(a)x=3 x=1/+/5
(c)x=0 (d) None of these

. Solution set of the inequality

cot ' x)?* =(5¢cot™!
) (cot3, cot2)

) (— oo, cot3) [ (cot2e0 )
) (cot2, o)
)

None of the above

x)+6>0is

(
(a
(b
(c
(d

. Sum to infinite terms of the series tan ' %§+ tan ! %@

_1[4 g2t O
+ tan %»3@#..+tan O——0+...

O+22-10]
(a)ymt/4 (b) /2

()T (d) None of these

If x + i =2, the principal value of sin " x is
@7 07

@ @

If x D% g ETE then the value of

tan"! Fanx@_'_tan_lﬂ 3sin 2x Dis
4 £+3c052xH

(a) x/2 (b) 2x

(c)3x (d) x

.- .- 2T - _
Ifsin™' x +sin~'y === then cos ' x +cos 'y
3

2TT Tt
(a) ? (b) g
Tt
(c) " (d)m
cot% —2cot™! 3@15
(a)1 (b) 7
(c)-1 (d) None of these
D -1 1 - x2 -1 1 - xZ D
sin(fan + cos (s
8 2x 1+x*8
(a) 1 (b) 0
(c)—-1 (d) None of these



15.

16.

17.

18.

19.

20.

21.

22,

-q%0 -p20
If cos ™! a D—cosﬂMD:Ztan_lx,thenxis
O+a°0 O+5°0
a-b b-a
b
(a)1+ab ()1+ab
(c) atb (d) None of these
1-ab
2 []
If cos_IMD < —, then
O+x*0
01 10 1 1
0F &=, —— b)x O ——, ——
@sIgF e U0 5
() x O @ 10 (d) None of these
58
The value of
g 0 _ 0 i
cos '[dotHin ! 2 \B+cos_1l%\/ED+sec_lﬁ is
E 4 04 0
i
0 b) —
(a) (b) .
i T[
= d) —
() P (d) 5
If tan_1£<;, x LN, then the maximum value of x is
Tt
(a) 2 ()5
(c)7 (d) None of these

If tan " \/(1+x2) _\/(1 ~x)
Y1+ x?) +ya -x?)

(b) sin2a
(d) cot2a

=q, then x? is

(a) cos2a
(c) tan2a

The number of positive integral solutions of
tan”' x +cot 'y =tan ' 3is

(a) one (b) two
(c) three (d) four
If cosec ™ '(cosec x) and cosec(cosec” 'x) are equal
functions, then the maximum range of value of x is
gm | L
(ag—-103,—
H2 'H 28

Omn 0
(b)ﬁ 2’0§D @ 2H
(c) (=0, —=1] O [10 )
(d)[-1,0)0(0,1]

The value of ‘ llim cos(tan ' (sin(tan "' x))) is equal to
(2) -1 (b) 2

1 1
(c) ﬁ (d) ﬁ

23.

24,

25.

26.

27.

28.

29.
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'x]=0,

where [.] denotes the greatest integer function, is equal
to

(a) (0, cot1)
(c) (tan1, oo)

Complete solution set of [cot ™' x]+ 2[tan ~

(b) (0, tan1)
(d) (cot1, tan1)

Ifsin ':[-1,1] - %,%Tgand cos ':[-1,1] - [0, T be

two bijective function, respectively inverses of bijective

functions sin : %[, %Tgﬁ [-1,1]and cos: [0, TT] - [—1,1]

. -1 -1 .
,thensin” ~ x +cos ~ xis

— b) 1t
(a) 5 (b)
(c) 371-[ (d) not a constant
Ifasin ! x —bcos ' x =c, thenasin~ ! x + bcos ! xis
equal to
(a) 0 b) Tab + c(b —a)

a+b

T Tab + c(a — b)

R | P G
©° (@ T
The number of integer x satisfying sin~'| x —2| + cos '

Tt
(1-]3-x|)=—1is
| | 5
(@)1 (b) 2
(c)3 (d) 4
o1 2 .o —1 3 -1
The value of O such thatsin™* —,sin” = ——,sin_ O are
NG V10

the angles of a triangle is

-1 1
a) — b) =
(a) NG ( )2

1 1
c) — d) —
(c) N (d) %
tan 'x tan !'2x tan !3x

tan ! x tan !2x|=0, then the
tan~ ! x

Let| tan~!3x

tan”'2x tan '3x

number of values of x satisfying the equation is

(@)1 (b) 2
©)3 d) 4
If the equation x° + bx? +cx +1 =0,(b< c), has only

one real root @, then the value of 2tan ™ '(cosec ) +

tan”!(2sinasec? o) is

(a)—m

T
(b) 5

(©)

g (d)
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. L = -1 20 - -1 20, then th 1 f Uex O _
30. Let u = cot ™' +/cos20 — tan~ ' +/cos 20, then the value o 38, Let f(x)=1+2sin e d x20, then f~(x)is equal
Ce* +10

sinu is
Ea; tcoszzg EZ; Sintzzee to (assuming f is bijective)
C) tan CcO
a . -10 4
0 . 20 sin” QX—Q 0 0 smgxi2 @ 0
[]cos -0 x=20 log E%D (b) 57_15
31. Letf(x)=2tan_1x=§ H+x D[I Ql—sm Q @Q @_Sing 9 Q@
-1 <0 L —1[x COx-1
E COS El + x D X sin ﬁT@ SlnﬁT@
L —1dx -1 ~sin x =1
The function f(x)is continuous everywhere but not (c) el ﬁT@ (d) el ﬁT@
z:h)fflerentlable at x equals (tt())) . 39. cos ™ !(cos(2cot " (+/2 — 1)) is equal to
a _
T[
1 - i
©0 @ (@)v2 -1 b)
|:J (c) m (d) None of these
32. Let f(x)=sin" Diﬂlj A1 R The function f(x 4
O+x%0 \/7 2)x?

) ) ] ) 40. The maximum value of f(x) = tan Dilj
continuous everywhere but not differentiable at x is/are Chet +2x2 +30]
(@0, 1 (b)~1.1 (a) 18° (b) 36°
() =10 (d)o,2 () 22.5° ) 15°

33. Let f(x)=tan"'(x* —18x +a)>0 [0 ] R Then the [+ % -1
value of a lies in 41. Iftan™! NITX TR 4° then
(a) (81, ) (b) [81, %) x
(c) (- =, 81) (d) (- o0, 81] (a) x = tan2° (b) x = tan4°
. -1 -1 1 (c) x =tan(1/ 4)° (d) x = tan8®
34. Let f(x)=sin"'2x +cos ' 2x +sec” ' 2x. Then the sum , -
of the maximum and minimum values of f(x)is 42. Iftan ™ '(sin” @ = 2sin @ +3) + cot " '(5° ¥ +1) = Py then
@)1 (®) 2].? the value of cos® 8 — sin Bis equal to
(c)3m (d) E (a) 0
(b) -1
35. If tan ! b +tan ! = E, where g, b, ¢ are the () 1
cta a+ 4

(d) None of the above

sides of AABC, th.en AABC s 43. The number of solutions of the equation
(a) Acute-angled triangle

(b) Obtuse-angled triangle [tan ™" x[| = 4/(x* +1)° —4x?
(c) Right-angled triangle (@)1 (b) 2
(d) Equilateral triangle (©3 (d) 4
36. Solutions of sin ™ '(sin x) = sin x are, if x (0, 21) 44. For any real number x > 1, the expression
(a) 4 real roots sec’(tan ' x) — tan® (sec " x)is equal to
(b) 2 positive real roots (@) 1 (b) 2
(c) 2 negative real roots (c) 2x° %) 22
(d) 5 real roots
TT|
2sin” ! x 45. Let f:R - g), —% be defined by
37. The equatione ™ , has . f
logy f(x)=tan " (3x° +6x +a).Iff(x) is an onto function,
(a) Unique solution then the value of a is
(b) Infinite many solution (a) 1 (b) 2
(c)x=1 ()3 (d) 4

d)y=e



46.

47.

48.

49.

50.

51.

52,

The value of expression
O O O
tan DfJ—ZD+ sin ! D\ﬁlj— cos ! D\/;ﬂﬂis
0z 0 05 0O 010 O
. N7ju L 0V2 +10
1 Y2e b) cot ! M2
@ ot %] R

g -4/20
(c)—m+ cot_IMD (d) Tt —cot ! MD
0 -+20 0 ++20
- —1 3[.
The value of sec @cot "2+ cos™ g@ls equal to
25
(a) 2

25
(©) o (d)

24
b) - —
(b) S
-2

7

Which one of the following statement is meaningless?

(a) cos™! @n é!%% (b) cosec ™’ %Q
(c) cot™ %@

(d) sec (1)

The value of sec |:Jin ! % sin ¥[§+ cos 'cos %3;'-%5
equal to
10TT Tt
hddd b) sec —
(a) sec . (b) sec .
(c)1 (d) -1
The number k is such that tan{arc tan(2) + arc tan(20k)}
= k. The sum of all possible values of k is
19 21
7 b) - 22
(a) m (b) n
1
0 d)—
(c) (d) 5
= .0 1 O
The value of ¥ tan ——[Jis
r=2 0r? —5r +70
T 1
= b) =
(a) . (b) 5
3n 51
(c) " (d)—

4
_ - 1 .1
If x =tan ' 1 - cos 1§~7§+sm -,
2 2

y =cos % cos ! %%, then

(a) x =Ty

(b)y = Tor

(c) tanx = —(4/3)y
(d) tanx =(4/3)y

53.

54,

55.

56.

57.

58.

59.

Chap 04 Inverse Trigonometric Functions 363

The value of

tan ! % tan 2A@+ tan ™ (cot A) +tan ' (cot® A) for

0<A<(Tt/dis
(a) 4tan”'(1) (b) 2tan~*(2)
(c)0 (d) None of these
o -1 O 4n O
The sum % tan~ —————[lis equal to
n=1 [h* —2n® +20
(a) tan_lé + tan_lg (b) 4tan'1
(c) g (d) sec_l(—\/g)

Number of solution(s) of the equations
_ - TT.
cos '(1—x)—2cos ' x =—is
2

(@) 3 (b) 2
()1 (d)o

There exists a positive real number x satisfying

g
cos(tan ! x) = x. The number value of cos EL\"—Dis

02 0

1 I

= b) &
(a) n (b) 5

2n 41

£t ) P
(c) 5 (d) s
The range of values of p for which the equation
sin cos '(cos(tan " x)) = p has a solution is

1 10
—_—,— b) [0, 1

(a) N (b) [0, 1)

01

—,1 d)(-1,1
© a5 (A (-11)

Number of solutions of the equation

logy, (\/m) '*'%log10 (2cos ' x +3)

+logy, V5 =1is

(a)0

(b) 1

(c) more than one but finite

(d) infinite

Which of the following is the solution set of the
equations sin ' x = cos ' x +sin ' (3x —2)?

®) 5,1

@1

e
OO MO



364 Textbook of Trigonometry

60. The set of values of x, satisfying the equation

k4
66. Letg:R — @) Hls defined by g(x) = cos %Xi

tan? (sin ' x)>1is n+x20
0 2
(a)[-1.1] (b) EF £ £D Then the possible values of ‘k’ for which g is surjective
5 G ?f 5 function, is
042 20 O 2 20 oo 10
1) e =R |Y ST By ety -2
@10 -rEn @ e (b)@—l,
. . 0 1g
61. The solution set of the equation (c) Er EH (d) = Q
-1 2 -1 _ —1D1_XZE .
sin " 4/1—-x" +cos = x =cot E . E_ s - x 67. Number of values of x satisfying simultaneously
sin”' x =2tan " x and

(a)[-1,1] — {0} . B -
-1 1 - =
(b) (01104 1} tan ™ \/x(x — 1) + cosec m s

() [-1,0) {1} (@) 0 (b)1
(d)[-1.1] (c) 2 (d)3
62. The value of the angle tan ™" (tan 65° ~ 2tan 40°) in 68. Number of values of x satisfying the equation
degrees is equal to cos(3arccos(x — 1)) =0is equal to
(a) -20°  (b)20° (c) 25° (d) 40° (@0 ()1
63. If cos ' X —sin ' Y = =0(a,b,#0), then the maximum (c)2 @3
a b 69. Which one of the following function contains only one
value of b*x?® +a’y® +2ab xy sinB equals integer in its range?

(a) ab (b) (a + b)* [Note sgn (k) denotes the signum function of k.]
(c)2(a + b)? (d) a®b? _ .20
(@) f(x) = fcos IMD
o .0 O a + x*0
64. The value of X tan” Diljls equal to .
T B sreTn (b) g(x) =sgn x + ]
4 T x
(a) tan™'3 ®) (c) h(x) =sin® x + 2sinx +2
@sn” A @ cot 12 (@ k) = cos™(x° =2x +2
70. If range of the function f(x)=tan'(3x® +bx +3), x OR
65. The range of the function, -
+ is @, —[J then square of sum of all possible values of b
o A+x0d . q p
f(x)=tan™ J——[]—tan  xis 2
H=xt will be
(a) {ru/4} (b) {=(1t/ 4),31/4 (a) 0 (b) 18
(c){m/4,~3m/4} (d) 3/ 4 (c) 72 (d) None of these

| Inverse Trigonometric Functions Exercise 2 :
~ More than One Correct Type Questions

i
71. Let®=tan "' @an %@and @=tan"' % tan z?ngthen 72. Let f(x)=e T3 then
T _ smi18 T _ i3mi/i8
(a)0 >0 (b) 46 -3¢ =0 (a)f%g‘e (b)f%g‘e
77U

)0+ = o (d) None of these ©) f% 777'[@: /12 (d) f@‘ 777[@: QT /12



73.

74

75.

76.

77.

78.

79.

80.

If the numerical value of tan Epos -1 %@+ tan "’ %%is
O

%, HCF (q, b) = 1, then

(a)a+b=23
(¢)3b=a+1

(b)a-b=11
(d)2a =3b

- - TT.
Let f(x)=sin"' x + cos~' x. Then 5 is equal to

o s E

()f !
Dl+k2|:|

(b) f(k* -2k +3),k OR

(d) f(-2)

cos ! x =tan ! x, then
@x =L ) x =11
2 2
(¢) sin(cos™ ' x) = ng_ ! (d) tan(cos™'x) = ng_ !
The value(s) of x satisfying the equation
sin” | sin x | =+/sin " '|sin x | is/are given by (n is any
integer)
(a) nTt -1 (b) n1t
(c)nTT +1 (d) 2n1T +1

If(sin” ' x +sin " w)(sin~’ y +sin~!z) = 1%, then

PR yNz

w

N, (Ny,N,,N;,N, [IN)

(a) has a maximum value of 2
(b) has a minimum value of 0
(c) 16 different D are possible
(d) has a minimum value of — 2

Indicate the relation which can hold in their respective
domain for infinite values of x.

(a) tan| tan” ' x| =] x|
(b) cot| cot x| =| x|
(c) tan” Y tanx | =] x|
(d)sin|sin™! x| = | x|

-1 1 -1
To the equation 22/ " * — @7 +5§ gltheos "x _ g2 =
has only one real root, then
(a)1<a<3 (b)ya=1
(c)a<s-3 (d)ya=3
sin ~!(sin 3) + sin " (sin 4) +sin ' (sin 5) when simplified
reduces to
(a) an irrational number
(b) a rational number
(c) an even prime
(d) a negative integer

81.

82,

83.

84.

85.

86.
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If cos ' x + cos ! y+ cos !z =T then
(a) x* + y? + 2% +2xyz =1
b)2(sin' x +sin”'y +sin"'z) =cos' x + cos 'y +cos 'z

(
(O)xy +yz+zx=x+y +z -1

1 g 10 1
d + O+ + [+ + =6
@F ey b
2tan(tan "'(x) + tan '(x’)) where x DR { 1,1}is equal

to

(a)

2x
1-x°
(b) tan(2tan ™" x)
(c) tan(cot (= x) — cot (x))
(d) tan(2cot ™" x)

Let f(x)=sin""|sin x| + cos ' (cos x). Which of the
following statement(s) is/are TRUE?
@f(fB) =m
(b) f(x)is periodic with fundamental period 27T
(c) f(x)1is neither even nor odd
(d) Range of f(x)is [0,2TT]
If f(x)=sin"" x.cos ' x.tan "' x
.cot ! x.sec”! x. cosec 'x, then which of the

following statement(s) hold(s) good?

(a) The graph of y = f(x) does not lie above x axis

(b) The non-negative difference between maximum
6

minimum value of the functiony = f(x)is %
(c) The function y = f(x)is not injective.
(d) Number of non-negative integers in the domain of

f(x)is two.
.05 0/30

B\/jﬁ+3tan 1 Djlj and
28 0z 0d
O
B =4sin""' MD— 4tan”" %@,
g1 g

then which of the following does not hold(s) good?
(a)a <Ttbutf >1

(b)a >Ttbutf <m

(c) Both o and 3 are equal

(d) cos(a +B) =0

Let function f(x)be defined as

f(x)=|sin”" x| +cos ™" @i@ Then which of the

Let o =3cos”

following is/are TRUE.

(a) f(x)1is injective in its domain.

(b) f(x)is many-one in its domain.

(c) Range of f is singleton set

(d) sgn(f(x)) =1, where sgn x denotes signum function
of x.
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87. Which of the following pairs(s) of function is(are)

identical?
X

(a) f(x) = sin(tan”' x), g(x) =
1+ x°
(b) f(x) =sgn (cot™

denotes signum function of x.

x), g(x) = sec’x — tan® x, where sgnx

-1 x% -1 E
In=cos Hﬁ 2
(c) f(x)=e Eﬂ * HEH, g(x)=cos_lgxzilg
[k + 10

| |
(d) f(x) =sin”" Dz—xzu g(x) =2tan"" x
0+ x°0

88. The value of X cot™ (n® +n +1)is also equal to

(a) cot (—1) +sec (1) — cosec (1)
(b) cot '(2)+ cot '(3)

— 2[0
(c) minimum value of the function f(x) = tan™ %E
+ x

(d) cos™ %os 41 g@

89. Let f:1-{-1,0,1} - [—T, T]be defined as

O 2x O
f(x)=2tan™" x —tan "' Di[l then which of the
O-x0

following statements(s) is (are) correct?
(a) f(x)is bijective

(b) f(x) is injective but not surjective

(c) f(x)is neither injective nor surjective
(d) f(x)is an odd function
[

Note : I denotes the set of integers]

90. If log x :_?1, logy=§andP=log

(sin(arc cos W )

g 04 / 2
Q=log %os %rc tan ———— %, then
H v
@P=" ()P+Q—%:
=2 P__
(P -Q= 5 (d)Q

Inverse Trigonometric Functions Exercise 3 :

Passage Based Questions

Passage 1
(Q. Nos. 91 to 93)
Let S denotes the set consisting of four functions and
S ={[x],sin " x,|x]|, {x} } where, {x} denotes fractional part

and [x] denotes greatest integer function. Let 4, B, C are
subsets of S.

Suppose
A : consists of odd function(s)
B : consists of discontinuous function(s)

and C : consists of non-decreasing function(s) or increasing
function(s).

Iffe)0a C,g(x)OB C;h(x)) BbutnotC and /(x)0
neither 4 nor B nor C.

Then, answer the following.

91. The function I(x)is
(a) periodic
(b) even
(c) odd

(d) neither odd nor even
92. The range of g(f(x))is

(a) {-1,0.1}
(9){0,1}

(b) {-1,0}
() {-2-1,01}

93. The range of f(h(x))is

s wB

g g
. — d) D, —
S ey @ @ 2
Passage 11
(Q. Nos. 94 to 96)
Let f'be a real-valued function defined on R (the set of real
numbers) such that 7(x)=sin ' (sin x) +cos ' (cos x)
94. The value of £(10)is equal to
(a) 6Tt =20 (b) 7Tt =20
(c)20 = 7Tt (d)20 - 6Tt
95. The area bounded by curve y = f(x) and x-axis from
gs x < Ttis equal to

e s s

(2) = ®)—- (o (d) 5

96. Number of values of x in interval (0, 3) so that f(x)is an

integer, is equal to

(@)1 (b) 2
(c)3 (d)o



Passage I11
(Q. Nos. 97 to 98)

Consider a real-valued function
flo)= \/sin_1 x+2 +\/1 —sin ! x
97. The domain of definition of f(x)is

() [-11]  (b)[sin1,1] (c)[-Lsin1] (d)[~1,0]
98. The range of f(x)is
@031  B[3]  (©Vel (D [V3.6]
Passage IV
(Q.Nos. 99 to 101)
Given that,
[Qtan_l x,|x|<1
_ID Zx f D—T[+2tan Ty x>1

B0

E’fwztan Dy, x< -1

ks

[Qtan "x,|x|g1
-1 4 O

sin H [j'[ 2tan
+’ D-(T[+2tan x),x < -1

1x x>1land

1

sin! x+cos ' x =102 for-1<x<1

O O
99, sin~! Diﬂ+ 2tan” % g@is independent of x, then

k2 +40
(a) xOF 3,4] (b) x OF 2,2]
() x OF 1,1] (d) x O[1g0 )
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100. 1f cos ™! bx

- +2tan” ! 3x, then x 0
1+9x2
3 o] (b) (-1, )
(¢) (=, m—1) (d) None of these

101. If (x — 1) (x* +1) >0, then sin%tan_1 X . tan ~" xis

1-x
equal to
1
1 b) —
(a) (b) %
(c)—-1 (d) None of these
Passage V
(Q. Nos. 102 to 104)
Forx,y,z,tDR,sin_lx+cos_ly+sec z>¢? =2 +3m
102. The value of x +y +z is equal to
(a)1 (b) o
(©) 2 d) -1
103. The principal value of cos ~'(cos5t%)is
31 |
20 b) —
(a) ) (b) .
| 21
- |
(c) 3 (d) 3
104. The value of cos ™ '(min{x, y, z}) is
m T
0 b) — d) —
(a) (b) 5 (m (d) 3

Inverse Trigonometric Functions Exercise 4 :
~ Single Integer Answer Type Questions

105. Let f(x)=tan"~ MD then 26f' (1) is

x? +2x +20
106. Let f(x)

is [a, D), then find the value of 72
a

=(arc tan x)* +(arc cot x)°. If the range of f(x)

© 2 +n+40
107. If ¥ 2arccot 5127n4D: kTt then find the value of
O OJ

n=0
k.

108. Find the number of solutions of the equation
D 5x+6

tanHZcot 2r H P

-1 2

109. x)°,

lim [{max (sin " x + cos

z-0

sin !

20
is equal to (where [.]
O

denotes greatest integer function)

min(x? +4x +7))}.

110. If sin (30° + arc tan x) = 1—: and 0< x <1, the value of x is
1

av'3 e .
i, where a and b are positive integers with no

. [+ b
common factors. Find the value of ETH

111. Let f:R - @) 2?T[Edeﬁned as f(x)=cot ' (x? —4x +q).

Find the smallest integral value of o such that f(x)is
into function.
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112. Let L denotes the number of subjective functions

113.

114.

f:A - B, where set A contains 4 elements and set B
contains 3 elements, M denotes number of elements in
the range of the function

f(x) =sec'(sgn x) + cosec ' (sgn x), where sgn x
denotes signum function of x and N denotes coefficient
of t> in(1+¢t%)° (1+¢%)%.

Find the value of (N — LM)

Number of solution(s) of the equations cos ~*(cos x) = x*

is
If cos ~'(x) + cos "!(y) + cos (z) = Tilec? (u)
+sec*(v) +sec®(w)), where u, v, w are least non-negative

angles such that u <v <w, then the value of

36T .
5 2000 +y2002 +z + is

utv+w

2004

115.

116.

117.

118.

119.

Let f(x) = cos(tan~'(sin(cot "' x))). The simplest form of
/2

2
+
f(x) can be written as MD . Then the value of
k? + BO
(A + B)iS e
Find the value of A for which
_ +

N I%COSZO( secP + cos 2P SeCZO(E

O A O
=tan '{tan® o +P) tan®(0 —B)}+ tan"'1

ta

The least value of n for which
(n—2)x* +8x +n +4 >sin” ' (sin12) + cos~ '(cos 12),
Ox] R where n 0N, is

Ifo<cos ' x<1land1+sin(cos™ ' x) +sin?(cos”

lx)+

sin’(cos ™! x) + ... 0 =2, then the value of 12x? is .......

The number of real solutions of the equation

A/1+ cos2x Iﬁsin_l(sin x), - TS x< Tis

Inverse Trigonometric Functions Exercise 5 :

~ Statement | and Il Type Questions

= This section contain 6 questions. Each question contains
Statement I (Assertion) and Statement II (Reason).
Each question has 4 choices (a), (b), (¢) and (d) out of
which only one is correct. The choices are
(a) Statement I is True; Statement II is True; Statement 1l is a

correct explanation for Statement I;

(b) Statement I is True; Statement II is True; Statement II is

NOT a correct explanation for Statement I;

(c) Statement I is True; Statement II is False;
(d) Statement I is False; Statement I is True.

120.

121.

Statement I y =tan” '(tan x) and y = cos ™~ '(cos x) does

. . 3
not have any solution, if x[J % ?TE

Statement IT y = tan "~ l(tan x)=x-T,x0 %, 3?ﬂ@amd

%T[—x xDD 31
y =cos '(cos x) =] gza
O x, x O ,r@
H B
. .01 0 .01 0
Statement I sin H> tan BjiH
e Tt

Statement II sin~! x > tan ~* yfor x>y, 0x, 1 (0,1)

122.

123.

124.

125.

1%+7
V2
Statement IT cosec™ 'x>sec ! x,if 1< x <+/2

O O
Let f(x) =sin_1[«liD
O+x*0

Statement I cosec” ! % + i§> sec 1
V2

StatementI f'(2)= - g and

d 0
Statement II sin ™! DLD: mT-2tan 'x, 0% 1
O+x%0

.- R I
Statement I sin~ ! 2x +sin"!3x = —

3
0 x= /—onl.
76 Y

and

Statement II Sum of two negative angles cannot be
positive.

Statement I Number of roots of the equation cot” ' x
cos” ' 2x + TU=0is zero.

Statement II Range of cot ' x and cos ™" x is (0, TT) and

[0, TT], respectively.
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Inverse Trigonometric Functions Exercise 6 :
" Matching Type Questions

126. Let ¢, =(sin ! x)sm_1 ¥, =(sin”! x)COS_l x 127. Match the following items of Column I with
- i1 _ -1 Column II
t, =(cos 'x)™ *,t, =(cos ' x)° ¥,
Col I Col 11
Match the following items of Column I with Column II .o_ulmn olumn
A. sin” x+ x>0, for (p) x<0
Column I Column II B o Q.1
A. x 0(0, cosl) () 4> >0 >0 - cos x —x 20, for (@ x0(0,1]
B. xljgcosl,%@ (@ >6>4> C. tan 'x+x <0, for ( x0Of 1,0)
2 D. cot 'x+x >0, for (s) x>0
< xl]%%,sinl@ © >4 >8>0
2
D. x U(sinl, 1) ) H>t,>t4 >t

Inverse Trigonometric Functions Exercise 7 :
Subjective Type Questions

128. Solve sin™! %@+ sin ! Qf@; g 133. Find the value of g % tan ! %@

r=1s=
Lk +10 1k —10 . .
129. Solve tan~ ' [— [+ tan ! %— =tan (-7 134. Find the value
[ —10 X H (=7)

-1 k(k +1)(k +2)D
130. If a, b, c are positive, show that k(k +1) E

1 a(a+b+c)+tan_1 bla+b+c) 135.Ifmtan(u—9): ntan 0
be ac cos? 0 cos’(0 —0)

nltmm z cos 1@ i \/

—1 |e(a+b+c) _ 10 Th-m m
+tan b =T Prove that :0 =~ [@ —tan”' J—— tandl
a 20 lh+m
131. Find the sum to the n term of the series 136. Prove that -
cosec”'y/10 + cosec” '+/50 + cosec”'+/170 .
tan1(e®) =T 4 T lI t h
+ +cosec'1\/(n2 +1)(n2 +2n +2) an (e )=—+— ——Intan where ‘n’ is an
2 4
132. If x, O[0,105  1,2,3,..., 28 then find the maximum integer.
value of 137. If the quadratic equation;
- _ T Z 2 1
\/sm L \/cos "x, +\/s1n "x, \/cos " x, 4% % x? +ox + @2 -B +5§:0haVe meal roots, then

-1 -1 -1 -1 ' . -
+\/Sln X3 \/cos x4 t.. +\/sm ng\/cos X find all the possible value of cosa +cos ' B.
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Inverse Trigonometric Functions Exercise 8 :
Questions Asked in Previous 10 Years Exam

i)J
138.

139.

EE Advanced & IIT-JEE

Ifo =3sin ™" @%@and B=3cos! %@ where the

inverse trigonometric functions take only the principal
values, then the correct option(s) is/are

[More than one correct option, JEE 2015 Adv. ]
(b)sin3 <0
(d) cosa <0

(a)cosB >0
(c)cos(a +B)>0
If0< x <1, then /1 + x? [{x cos (cot ™" x)
+sin (cot " x)}? —1]"% is equal to

[Single correct option, IIT-JEE 2008 3M]

141.

142.

143.

gz
The value of cot Dz cot”

M=

D
§+
I3

() i

zk%
1 [2013 JEE Main]

24
(d) »

(@) 2

25 ® E

'yandtan 'z

[2013 JEE Main]

If x, yand z are in AP and tan 1y tan”
are also in AP, then
() x=y =z

(c) 6x=3y =2z

(b) 2x =3y =6z
(d) 6x=4y =3z

15 1 20.
The value of cot Q:osec '“+tan”! fgls
3 3 [AIEEE 2008]

5 6
= b) —
(o) —— (b) x @5 ®
1+ x 4
() — (d) -
(c) xy/1 + x* (d) /1 + x* 17
. . 144, Ifsin~! %@+ cosec ! %@— —, then the value of x is
(ii) JEE Main/AIEEE [2007 AIEEE]
_ - S Ho2x O 1 1
140. Iftan ' y =tan ' x +tan ' Diljwhere|x|<—. @ 4 d 5
0-x20 V3 (©) ( )
Then, the value of y is [2015 JEE Main] 145, If cos ™ x — cos " 2 =a, then 4x? — 4xy cosa +y® is
(a) 3x = x° (b) 3x + x° 1 2
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o O2x? + 4xk —4k* O

o sin [ ———— 5"
[Ax” —4xk + 4k°

o Ox*+oxk -2k O

=sin %ﬂiu

x? = 2xk + 2k* 0

1. Substituting x* = cos26, we obtain 5. 0sx<100<tan'xs 2
4
|:| 2
1—-x 1- 200 - -
=cot” ﬁD cot”!(tan®) O —T[S—tan_leO
1+ x* 1+c0s29D 4
Tt - Tt
u 0<——tan 'x<—
%:ot 4 4
a |
_T[_e 3 O 1 O
T 6. T, =cot 1§12+7§=tan '——0O
4 2,3
A
4 U

~cos -
2 " .
- —tan~1H, 4 Q_ 1
ad cos%cos 17§: cos—6 S thn fan @ tan
11 -1 -1l -1 -1 -
Now cos —=0 S, =tan (o) —tan P tan =cot” —=tan 2
8
_ 41 Tt
O cos® == [ 200529—1 =1 7. Wehave, cot 'x +sin”'— = —
8 N
0 _9
o cos”~ == 0 tan"' L + tan”! /35 =
2 16 X l_1 4
g cos— =— 5
11 41
g tan” '~ + tan '= =tan"'1
o, 0<9 <E, S0 cosgi—gm x 2
H 2 4 45 1 . 1
_ O tan" —=tan 1 —tan  —
3. sin”!(sin5) > x* — 4x x 2
d sin”'(sin(5 — 210) > x% —4x E 1 _1 E
5-21 > x% —4x O tan '~ =tan '0—2 [
x H 120
g 9 —2x >(x —2)° il
a (x—2)2 <9 —2T 0 tan_ll:tan_lgg
O —2T <x =2 <\[9 —2T X
a x=3
g -9 —2T< x <2 +,/9 —2T B ~
8. (cot™'x)! =(5cot 'x)+6 >0
4. We have, sin_lgmn % (cot™'x =3)(cot ' x —2) >0
3 +k2 kx) g x > cot2 and x <cot3
- H O x [ oo, cot3)] (cot@; )
- cos ! [Ttos— O 1 [ 0o —or=1 []
65 (x% + k2 - kx) 9. lim § tan 1Dilj = lim ¥ tan IBLD
X X@ -nﬁmz 2r 1|:| nﬁmz +2 0" ID
—sm_1H 3x % cos_IH V3x %
- 57 — 57 -1 1 -1 r—1
@mg QMB —"hn}mZ{tan ) —tan (2" 1)}
_ ZCOS_E \Bx H = lim (tan™'2" —tan"'2°)
= - O—— [
2 BN 4x® — 4kx + 4k
* * E =tan '2° —tan"'1
13 _,0 6x° O
. S _m_m_m
2 x” — 4kx + 4k O 2 4 4



10. x+ — =2
X
B - 7=
x ——=g=0
Jx
x—1
=0
Vx
x=1
_ T
0 sin"'x=—
2

H 6tanx E
]Eanx@_'_t _1|:| 1+ tan’x 0
3(1 - tan x)[|

EI 1+tanx[|

_;[tanx _
0 tan lgT§+tan

0
tan x +

— 10 4

10 3tanx %

4 + tan® x0
3t g
anx2 0
4+ tan"x[]
_ 3tan®x O
U 4(4 + tan’x) O

6tanx + tan® x

0 16 + tan’x [

=tan '(tanx) = x

T3
g cos”'x + cos”'y =g
3% -10
13. cotgz - cot 13 0
& 2x3 0]
) -1 40
=cot —cot —
Fu 3H
cotEB% +1 é +1
= 3 = 3 =7
T 4
— —cot— —-1
4 3
O - 2 — 200
14. sin|-_1}an_11 tan”8 + os_11 tanZGD
0 2tan@ 1+ tan“0 3
[Put x = tan0]
O sin[tan”!(cot20) + cos_l(COSZG)]

=sin

E -e%wea
@5 29 +ze§—1

- 1-x*
15. 2tan 'x = cos™! >
1+ x
0 2tan 'a —2tan”'b =2tan"'x
a-b
O =
1+ab

17.

18.

19.

20.

22.
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- a1-x T
— < cos 2<—
1+ x 3
2
I
a 0<cos! xz <—
1+ x 3
2
0 1<1 X <1
2 1+ x°
O OSx2<1
3
11
O xm%mg
3 43
—1D . -1 2_\/5 1 -1 1DD
cos [¢otlsin + cos — +cos —
g : V2
0 0O A
_ _1 12—=+/3 1 [2—=4/3
O cos 'TeotHin~! I+C ! V3 1
E 4 + g
_1% n@ i
=cos ot—[=—
2 2
Hon ' 28
tantan ~—[]<tan—
Tt
O X3
0 x < /3T =5.5. Maximum value is 5.

Ja+ x4 -Ja -+ _ tana
\/(1 +x%) + \/(1 - x%) 1

) tanz§5+ag
1+x 4
1

Now, use ‘C’ and ‘D’ [ > =
1—-x

== cos@zE +20 QZ sin20

“'y=tan"'3 O cot”

. . s 2
Again, use ‘C’ and ‘D’ = x

tan” ' x + cot 'y=tan '3 —tan"'x

.t 13-x
a tan B;HItan B
1+3x
1+ 3x
O =
Y 3—-x

Hence x =1,2,and y =207

. cosec '(cosec x)=x Oxd B— o 1,1)

_ om T
Also, range of cosec” !(cosec x) 07, —, 0@ O Q), —
& ( ) H 2 2H

So, combining these two, we get

xo2 T 4Hn g o

H2 B E:28

lim cos(tan™(sin(tan™" x)))

[ x| - e
= cos(tan” '(sin(tan "' o0))) = cos@an_l %in%%
= cos(tan” (1)) = cos %@ =

ol



374

23.

24.

25.

26.

27.
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[cot ' x] +2[tan”'x] =0

a [cot™'x]=0,[tan"'x] =0

or [cot™'x] =2 [tan 'x]= -1

Now, [cot_lx] =0 0O x O(cot1eo )
[tan"'x] =00 x 0(0, tan1)

Therefore, [cot™!x]=[tan"'x] =0, x O(cot1, tan1)
[cot™' x] =20 x O(cot3, cot2]
[tan”'x]=-10 x OF tanl, 0)

Hence, no such x exists.

Thus, the solution set is (cot 1, tan1)

37T
Letsin™'x =0 O x =sin6, E<9<—

2

Now, cos™ ! x = cos™ !(sinB) = cos~ H— cos 6%

=T —cos~ E:os 9%
=T - é’L 9§a30<— <t

=0 -— =sin 'x ——
2 2

. -1 1 e -1 Tt
Hence,sin” ' x + cos ' x =2sin” ' x — —
2

-1 -1 _
asin” " x —bcos "x =c

L= - bmt
We have, bsin™ ' x + bcos ' x =7

Adding (a + b) sin™' x :b%[ +c

i
+c
2 _ b+ 2c

a+b  2a+b)
-1 _ T bTi+2c _Ta-2

a cos T x=— - =

2 2a+b) 2a+b)

O asin 'x+ bcos_1x=M
a+b

or sin"'x =

- - Tt
sin”! x —2]| + cos 1(1—|3—x\)=5

or [x=2]=1-|3 —x|
[x =2/ +|3 —x =1
or |x=2]+[3 -x|=|(x~-2) +@ —x)|
or (x=2)3-x)=20
or 2<x<3

According to the question,

sin_li+sin_li +sin la =11
V5 V10
ad o a
0 tan '2 + tan '3 + tan ' —— =11

O 0
O m+ tan_li+ tan_IDa;D:T[
1-2)0) 1-a2H

O T
a tan 1E¥D —
1-a?H 4
0 _a 1
R o? 2
28. Expanding, we have
(tan”'x)® + (tan”'2x)* + (tan”'3x)’
=3tan'xtan '2xtan '3x
g x=0
29. Let f(x)=x +bx* +cx +1
f(0)=1>0, f(-1) =b —¢ <0
So, alK 1,0)
So, 2tan”!(cosec a) + tan~'(2sinasec’a )
1 _, U 2si O
=2tan"’ - §+ tan™? }731n(1 O
inQ I —sin“al

+ tan” '(sina )E

I
o
[N
&
=]
|
5|~
Q
1

30. Given, u = cot '+/cos20 — tan™ ' v/ cos20,

Put  cos20 = tan’0
O u = cot” '(tan@) — tan”'(tan®)

- _g-9=""2
2 2

O sinu = sin@zE —29§= c0s20 = tan’0

31. Y,
>y =Tl
X o »X
A y’
Thus, f(x) is not differentiable at x = 0
32. N
I
X< >
o]
-
=1 =z
X x=1 =2
"Y'

From the graph, it is clear that, f(x) is not differentiable at

x=1-1



33. Given, f(x) =tan”!(x* —18x +a) >0

a tan”!(x? —18x +a) >0

O x2=18x+a >0 0 18  -4a <0
182 18 x 18

O a>—= =81
4 4

O a>81 0 aOB1w )

34. f(x)=sin""2x + cos '2x +sec'2x
Tt -
f(x) =E +sec'2x

Graph of sec™ ' 2x is as following

Tt T
(f(x))minimum = E +0 :E
Tt 31
(f(x))maximum St =—
2 2
Sum=E+3—T[:2T[
2 2
Ob + ¢ O
_ E+ +0b T
35. Given, tan 1627“52—
1- 3¢ 4
c+ta a+b
0 ab+b*+c +ac
ac + be +a® +ab —be
0 ab+b*+c* +ac=ac +a® +ab

b?+c*=a’
[A ABC is right angled at A

36. By graph, clearly it has 5 real roots

y=sin~(sin x)

312

TSR

37. -1<x<1,y>0

Both will be equated for infinite values of x and y. Therefore

infinite many solutions.
O e O
38.y=1 +Zsin[~)eiﬂx20
™ + 10
O e O
X

g y —1=2sin——10
Ce* +10
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i

O ¢ =sin_l%_l
e’ +1 2
a. _ -1 | _ -1
0 X = 1 Q_l - —qi 1 Q
e %m %2 H sin ﬂLz
sin”! %_1§
L

39. cos™!(cos(2cot T (W2 — 1))
= cos” (cos(2(67 3°)))
= cos” !(cos(135°))

, 3T
=135°="—
4
] g
_ 0012 -2)x* 0 —1g 23 -1
40. f(x)=tan 15(1/772)X|:|=tan 1DLD
Ot +2x2 +30 02 + 5 490
B+ 24
As x? + > 2243 [using AM 2 GM]
X
0 x2+%+222+2x/§
X
L2W3-n0_
0 x x:tan1 ( U=—
(f( ))ma DZ(\/§+1)D 12
1+x% -1
PP R e S
X
1+ x% -1
0 L:tanéf’
X

J1+ x% =1+ xtan4°®

1+ x? =2xtan4° +1 + x’tan®4°
2tan4°
O x=00rx=7z=tan8°
1 —-tan“4°
Since x # 0, we have x = tan8°

42. From the given equation sin®8 — 2sin8 + 3 =5’y 4,
we get (sin® —1)% +2 =55’y 41
LHS<6,RHS =26
Possible solution is sin® = —1 when L.H.S. = RH.S.

O cos’0 =0
O cos?@ —sinB =1

(x #0)
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43. y =|x* —1] [tan"| x|| 48. 2et4 se [ ln§ﬂ§>l
3 3
/2 49 . —]% . SOT[Q__. 1. OTUQ__ .1 41'[@
---------------------------------------------------------- . sin sin——[]= —sin" sin %B— = —sin sm@l—
9 9 9
= —sin"'sin @T[ —4—]1@
y=| ** _1‘ 9
4 s 4an
y=] tan! x| = —sin” [rsin Q‘L%: Ar
9 9
From graph, clearly it has 4 solutions. o % 3111@ o 1 n@
cos” cos - ——[]=cos” cos %B—
44. 1+ tan®(tan™" x) —(sec’(sec " x) —1) 9 9
=1 + (tan(tan™" x))* —(sec(sec " x))* +1 = cos 'cos @4“ T[@ cos” Cossl[ sn
=1+x*-x* +1 =2 ’ ’
- m, ST _
45. The equation 3x® + 6x + a =0 must have equal roots €nce, sec 9 o secT =1
SO, D=0 E
O 36 -12a=0 0 a =3 50. tan[arctan(2) + arctan(20k)J=k;
4 1 o 1 4 1 a B
46. tan™ — +sin”! — —cos ' — A 5
V2 NG N . tanA +tanB _, o 2+20k _
_ tan_li + tan_ll —tan'3 1 -tanAtanB 1 —(2)(20k)
2 2 or 40k? +19k +2 =0
N T 1y a1l 19
= tan N Ean 3 ~tan 28 Now, sum of solutions, k; + k, = "
a 10
-= ol adr-2)-(r-3)d_ = - -
0 tan_li G- 3 o O tan_li— tan~1 51. Z tan ! BY)#H: Z (tan Yr—2) —tan™'(r -3))
-~ g —Soran = A2
H 1+ *H -1 -1
2 Now, T,=tan 0 —tan (-1)
=- gan 1 —tan™ 10 T, =tan'l —tan"' 0
V28 T, =tan'2 —tan™'1
0 .10
o _ O A2 -1 ’ ’
= - tan"’ \/15 = — tan 1\/7 T, =tan"'(n —2) —tan"'(n —3)
O 1+ -0 2+1 -
0 V20 0 S, =tan”'(n —2) + n
2+1 o _ + 200
= —cot ? _BFOtl :;: O S :E+E:£[
2-1 g - DD "2 4 4
1
=_ET[ ct_ll+ID— T[+c0t_11+\/§ 52. x=-1/4y =cos—;where cos® =—
0 1- ID 1-42 8
1 4 d 0 _ |1+ cosB _3
47. a = 2tan_15 + tan_lg an €8y = 2 T4
=tan! + tan_lé =2 tan_lé 53. tan™ %tamZAQ+ tan ™ (cot A) + tan " (cot® A)
3
1 —_
4 - _ kot A + cot® A0
2 =tan 1%tan2A§+ tan IMD+ T
(using 2 tan™" x = tan™" 5) 0 1-cot"A [
1-x
Tt
4 4 §<A<—DcotA> 1@
LetB = tanflg 0 tanB =—. 4
0 tanA O . cotA(l + cot?A)
1+ tan®0 _1+(16/9) _ 25 TO———0O+m+tan - -
Now, secd =sec20 = = = == 0 - tan* A0 (1 = cot“A)(1 + cot”A)
1-tan“® 1-(16/9) -7
+ 0 tanA D+ 40 cotA O
H e - _§ =T ta D_izD tan H
ence, sec ; (1 - tan“ ALl i = cot” A



54.

55.

56.

57.

58.

S0n +1)* =(n -1)*0
T, =tan 1M =tan (n +1)? - tan }(n- 1)
1+(m°-1)° O

S, =tan"'(n+1)* +tan"' n* —tan"1?
TTm_ T TT Tt
0S,=—+——-—=m—
2 2 4 4

=T —sec_l(\/i)
=sec_l(—\/5)

Tt - _
E_COS "1 -x) +2cos x =0

sin'(1 — x) +2cos 'x =0

Domain is [0, 1]
. . -1 mQ -1

Now, in [0, 1], sin” (1 —x) DE), EEanchos x0[o,1]

Hence, sin~ (1 - x) =0l

DD?FI

and cos'x=0

Let tan'(x) =6 0 x = tan®

cosB =x (given)
1 -—
——
J1+x?
21+ x%) =1
-1+
O x* =12 5
2
— 2 -
a xt= \/7 1(x cannotbe—ve)[lx—ZX/g !
2 4
D*D— cos” @m—@ Q:osz—n :z—n
d 5 5

sin cos ' (cos(tan ' x)) = p
For x OR tan™' x [ TU/2, TUR)
cos(tan™" x)0(0,1]

cos ' cos(tan ™! x) [0, TT 2)
sin(cos !(cos(tan " x))) ([0,1)

cos'x=¢0 x OF ll]andtD[O ]

Now, we have log,,+/5t =1 + — logw(Zt +3) += log10 =1;

1
§>7andt>—§@
5 2

O log,,((5t = 1) (2t +3).5) =2
O (5t —1) (2t +3).5 =100
a (5t —1) (2t +3) =20

59.

60.

61. s

62.

63.
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1062 + 13t =3 =20

0 10t% + 23t —10t =23 =0
110t + 23) — (10t +23) =0
23
(t-1)(10t +23) =00 t=lort = —E (rejected)

-1 _ _
cos x =10 x =cosl

. -1 -1 - T[

sin x+cos x=—
2
. -1 -1 T ¢

andsin” x —cos  x =sin” (3x —2)

From Egs. (i) and (ii), we get

377

...(i)

2cos ' x = cos'B3x —2)
Note that (3x Z)D[—ll] ie.—1<3x-2<1
O Dg, 1a
Now, 2cos ' x = cos '(3x-2) O cos '(2x*-1) = cos™'(3x-2)
O 2x* =3x +1 =0
1
a x=1lor—

2
1
Hence, x =1 or 5

tan®(sin x) >1 0 tan(sin™" x) >1or tan(sin_1 x) <-1

s 10
sin”'x > —orsin”' x <— xI](- 1L,1)F —, =
4 E «f V2B

Note that domain is (—1,1)

11 -x% +cos'x =cot™
x
l xz
+sin'4/1 —x% =cot™!

+sin” wll - x?

O - £ x {1}
Consider tan65° —2tan40°

=
|
=
LS

—sin ' x

or

jw:l

0 tan'°—

=tan(45° +20°) —2tan40°
_1+1tan20°  4tan20°
1-tan20°  1-tan®20°

_ (1+tan20°)? — 4tan20°
(1 -tan20°) (1 + tan20°)
_ (1 —tan20°)
(1 + tan20°)

_ (1-tan20°)(1—tan20°)
(1 —tan20°)(1 + tan20°)

=tan(45° —20°) =tan25°

O tan '(tan25°) =25°

-1X 1X_

We have cos™ — + cos

O -, 4l - = —sin®
O oy sin® =1 —x— 1 —y—
ab D
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On squaring both sides, we get

2 2 2 2 22
xzyz in’@ + ysme =1 _Lz _Lz + xzyz
ab ab a® b a’b
ad b*x* + a*y?® + 2ab xysin® =a’b? cos’*0 <a’bh’
64 - 1 O _ID(n+3) (n+2) 0

. a, = tan +(n+3)(n+2)H: BWH
= tan_l(n +3) —tan l(n +2)
0 S, = f(n) = f(1) =tan™" (n +3) —tan™'3
Tt

-1

a S, =— —tan '3 =cot™'3 =sin

1
N
65. - tan"! I Q Y+ tan x, 1f x<1

[-rT[+ tan™!(1) +tan"' x, if x>1

O tan”'(1), if x<1

Now, f(x) =[O
-1+ tan (1), if x>1
U Range f = EE,_?}—T[@
2_
66. We have - <> ]Z<1D1s1 (k k*D i nar
2 1+x 2 X2 +1
+
O k+1>0 and <71l
x“+1 2
So, k>-1and x2+122k+2

O x*-@Qk+1)20, 040 RO 42k +1)<0

0 k<1
2

|

T
- _1
2
Hence, k D%l, -1o
B
67. Domain is x Of 1,1]
Given,sin 'x =2 tan"' x
a 0
ad tan 'O X O= tan_ID 2x ZD
1- XZH 0 -x°0
X 2x

1-x 1-x*

i

x=0or(1-x%)? =401 -x?
1-x*)3+x%) =0
O x=-10,1 .. ()

_ - Tt
tan™'/x(x = 1) + cosec ' 4/1 + x —x* =E

xx-1)20nx—x*200 x(x—-1)=0
d x=0,1 ... (ii)
Now, Egs. (i) n (ii) gives x = 0,1

Hence, number of common solution are 2.

68. Let® =arc cos(x —1)
Now, c0s30 = 4cos>0 —3 cosO
So, 4y® -3y =0, wherey =x —1

5 5

g =+—,0 0 x=1—,1
Y 2 2

Hence, three values of x.
Aliter :
cos(3cos (x —1)) =0

O 3cos ' (x—1)=@2n +1) g nlZ

O cos N(x—1) = (2n+1)g nllz
O cos~ (x—l)—E I[,S—T[
6 2 6
O x-1=33 o V3
2 2
O x:1+73’1’1_73
2
— 20
69. (a) f(x 70051 X a
(a) f(x) BT 20
Df:
20
As, 0 < cos™! x2D<T[
+ x°0
Tt
O R, =1, —
r=d
1
g(X)=Sgn§x+*§
x
D, =(=0) (0% )
R, ={-11}
(c) h(x) =sin’x + 2sinx +2
D, =R
Also, h(x) = (sinx +1)* +1
0 R, =[1,5]
(d) k(x) = cos (x? —=2x +2) =cos " ((x —1)% +1)
u D = {1}
R, = {0}
70. 00 < tan™'(3x? + bx +3) <—
O 0<3x* +bx +3 <o

Thus, range of 3x* + bx + 3 is [0,0)
Now,D=b*-4@BB=00 b*=360b=%6
Sum of values of b = 0

OSquare of sum of values of b=0

71. 6= tan_lgan%gand @=tan"’ % tanz?n

=tan”’ tan@'[ + E@and @=tan"’ E— tan@'ﬂ —E%
4 3



72.

73.

74.

75.

. T o, T
=tan tan—and @ =tan tan—
4 3
Tt Tt
=—and@=—
4 3

0 40 -3¢ =0andB + (p:%T

o . @8m . m .
Tt cos sin 5 + g cos sin—
f =e =e 9
9

oy 13m

—e 18 :el3n/18

ﬁ_ i @
1 —171'(@
cos s
— 12
—1 i
o8 “ﬂf@ /12

Let cos™! %Q o, that is cos0 = —, so that

4

5
2
tana = 10=-
D 4

2
tana + —
andtan@:osl + tan~ §=73
l—tan(xE%r
3
3 2
_ 4 3 17 _a
=23 ¢
3 4

S0, a=17,b=6,a + b =23
a—-b=11land3b=a +1

.o—-1 -
sin ~ x + cos

Ty :g,mﬂ [-1,1]

Given, cos 'x =tan 'x
a x = cos® =tanB
a cos’0 =sinb

0 sin’0 +sin®-1=0

-1+,1+4
ad sinf = ————

2

ad sin@ = -1

2
ad x2=c0s29=\/g_1

2

U Option (a) is correct.
and sin(cos™ ' x) =sin® =% /5 -1)
Also, option (c) is correct
and tan(cos” ' x) = tan@ # %(\/g -1)

OOption (d) is not correct.

(given)

76.

77.

78

79.

80.
81.

82,

Chap 04 Inverse Trigonometric Functions 379

ThesolutionofyZJ;isy =0ory =1

Ifsin Y sinx|=10 x=lorx=T—1

But y =sin”!| sinx | is periodic with period Tt, so x = nTt+ 1 or

ntt —1.
Again if sin” | sinx | = 0, x = nTt

(sin”'x + sin"'w)(sin~'y +sin”'z) = ¢

-1 P P S
O sin" x+sin w=sin "y +sin z =T

or sin"'x+sin"'w =sin"'y +sin"'z = -1t
t X=y=z=w=lorx=y=z=w =-1
] Ny yNZ 1 -1
Hence, the maximum value of =
N3 Ny 1
z w

minimum value

determinants as each place value is either 1 or — 1.

|:|tan_1x if x20
Since, | tan ' x| = )
|]—tan 'x, if x<0
O |tan™' x| =tan”!| x |00 R
O tan| tan”' x| = tantan”!| x| =| x|
Also, \cot_1x|=c0t_1x;[|3d:| R
O cot| cot_1x|:x,|]xD R
. Tt
Dx, ifo<x<—
tan”'| tanx | = - 2
O-x, if—-—<x<0
d 2
[Ix x 0[0,1]
sin|sin”' x| =
D—x x OF 1,0)
1< <o[]2< n < o0
cos ' x zcosflx

Hence, 2 should lie between or on the roots of
1 -1
2 - @7 + g@t —a? =0, where t =27/ *
0 f@) <00 a*+2a-320

Daleo- 30 [® )

E=m-3+m—-4+5-21mM=-2

-1 -1 -1, -
cos “x+cos y+tcos z =Tl

- _ - Tt
O sin'x+sin"'y +sin "'z =E
Also, cos’1x+cosfly+cos’lz =T
O cos ' x + cos'y =cos(—z)
0 xy =1 —x% 41 -
u xt+y?+zt +2xyz =1

Option (d) can be true only if x,y,z > 0 ; for (c) put
x=y=z=1/2
Lettan ' x =a and tan ' x> =

tana = x and tanp = x>

= —2 Also, there are 16 different
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2(tana + tan| [bc +x*0  2x
O 2tan(a +B)= ( B) - el 5
1 — tand tanf3 El x'g 1-x
2x 2tana -
Also, ; = — =tan20 =tan(2tan 'x)
1-x 1 —tan"Q

_.. 4 -1 _ -1 -1
= tang @2! —cot x%— tan(TT —cot™ x —cot ™ x)

= tan(cot (- x) — cot '(x))

a T

2x ; 0<x<—

0 ;
f=0 n ; Dexg "
0 2 2
SLT[—Zx ; 3—n<xS2T[

Clearly, f(x)is periodic function with period 27t The graph of
f(x) is shown below.

Domain of sin”! x and cos ™" x, each is [-1,1] and that of sec ™" x

and cosec ', each is (— o, —1] O [1e0 )

ODomain of f(x) must be {-1,1}

ORange of f(x) will be { f(—1), f(1)}

where, f(—1)=sin""(-1).cos'(-1). tan(=1)cot '(~1)
Bec (- 1) Ckosec '(-1)

-E o B o -

and f1)=0{as cos'1 =0}

(i) Thus, the graph of f(x) is a two point graph which doesn’t
lies above X-axis.

() f(X)pa = 0and f(x), =0
Hence, |f(x)max - f(x)min| = %
A

A

»X

(1,0

4 =
' 64

Y
(iii) f(x)is one-one. Hence, injective.
(iv) Domain is {-1,1}

UNumber of non-negative integers in the domain of f(x)
is one.

88. T, = cot ' (n* +n+1)=

030 030

85. o =3tan'F—0+ 3tan" —0=3
05 0 02 O

1 [25
=4tanl%
5

86. f(x)=|sin" x| + cos™ Ql»g
Y

Domain of f(x)is{-1,1}
f=2. fn =7

So, function f(x) is injective .

sgn(f(x) =1(f(x) >0)

Range of flx)= DT[ 3;%

87. (a) f(x) =sin(tan™" x)

Put tan™'x =0 0 x = tan®

1+x2

1

0 flx)=

= g(x) O identical functions
1+ x

(b) f(x) =sgn (cot™ x) =1,[T] R
But g(x) = seczx —tan"' x#1, 0 %0 R. (Think ? Domain of
&(x)

¥ -1 _x*+1-2 2

(c) As = =1-
2 xt+1 xt+1

x“+1
Ox? —10
So, cos™! szillil (o, 1]
“ + 10

OfF 1.1)

So, f(x)and g(x) are identical functions.

C-(mt+ 2tan ' x) x<-1

(d) f(x) =sin~ Qlig 0 2tan'x , —1<x<1

TT—2tan ' x R x 21

So, f(x)and g(x) are not identical functions.
4Un+1)-n0

I +n(n+l)B

=(tan"'(n + 1) —tan""n)
n
So, ¥ T, =(tan"'2 —tan"'1) +
n=1

(tan™'3 —tan"'2) + ...

+(tan'(n +1) - tan ' n)



As — QOT[ + It
4
So, cos ! Q:os M—HQZ cos™! %05—’1@ =T
4 4 4
doaox O
89. We know that, tan~ Jix 0
0 - x*0
Om+2tan'x x <-1
_0 4 97.
= 2tan x , —1<x<1
|:L(T[—Ztan_]x) , x>1
I}TL x<-1
g flx)=
|:|T[, x>1
SO, Rf = {_T[, Tq
=5 98
90. p=—= =— .
15 and 0=
Sol. (Q.Nos. 91-93)
A={sin"" x}; B ={[x], {x}}; C ={[x], sin”" x}
f(x)=An C=sin""x
gx) =B nC =[x]
h(x) = {x}

91.
92.

93.

=tan '(n+1)-tan'1

LU n+1-1 0O 0 n Q
=tan = tan
H+n+1)0H %w
od o, T 95.
a 2 Tn=tanll =—
n=1 4
- _ _ 3T Tt
(a) cot™(~1) +sec™'1 —cosec™'1 === +0 _E
_3M-2T_ T
4 4
- - — Tt
(b) cot'2 + cot '3 =tan I%Q+tan1%§22
1= 2
©) —1<— 251
1+ x
- -x*0 n
O —<tan G 0<—
4 O+ x*0 4 96.

Hence, minimum value of f(x) does not exist and maximum

value of f(x)is E

| x| is a function which is neither odd, nor discontinuous, nor
non-decreasing.

O I(x)is|x|

I(x) =|x| is an even function

g(f(x)) =[sin”" x]

o L]
- Range of sin”" x is
& H 2 28
0 Range of g(f(x)) ={-2,-1,0,1}

=sin Yx}

f(h(x))
L. . T
Domain is R and range is @ EQ

94.
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We have, f(10) =sin"*(sin10) + cos™' (cos10)

=370 —10) + (47T —10) =(7 n—zo)

Clearly, f(x)=(m-x)+x=m0x0

52 Q

Y,
‘ 1
> X
Ol X:%r

X=T0

So,area = — XTI =

!

xx[lg)ng
51 x x 02" n@

Assin”\(sinx) =

Also, cos *(cosx) = x, x 0[0,T7)
Tt
EZx b'e 5) —Q
Now, flx) =
)
Dn,xD -, n@
B B
. 1 3
As, f(x) OIin x[X0,3) O x =5, 1, 5

So, number of values of x are three.

Given, f(x) = \/sin_1 x+2+ \/l —sin”' x

Clearly, for domain of f(x),1 —sin"' x 20
(As,sin'x +2 >0,00- 1,1)
O sin'x <10 x <sinl
d Dy
Given, f(x) = \/sin_l x+2+ \/l —sin~' x, where x[J[ - 1,sin1]

=[-1sinl1]

Lety :\/sinflx +2 +\/1 —sin~' x
Then, y > 0,0xH 1, sin1]

Now, y2 =(sin'x +2) +(1 —sin"'x) +2
\/(sin_1 x +2)(1 —sin" x)
- 1
0 yr=3+2 2—§1n1x+7g
4 2
2 . -1 -1 9
Clearly, Y max Qm x =?§:3 +2 1 -0 =3 +3 =6
.1
0 ymax @(:_SIDEQ:\/g
_ 9 9
Also, yioGinT'x=1)=3+2 |- -2 =3
4 4
O Ymin (x :Sil’ll) :\/g

Hence, range of f = (\3,46]
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0 0O
0 of O
— -1l 2 0O_ -1 X
=sin 0 0 2tan
S
O
-1X 1
=2tan " — —2tan” — =0
2
Here, ‘—Sl
|x|<2 O- & = 2
- 6x Tt _
100. cos™! 5=~ — +2tan 13x
1+9x 2
Tt - 6x - T _
0 — —sin 172:—+2tan 13x
2 1-9x
- 6x _
0 sin 172=1T—2tan 13x
1+9x
., 203 _
O sin 17xz=ﬂ—2tan '3x
1+ (3x)

Above is true when 3x > 1

1
o» —
3

0 x[l%,oog
101.(x-1)(x*+1)>0 0 x>1
O

g O
O sin[i tan_lﬂzilej— tan”' x[]
% - x“0 0

. -1 -1 0
=sin (- Tt +2tan " x) —tan " x
B B

-} -

Sol. (Q. Nos. 102 to 104)

sin~ xD—D E ALE
H 2 2H
os” 'y [0, ]

etz 08, T

5Tt
O sin"'x+cos 'y +sec” 'z < —+T[+T[=—
2 2

T Tt Tt
Also, t* =210 +3 =12 —2\/;t +E - +370

0 o
qpﬁ%+ﬂgﬂ
O 20 2 2

The given inequation exists if equality holds, i.e.

LHS =RHS =57T[

U
0 x=1,y=—1,z:—landt=\/;

- | s
0 Ycos5t?) = ! %%:—
cos  (cos5t”) = cos E:os )

os_l(min{x, y,z}))=cos '(-1) =T
O
-1 0
105. f(x) = tan™ Dilj

35

=tan '(x) —tan™' % +1

:
1+ ) é@:ﬂgé

d — 1 _ 1 )(1
f1(x)= 5
1 1 1 2
fay=—- =—-Z=2
2 9 2 13 26
2@*;@
O 26f'(1)=9

106. we have, f(x) = (tan™" x)® + (cot " x)® =(tan x + cot ' x)
((tan" x)? = (tan"" x)(cot ' x) + (cot " x)?)

O 0
Tt — — Tt _ Tt —
=—@tan 'x)? = (tan 1x)§» —tan 1x§+ Q» —tan llxgé

2 2 2

. -1 n -1
Q.Jsmg cot "x = E —tan x@
=—Htan x ——[ +—
2 4

Clearly, f(x) will be minimum when %an_l x = gg =0

and f(x) will be maximum when %an_1 x = gg = %; —Z‘EZ

0 o_
smb w1t
2 0 a8 %2

0
w2

o a =f(x)min =

7
b_ g
Hence, —= =
a 7m0
32
2+ n+ 40 O O
107. We have, T, =2arccot MD 2tan”' Dilil
o 2 O h® + n + 40
O
g !

Tn=2tam1|]27D Zgan Q'—Q tan” %%
@1 b
2.2

Hence, S, = Z T,,—Z Z gan g’—@ tan” %@
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S, = tan™! %@ - tan_l(O) 0 Y= 5\/7 a«f

tan”'(1) - tan”’ %@ . a+b=16 [ EL@ 8
tan”! F + l@_ tan"! %Q Aliter : sin(30° + tan™' x) = 1*4
2

13
0 S, = 2tan ! g’jg a lcos(tan x) + ﬁ sin(tan”' x) =
5 2 2 14
0 7(1 + +/3x) =131 + x°
a lim S, =2. QEQZ T =kTi(given) O k =1 ( fx) x
n-e 2 O 11x* = 4943x +60 =0 (On squaring)
5 5 _ 2
108. As, X cot™'(2r?) = Ztan™ @4—2@ 0 x= 493 3043
r=1 r=1 r 22
S 40 @er+1ner-1) O
= Ytan"! @r+1er 1) I 443 (Reject)
r=1 +(@r+1)@r-1)
> -1 -1 = S\f
= 3 (tan (2r +1) —tan~ (2r —1)) u BETH
r=1
- - wH -1 4 111. Clearly x* —4x + a >or>—, 0 £ R
=tan"'11 = tan"'1 =tan"* . earyx x+a>or=2
an an 117_'_ I le \/’
yk
=tan"' %OQ =tan" %Q
2 y=Tt
0s . ,0 % _15§ 5 \\(2{
0 tan]% cot '(2r)d=t H=2 T o,_>
an%ﬂco 2r )E an [Tan e E q 3
: —
+ 5x+6 < — >
Now, tan EZ cot'(@2r?) %‘M a 55X 0 (0, 0) y=0
6x +5 6 6x+5
0 The given equations has no real solution. Graph of y=cot™'x
109. min(x* + 4x +7) =3 , 1
g x“—4x+0 +— >0, R
On? O 3
max [+—,3[]=3 1
04 O So, discriminant<0 [0 16 — @1 §<0
3
O sin zD_3 .
o YE A 4ea- <00 a>a- L
0 70 N 5
13
110. sin% + tan”" x@z— @4_ 1 @
14 0 all ng
n, tan ' x =sin”! %Q: tan Q ?Q Hence, minimum integral o = 4
6 4 3 112. L:3* -[°q,(2* -2) +°C,] =36
- - 1
tan”' x = tan™' 13 @—tanlgfg M:If x > 0,Sgn(x) =
NE] 3 L m_m
x = pa— J—
f(x) T
14 13 For x = 0 f(x) is not defined
O forx<o, flx)=m-"="
3V3 2 2
O M=1
D% - LB 010 0900 N: Coefficient of t* = coefficient of t* in(1 + t*)° X coefficient
= tan"1 Y3 3 [F tan™ @EQ of *in(1 + t*)®
01+2 ¢ 3 Bz
0 9 0O =5x%x8 =40
L _IE«ED Hence L=36;M =1and N =40
tan “x =tan 3 a N-LM =40-36 =4

011 g
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113.

0 15

Number of solutions are three.

114. sec®u, sec* v, sec®w O[10 )
a sec’(u) + sec*(v) + sec®(w) O[30 )
g T (sec’u + sec’ v + sec®w) O[3 )
But cos ' x + cos™'y + cos 'z 0[0, 3]

So equation is possible of LHS =RHS =31t
— el

O cos 'x=cos"'y =cosT'z =T
O x=y=z=-1
and sec’u =sectv =sec®w =1
0 u=TLv =2T[ w =3TT
36TT 36TU
%2000 4 2002 4 ;2004 S 14141+ -9
utv+w 6TT

115. Given, f(x) = cos(tan™'(sin(cot " x)))

a A=1,B=2
o A+B=1+2=3
116. We have,
RHS = tan” tan*(@@ +B) dan’(@ —P)}+ tan™'1
_Otan®(@ +B)tan’( —p) +10
[ - tan’(@ +B)tan’@ —B)
_ tan_lﬂsinz(a +B)sin’@ —B) + cos’@ +B) cos’@ P)C
[cos’(@ +B)cos’(@ —B) —sin*@ +B)sin’@ —B)[
_1%{23111(0( +B)sin(@ -P)}° B
{2 cos(@ + [3)cos(a -B)? 0
+ {2cos(@ +B)cos@ —P)}

= tan

= tan

- {2sin(a +B)sin@@ —B)}?
oo Hceos2B — cos2a)? + (cos2a + cos2B )
[{cos20 + cos2B)® —(cos2B — cos20)? ]

- tan”! Ceos2a + cos®2B3 0
] 2cos20 cos2B

=ta

117.

118.

119.

=ta

ool EbosZO(sedB + cos2f3sec2a )
2

[ |

Hence, the value of A is equal to 2.
We have, sin” !(sin12) + cos™'(cos12)
=sin” '(sin(411 — (4 T - 12)))
+ cos” !(cos(4Tt — (4 TT—12)))
=—(41m —12) +(4TT—12) =0
So that, (n —2)x* +8x +n +4 >0, xJ R

U n—-2>00 n23

and 82 —4(n-2)(n +4) <0
or, nf+2n-24>0 0 n=4
O n25[0 n=5
1+ sin(cos™ ' x) + sin*(cos ' x) + ... 00 =2
0 S

1 —sin (cos™ ' x)

1 _
or 5 =1 —sin(cos™ ' x)

L1 I
or sin(cos  x)=—orcos x=—
2

6
or x=—30r12x2=9
2
Here | cosx | =sin” (sinx)
Y,
y=x
y=C0Ss X
-2 2
y ~
—17/2 Tt X
Sl
Tt Tt

If—; <x <—thencosx =x

In the case there is one solution obtained graphically.
Tt
If; < x < Ttthen — cosx
=sin” {sin(TT — x)} = T—x
t cosx =x —TT
In this case there is one solution, obtained graphically.
Tt
If-m<x< —Ethen
— cosx =sin M{sin(- Tt —x)} = —x -

ie., cosx=x+ Tl

This gives no solution as can be seen from then graphs.
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2
O "2)=--
f 5
Statement I is true, Statement II is true, Statement II is a

correct explanation for Statement 1.

120. From graph
Y,
A
ny & -1 -1
571 x / 124.sin" '2x +sin” '3x =—
* 3
| | | > _ Tt _ T
I n 0 T m X | —cos '2x +— —cos '3x =—
_8n -z L 3m 2 2 3
T2 0 cos '2x + cos”'3x :?
2 _ 2 4 1
6x° —4/1 —13x° +36x" = —5
1
0 B + %f =1-13x" +36x*
O 20
3 3
0 19x*==0x==% |=
4 76
t t t > X
2T -T 0 m o2m But sum of two negative angles cannot be —
Graph for cos™"(cos x 3
P ( ) O x =,/— is only solution.
76
125. Statement 2 is correct, from which we can say
cot ' x + cos™!2x = — Ttis not possible. Hence, both the
statements are correct, and Statement 2 is the correct

explanation of Statement 1.

(A) In (0, cos1), we have cos™ ' x >sin" ' x

Statement II is true and correct explanation for Statement 1.
>tan 'x >tan”'y

. - x
121.sin"'x = tan ' ——
1-x%
AP SN
g C = g 126
0 Statement II is true Also, cos™'x >1andsin™' x <1
_ -1
e<T The greatest is (cos ' x)° ¥ =t, and the least is
1 1 -1
ﬁ > \/E (sin_l x)cos * = L,
_ -1 _ L -1
by Statement II and (sin”'x)™™ ¥ <(cos 'x)™" ¥
—1d1 g1 - 1
sin 1§f§>tan 1§T§>tan IQ\/T@ O L <ty
€ € n So, t, >t >t >t
Statement [ is true al 1
_ _ B) Similarly, in cosl1 < x <—
122. cosec”'x >sec™ x ®) Y 2
cosec” x> T cosec Lx cos ' x >sin”! x and both are less than 1 So, greatest is t; and
4 leastis t, and t, > 1.
Hence, ty >t, >t >t,
1
(C) For T < x <sinl
2

cosec”'x > —
4
We have, 1 >sin” ' x >cos ' x
So, greatest is t, and least is t; also t;, > t,

1<x<+2
t>t >t >t

1
% + 7Q 0[1, 2]
NZ)
Hence,
(D) Forsinl < x <1, we have
sin"'x>1>cos 'x

and
Statement II is true and explains Statement L
L Hex U -
123. f(x) =sin 1|37XZD: TM—2tan” 'x, x 21
U+ x°0
2 So, the greatest is t; and least is t; and t, > ¢,
Hence, L>t, >t >t

J"(X)=—l+x2
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127. Follow the following graph for solution 0/,2 _950 9
. A | = x >12and cos” ID\/:D= cos™ ! Q
) 1 y=sin"'x | H x H x
""E_ ________ Y2 -E"" = x>12and'
: - x>12and x* - 25 =12
A | Ly )
-2 72 - x>12and x* =169
y==x - x>12and x = +13
s f- - ----Nc-- a---- O x =13 is only solution.
' X 129. Taking tan on both sides

x+1 x-1
+
x—1 x

R
X X

-1

= —7 on simplification, we get x =2

Substituting, we get
- 41 -
tan”'3 + tan 15 =tan '(-7)but LHS is

-1

Tt +tan” (—7). Hence, no solution.
130. Let X \/My :\/l’(ib)z datb+o)
bC ac ab
XY:\/a(a+b+C)|:{7(a+b+c):a+b+c
ac C
_ a+b

+

§>l(a, b,c>0)

LIX+yO

0 tan 'X +tan 'Y =T + tan WH

%\/a(a+b+c \/b(a+b+c)%
-1 ac 0
]

=T + tan 21hte
®™ @ |-
c
fasive, 4o, o
=70+ tan 'O f ID
@ (a+b) O
g +b+
=1+ tan 'O |2 b C@j
g
_iycla+b+c)
©) =TM-tan —————=Tl—tan Z

0 tan'X +tan 'Y +tan ' Z =T

131. LetO = cosec"l\/(nz +1)(n® +2n +2)

cosec®® =(n* +1) (n® +2n +2)

I _-1 !
=(m? +1)2 +2n(n® +1)+n? +1=(n® +n +1)*+1
2 L
128. sin” §§+3m 1@»§=5 cot’8 =(n® +n +1)°
x
1 n+1l)—-n
OJx* -25H o0 T tan® = — -+
= x>12andcos_lH D+sm 1 @ — n“+n+1 1+(n+1)n
x 2

Un+1)-n0

0= o ek



=tan '(n +1) —tan"'n

Thus, sum of n terms of the given series
=(tan"'2 —tan™'1) +(tan '3 —tan '2)
+(tan"'4 —tan"'3) +

-1/4

+(tan"(n + 1) —tan"'n)
=tan '(n +1)

132. We have
E= \/sin_1 X \/cos_lx2 + \/sin_1 Xy \/cos_lx3

[ -1 [neml [ -1 [l
+4/sin x5 q/cos " x, t.. t4sin  X,54/COS X

1,23, ..,28

oo, 1=
Osin™'x, >0
@+ b2

Now using A.M. 2 G.M. we have

> qb, wherea, b >0

2

-1 -1
. - - in"' x, + cos™ x,H
Jfsin” ! x;4/cos T x, < ! 20
O 2 O
-1 -1 <
\/sin”  x,q/cos x5 <

-1 .1
. - - in™! x,, +sin”! x 1
Afsin™! xpgq/cos ™! xy SMD
0 2 0

On adding all, we get

. -1 -1
in  x, + cos x3[|

sin” x + cos ' x

E< Z—
zs@ﬂg

g
10 10
133.5 = tan~ %Q
r= lszl
10 10
O S= tan”! %Q(As r and s are independent)
erszl
On adding, we get
wog 1
25 = an~ %@+ tan” %@
erszlH
10 10 10
- 25 = zE:E Lo =100
r=1s:12 2r:1 2
S =25
C cos” k=1)k(k +1) (k +2)0
184.5,.,= 3 cos 1% Jle =1 Kk + 1) (k +2)F
K=z k(k + 1) D
- O
:cos_lgl—lj +1+\/(k 1) k(k +1) (k +2)[|
[k (k+1) k(k + 1) 0
O
:cos_lggli_,_\/l_i2 1—%D
k k+1 k k+1)°0
=cos_l;—cos_ll
k+1

Substituting k =2, 3, 4..., we get
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3H-"A
e
= oo B Ao B
b
- cos”'0)cos”

- -1
t, = cos

ty = cos

0 S = lim |]:os

n- o)

_m_m_m
2 3 6
135. Given, mtan((z ~9) = nztane
cos“0 cos“(a —0)
¥ n _ tan(a —0).cos’(@ —8)
m cos?0.tan0
_ 2sin(a —0).cos(a —0)
2sinB.cos0
y n _sin2a -20)
m sin(20)
using componendo and dividendo; we get.
¥ n—m _sin(200 —20) —sin20 _ 2sin(0 —20).cosa
n+m sin200 —20) +sin20  2sina cos(@ —20)
- mO
0 = tan(@ -
BleBtana tan(@ —20)
a o -20 =tan™" D:har_ thanO( g
+m 0
O 20=a —tan’ D}ljﬁ_ thanO( E
+ mH 0
O 0= lgx - tan’ EDHH?_ thana %
2 0O + mH D:l

136.

Let tan"'(¢®) = A + iBor é° = tan(A + iB)
0 tan_l(e_ie) =A -iB.ore”® = tan(A - iB)
Now, cos2A =cos(A +iB + A —iB)

[0 cos2A =cos(A + iB).cos(A
= cos(A + iB).cos(A
= cos(A + iB).cos(A
= cos(A + iB).cos(A

—iB) —sin(A +iB)sin(A —iB)
—-iB){1 —tan(A +iB).tan(A —iB)}
-iB){1 —€'®.e7%)

—-iB){1 —1}=0

ntt Tt

Tt
@n+1)—orA=—+—
2 2 4

O 2A =

Also tan2iB = tan(A + iB — A +iB)
_ tan(A + iB) — tan(A —iB)
1+ tan(A + iB).tan(A —iB)
i _ -id
=£ —° iee 5 =isinBO
1+e e
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—2B 2B
e -e€ ..
0 2B . 2B, = 181n9
i(e ™" +e””)
2B —2B
—e —«ing
or —h .5 —sSIn
eZB +e 2B

1+ -6
e’ 1+sin8 _ €08 QZE
—B o -
e 1 -sinB l—cosgl—eg
2
cos @E @
w8
0 e?B = cot @E _,Q
4 2
a B= —llntangE —QQ
2 4 2

or

2 1
137. The quadratic equation 4°°” *.x* + 2x + @32 -B+ 5§= 0 have

real roots.

2 1
O discriminant = 4 — 4.4%° ¢ @2 -B+ 5@2 0
O 4““2“@2—B+1Q31
2

But4seczu24, BZ_B-"l :@_lg+121
2 2 4 4

i.e. equation will be satisfied only When

g5t oy and B2 B+

O seca—land@ g

1

ad cos’0 =1andf =5
1
ad o =m and[3=5

- 41
O  cosd + cos 1[3 = cosnTl + cos ' =
2

0O

T . .
1+ —, when n is even integer
3

OO

T
1+ 3 when n is odd integer

i.e. the value of;

“1p. T Tt
cosO + cos l[31s;—land§+1.

138. Here, o =3sin” %»@and B=3cos” %@as — > —
ad sin™' @rg> sin” %Q I
O o= 3sin_1§16»§>E 0 cosa<0
1 2
Now, B =3cos™ %@

As 4 < 1 a cos_1%§>cos_1 %@IE
9 2 3
O B:3cos_lgg>n
ad cosP < Oandsinf3 <0
Now, a +f3 is slightly greater than 37]-[
ad cos(@ +f) >0
139. We have, 0<x<l1
Let cot? x=08 0O cotB=x
1 _
O sin® = ——— =sin (cot " x)
1+ x*
X -1
and cos® =——— =cos(cot™ x)
1+ x?
C
1+x2
’
0
B X A

Now, /1 + x? [{x cos (cot ! x) +sin (cot ™ x)}? —1]"/2

o 1 o 2
=1 +x° * 4 0 -0
! %\/1+x2 \/1+xZH ID

O

=1+ x%1 +x% —1]2 =x\1 +x°

O O
140. Given, tan™'y =tan™" x + tan™" EZ%XZD where | x| < L
[0 - x*0 \3

0 tan'y=tan~

[~ tan™ x + tan'y =tan™ He+yd
. y 117_ yB
where x >0,y >0and xy <1]

1 Ox — x> +2x0

= tan
- x* —2x°0
— 30
tan”' y =tan™’ MD
1 -3x°0
3x — 33
T y= x x2
1-3x
Aliter
1 1
|x|<— 0 ——<x<



141.

142.

Let x =tan©
O _j <9 <E
6 6
O tan”' y =0 + tan”" (tan 20)
=0 +20 =30
d y =tan 30
0 _3tan® - tan’0
1-3tan’0
_ .3
0 _ 3x xZ
1-3x
23 1[:| n |:|[:|
We have, cot cot™ @
23 29
[J23 ad
O cotgz cot71+2+4+6+8 +... +2n)0
=2 g
[J23 ad
O cot %z cot™{1 + n(n +1)}0
= B
[J23 1 O
ad cot %z tan' ———[
= L+n(n+1)7
e LOm+y-n
0 cot tan [ F—[1J
%Zl O +n(n+ 1R
23
a cot (tan (n+1) —tan” n)I]
=
O cot[(tan'2 —tan™"1) + (tan '3 —tan'2)
+(tan'4 —tan"'3)] + ... + (tan"'24 —tan"'23)]
O cot(tan'24 —tan™'1)
O ., 24-1 0 23
[0 cot Han 752 cot Qan —@
1+ 24[01) 25
% ~, 25025
=cot [rot ~ —[J=—
23 23
Since, x, y and z are in an AP.
g 2y =x+z
Also, tan™ ! x, tan_ly and tan”~ 'z are in an AP.
a 2tan”'y =tan"'x + tan"'(z)
4O2y 0O L Ox+z0
0 tan” ' G—2—[=tan"" %
0 - y*0 - sz
0 xtz _X +z

l—y2 1-xz
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0 y?=xz
Since, x, y and z are in an AP as well as in a GP.
t X=y=z
143. Since, cosec™! %@2 tan”! %@
5
3
4

0 cot %an

-3 tan™ E@
4 3
B 20

- A
1 E,*;D— cot tan™’ 2

3-8 T
= cot Ean_l gg@é= 16—7

= cot tan

144, We have,

O sin”! %§= T sin”! %Q
2
O sin”! %§= cos™ %@
O sin”! %§= sin”! %Q
O x=3
145. Given that, cos™! x = cos™ X =a

B e
a %4'\/@
0 2.1 -«

On squaring both sides, we get
41-x")4-y%)

4
O  4-4x® —y* +x%°

Y =cosQ
4

Yy _
—<— =2cos0 —Xx
4 Yy

=4cos’ o + xzy2 — 4xy cos
=4cos’a + xzyz— 4xy cosd

O 4x®-4xycosa +y* =4sin’a
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